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FOURIER TRANSFORMS ON A SEMISIMPLE LIE ALGEBRA I.* 


By HarisH-CHANDRA. 


1. Introduction. Let g, be a real semisimple Lie algebra and hy a 
Cartan subalgebra of go. Consider the connected adjoint group G of go 
and its Cartan subgroup A corresponding to h, (see [2(e),§2]). Put 
G*=G/A and (r€G,H€Eh), where is the natural 
mapping of G on G*. Let dz* denote the invariant measure on G*. Define 
ras in [2(h), §3] and let h)’ be the set of those points H € h) where r(H) 0. 
Then we shall show that the integral 


6)(H) =x(H) by’) 


is convergent for f€ @(go) (see [2(h),§2] for the notation used here and 
below.). Moreover, if f denotes the Fourier transform of f, there exists a 
rather simple relationship between ¢7 and ¢; (see Lemma 24). This fact is 
the appropriate generalization to the noncompact case of Theorem 3 of 
[2(h)]. Let §, be a connected component of h)’. One of our principal 
objects is to show that 


Lim $y (H = cf (0) f€ B(Go)), 


where c is a complex number independent of f. (This corresponds to Lemma 
16 of [2(h)] in the compact case). Actually, it would turn out that c—0 
very often. Nevertheless, }) and §, can always be so chosen that c+0. 
(The proof of these statements is rather long and will be completed only 
in the next paper of this series.) As we shall see in another paper, these 
tesults are intimately related to the Plancherel formula for any connected 
Lie group which is locally isomorphic to G. In the special case of the n XK n 
teal unimodular group, the above expression for f(0) in terms of q¢y has 
been obtained by Gelfand and Graev [1]. 

Let £, be the subalgebra of g) corresponding to a maximal compact 
subgroup K of G. We shall see that for most of our proofs, the crucial 
case is when }, C f,. Lemma 5 contains the fundamental inequalities which 


* Received July 30, 1956. 
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allow us to establish the main properties of ¢; (see Theorem 2) in this case, 
In Section 5, we discard the above assumption on h, and extend these results 
to the general case. The most important one among them is the relation 
= 9(p) (pe I(g),f€ @(Go)) which, in its turn, follows from Theorem 
1 of [2(h)]. On the other hand, these differential equations give us the 
above-mentioned results concerning Fourier transforms (see Section 6). 


Select h) and §, as above, and put 


Then 7” is a @-distribution on g, and we have to show that 7” —c, where ¢ 
is a constant. In Section 7%, we shall obtain the weaker result that 7’ 
coincides with a constant on each connected component of the set of regular 
elements in go. The problem is thus reduced (see the corollary to Lemma 29) 
to proving that the various constants so obtained are all equal. This requires 
a deeper investigation which will be carried out in another paper. 


In Section 8, we define the notion of a fundamental Cartan subalgebra 
and prove that any two such algebras are conjugate under G. Moreover, we 
show that 


Lim =0 (HE f€ 


if h) is not fundamental. Thus it only remains to study the case when }, is 
fundamental. In particular, this is so if Hy) C &, and so we again make 
this assumption. The principal result of Section 9 is contained in Theorem 
4, and its proof is based on Theorem 5 of [2(h)]. The rest of this paper is 
devoted to proving that the constant c, of Theorem 4 is not zero. For this, 
we have to make use of some (unpublished) work of deRham on the 
elementary solutions of a certain type of differential operators. (Similar 
results also appear to have been obtained by Gelfand and Graev [1].) We 
apply de Rham’s formula to the operator 0(w), where w is the Casimir poly- 
nomial of go. This enables us to prove (see Lemma 41) the existence of a 
connected component , of h.’ and of a function g€ @(go) such that 


(H€>,). 


We shall need this fact in our study of the general case when }, is funda- 
mental but the corresponding Cartan subgroup is not necessarily compact. 


The main results of Theorem 3 have been announced in a short note 


[2(i)] (see also [2(j)]). 
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2. A preliminary result. Let 7? and C be the fields of real and com- 
plex numbers, respectively, Hy a vector space over F of finite dimension 
and /y a subspace of Ey. Let EF be the complexification of Hy and F the 
complexification of F, in H. We identify (real-valued) linear functions on 
Ef, with their linear extensions on EF. Let EH’ be the space of all such 
functions. Then elements of ZH’ will be called real linear functions on E. 
Let F’ be the corresponding space for F. Then £’ and F” are vector spaces 
over R. For any A€ E’, let X denote the restriction of A on F. Then AX 
is a linear mapping of Z’ into F” whose kernel we denote by F,’. Suppose 
we have introduced orders [2(f),§2] in H’ and F’. Then these orders are 
said to be compatible if } > 0 implies \>0 (A€ #’). Given any order in F’, 
we can always define an order on KE’ compatible with it as follows. Select 
any order on J7,’ and call an element A€ H’ positive if either A is positive 
in F’, or X€ EF,’ and it is positive in the order chosen in Fy’. 

Let qo be a semisimple Lie algebra over R. Define £, and p, as in 
[2(c), §2] and let ay, be a maximal abelian subspace of po. We extend it 
toa Cartan subalgebra ay of go. Then ao ay, -+ ay, where ay, = - (see 
[2(c), p. 188]). Complexify g. to g and let f, p, ay, a, ay denote the 
complexifications of Po, Qo, Tespectively, in go. Now take? 
ay, (—1)*a;,, and Fo= ay, in the above set up, and select com- 
patible orders in the spaces of real linear functions on a and ay, respectively. 
Let (@,,° - *,@) be a fundamental system [2(f),§2] of positive roots (of g 
with respect to a) in our order. Then if p—dimay —dimedy,, we have the 
following result. 


Lemma 1. Jé is possible to select p roots, say (a1,:* -,@p), among 
) with the following two properties. 


(1) are linearly independent. 
(2) If any root, where m, are integers 
which are either all nonnegative or all nonpositive. 


Let Q be the set of all positive roots of g in our order and Q, the 
subset consisting of those a€ Q for which 40. Select a minimal subset 
(2,," - -,@) (say) of our fundamental system such that, for every a€ Q,, 
be written in the form where m; are all 
nonnegative integers. Then it is enough to prove that @,---,@, are 
linearly independent. This requires a few lemmas. 


* We select once for all a square root of —1 in C and denote by (—1)*” its k-th 
power for any integer k. 


*The bar denotes restriction on ay). 
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Lemma 2. If i,j are two distinct indices (1S1,j Sq), then 4,—4;Al 
or & for any a€ Q,. 

Without loss of generality, we may assume that 11, j=2. In View 
of the minimality of our system ), it is obvious that a, —4, 
~0(0. So let us now suppose that @,—&+4, for some a€Q,. Then 


Hence 


(m,—1)@,+ (m.+1)%+ mya, —0. 
3SkSq 


It is clear that m,—0, for otherwise, since &>0 (1S the lett 
side would be positive. Therefore 


+ 1) a, + 


and we get a contradiction with the minimality of the system (a,-° - -, 4). 

Let B denote the fundamental bilinear form on g [2(c),§2] and 6 the 
conjugation with respect to the compact real form u—£)-+ (—1)#po. Then 
|| X |? —=—B(X,6(X)) q) is a positive-definite Hermitian form on 4. 
Since the restriction of B on ay, is real and nondegenerate, for each real 
linear function A on ay, there exists a unique element I, € ay, such that 


B(’,T,) =A(L) for all ay. Define 9 as in [2(c), §2]. 


LeMMA 3. Suppose Xd is a real linear function on ay and X an elemenl 
in go such that [T,X] —A(T)X for all TE ay. Then [6(X),X] X 


Let XY=Y+Z Since [p,p] Cf and [p,f] Cy, it 
follows that [T, Y] =A(T)Z, [T,Z] —=A(T)Y (Te ay). Moreover, [6(X),4| 
=2[Z,Y], and so it is clear that [6(X),X] lies in p, and it commute 
with every element in ay, Therefore, since ay, is maximal abelian in },, 
[0(X),X]€ay, Finally, if T€ay, 


[0(X), X]) =— X], (X)) =—A(P)B(X, = X |, 


and this prove that [9{X),X] || X |? 

For any two linear functions A and p on ay, put <A, p> 
= and |A|—<A,A#ZO. Then if AAO, |A|—||T, ||} >0. 
= be the set of all linear functions \ on ay for which there exists an elemet! 
X, 0 in go with the property that [T,X,] —A(T)X) for all T€ ay. Iti 
obvious that = consists of zero and +&@ (a@€ Q,). 


LemMA 4. Suppose A,p€ and A—p¢S. Then SO. 
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Select nonzero elements XY), X, in go as above. We may assume that 
|X, || 1. It follows from our assumption that neither A nor y» is zero. 
Put X= and Then [Y,X] 
| (To, X] = 2X, (To, Y] =—2Y. Hence is a three- 
dimensional Lie algebra and Z—adZ (Z€[,) is a representation of I, on gp. 
| Now and (ad Y)X,—0 since A—p¢ Therefore 
it follows immediately from the theory of finite-dimensional representations 
of I, (see [2(a), Lemma 1]) that S0. But A(T.) 
and so we conclude that <A, n> 


Corottary. Jf t Aj then <%, a S0. 


This is an immediate consequence of Lemmas 2 and 4. 

Now we can prove that @,- - -,&, are linearly independent. For other- 
wise, since they are real, we could select a,€ R (11 q) not all zero such 
that a,@,-+---+ag%,—0. We may suppose that a,,:--,a,>0 while 


Therefore 


1SiSk 
| from the above corollary. This implies that A=a,@,+-- -+a,¢,—0 
which, however, is impossible since @,,- - -,@, are all positive and a,,° - -,4a, 
>0. This completes the proof of Lemma 1. 


3. Some inequalities. The positive-definite Hermitian form 


|| X |]? =— B(X, 6(X)) g) 


defines the structure of a Hilbert space on g. For any linear transformation 
T in g, put || 7 ||*—sp(T*T), where 7* is the adjoint of 7 with respect 
to this structure. It is clear that (ad.¥)*——ad(6(X)) (X€q), and 
therefore |! ad || = || ||. Let be the connected adjoint group of go and 
K the analytic subgroup of G corresponding to f,. Then every element k€ K 
isa unitary transformation on g, and therefore || & || =1. 

Let hy be a Cartan subalgebra of go. Until the end of Section 4 we 
shall assume that ho C £5. Let § denote the complexification of h, in g and 
P the set of all positive roots (under some arbitrary but fixed order) of g 
with respect to h. Let P_ and P, be the subsets of P consisting of the compact 
and the noncompact roots, respectively (see [2(f), p. 751]). Put m= JI 
| Then x) is a polynomial function on J. iis 
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Lemma 5. Supposex€G and H€ ho. Then 
|| cH + 6(2H) ||? = 2 || H |? + 2 2H |’. 
Moreover, there exist integers m,q=0 and a positive number c such that 
| cH +.0(cH) |" 
for all re G and HE hp. 


K being compact [5], any maximal abelian subalgebra of f, is conju- 
gate to h) under K. Hence we can select k€ K such that k(a;,) C Ho. Then 
k(ay,) is also a maximal abelian subspace of })», and therefore, by replacing 
a) by kao, we may assume that ay, C ho. Let Ay be the analytic subgroup 
of G corresponding to ay,. Then @=KA)K (see [2(g),§12]), and every 
element in K is a unitary transformation on g which commutes with 4. 
Therefore for the proof of our lemma, it is obviously enough to consider the 
case when x—ak (a€ Ay,kE€ K). Fix an element H € ho, and put kH —J. 
Then —aX and =a"X. Hence | cH + 0(2H) || =| aX +a'X |. 
But since a is self-adjoint, it is obvious that | aX + a*X ||* = | aX |’ 
+ atX |?+ X Moreover, || | 6(aX) || aX |], and there- 
fore 


| cH + ||? =2 || X ||? + 2 | aX |? | A |? +2] 7H |?. 


This proves the first assertion. The proof of the second statement is, how- 


ever, more complicated. 

Define Q and Q, as in Section 2, and for any root B of g with respect 
to a, choose an element in g such that [T,¥g] — for all 
réa. Then the function 68:T— (er) is also a root.? Let Q_ be the 
complement of Q, in Q. Then if BE Q., and Xz, f. On the 
other hand 68 <0 if BE Q,. Put = CX_z, and let be 

BeQ, BeQ. 
the ecentralizer of a, in f. Then [ D ay and 
where all the sums are direct.* Therefore 


dim f = dim g — dim a, — dim q = dim! + dim q. 


Define a linear mapping ¢ of [+ q into by 6(X) = X¥+6(X) 
Since ([-+q) N p= {0}, the kernel of ¢ is zero. Therefore since f and 
I+ q have the same dimension, ¢ is an isomorphism of [+ q onto f. 


* All the facts stated here are well known (see [2(c), p. 188]). 
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Now if F€ay,, adI is a self-adjoint operator on g, and its eigenvalues are 
zero and (8€Q,). Therefore 
| (ad P)*Z || || (ad) | (Z€g, TE 


where = min | and runs over all roots in Q, for which B(T) 40. 
(In case we put A(T) = 0.) 

Now select* *,%)€@Q, according to Lemma 1, and choose ay, 
(1SitSp) such that® (1StjSp). Then +, Ty) is 
a base for ay, over R, and it is clear that A(T;) =| a(Ti)|—1. Therefore 


(adr)? Z | (ad | (Z€g,1Si<p). 


Let Y be an element in qg=qM qo. Then ad Y is nilpotent and B(Y,Y) 
=B(6(Y),0(Y))—0. Therefore 


| |? =— 2B(Y, 6(Y)) =2 || ¥ 
Hence if and X € [, + qo, 
| $((ad Ty)? X) ||? = 2 | (ad Ti)? X |]? 
since (adI';)?X € qo. Moreover, (adT;)? commutes with 6. Therefore 
| (ad Ti)? X) || = |] (ad Vs)? |] = (ad |] 
as we have seen above. Hence 
| (ad X || = 24 | (ad Ti) o(X) | (X€lo+,1StSp). 


On the other hand, we know (see Iwasawa [3]) that g, is the direct: 
sum of £5, ay, and qo, so that 


dime Jo = dim pz go — dim — dime ay, 
= dim g — dim f — dim ay = dim q. 
Therefore dime ({o + qo) = + dim q = dim f = dimer fp. Since + qo? 
is obviously contained in go, it follows that ¢ defines a linear isomorphism: 


of [5 + qo onto f. Let y denote the inverse of this isomorphism. Then the: 
above result may be written in the form 


(ad Ti)? y(X) | 24 | (ad | (X€f,,1S1Sp). 


Let (ad X), denote the restriction of ad X on p (X € £.), and put p(X) =| y|, 


‘ All our lemmas are true trivially when g, = {. So whenever it is convenient for 
the proof, we shall assume that p, ~ {0}. 
56,,; = 1 or 0 according as i=j or i+ j. 
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where y is an eigenvalue of (ad X), with the smallest possible absolute value. 
Then since ad X is skew-adjoint, it is obvious that ||(ad X)Y | = p(X) ¥ | 
(Y€p). Therefore 


II (ad | = 2" TI || (ad X) 22"? p(X) TT 
i=1 1SiSp 1 


Siz=p 


Moreover it is obvious that p(kX)=p(X) Hence 


JL (ad Ty)? || = com(H)? (H € fo, K) 


where Cy = 2-»/? JJ || I; || is a positive constant. On the other hand, it follows 


1Si=p 


from the definition of »(H) that »(H) =min|B(H)| (H€.). Therefore 
Be Po 
I] || (ad Ty)? y | = Comin | 8(H)|? (HED, k K). 
1SiSp € Po 
Now observe that | 8(H)| = || H || for any BE P. Hence if qo is the number 
of roots in Po, 


|| H min | 8(H)|= IT | B(Z)| =| 
Be Po BE Po 


and therefore 


II || (ad Ty)? || = co | wo(H) |? (HE hy, kE K). 
1Si=p 


Let ay,’ be the set of all P€ ay, such that «((f) 20 for every a€ Q. 
It is obvious that T—#,F,+---+4,r, (&€R) lies in ay,” if and only 
if t,,: - -,tp20. Let Ay* be the image of ay,* in Ay under the exponential 
mapping. Then it is known (see [2(g), Lemma 38]) that G—KA,‘K. 
Hence in the proof of the second assertion of our lemma, we can assume 
that r€ Ay*K. Select a maximal set (a,---,%,-) (r2=p) of roots in Q, 
such that @,.: --,%, are all distinct. Then it is obvious that q=— 3 q,, 


15j=r 
where q; is the set of all 1° € q for which [T, Y] =a,;(T)Y (TE ay). 
ad is self-adjoint for [€ ay, and so it is clear that q; (1Sj1r) are 
mutually orthogonal. Similarly [, q and q- are orthogonal to each other. 
Now suppose x=ak (a€ Ay*,k€ K) and H is a fixed element in h, such 
that Then if p(KH)=L+X (LEL,XE qo), we have 
kH =2L+X+0(X). Hence 


| cH + |? —2 2H |? 


Put for and 1=i<p. Then since no eigenvalue of 
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ad I, can exceed v in absolute value, || Sv»? (2€ p). 
Therefore if a—expIl (T€ ay,*) and X; is the orthogonal projection of X 
in qj, we have 
1SjSr 


Now we claim that 
(T,)? = (T,)? 


fora€Q,. This is obvious if «(Iy;) 0, and so let us suppose that a(T;) 0. 
We know that vp%p, where = a@(T;) (1SjS p) are non- 
negative integers. Therefore, since and 21, we conclude 
that «(T) = va,(T) =a, (T), and our inequality follows. This shows that 


1Sj=r 


and therefore 


| eH + ||? = | aX (ad ty)? |, 


where y= On the other hand, 
| || | a ||? == sp a? =| (e?a() + e-2a(T)) 
aeQ 


where 1==dima. Moreover, it is obvious that #([) Svy(T) for any a€ Q. 
Therefore if n—dimg, || z ||? Also (ad T;)?y(kH) = (ad 
Hence it follows from our earlier result and the first assertion of the lemma 
that 

|| || | cH + IT (ad Ti)? X 


1Si=p 


| oH + |?” {co | |? | cH + 6(2H) 


So by taking ¢= pv, m= and c= we get the second state- 
ment of the lemma. 


LEMMA 6. Let A be any real linear function on ay. Then there exists 
an integer m=O such that 


< expr |™ 
for T€ q,,*. 


It is clear that ¢ 


ljexprj?= eM2>rexp(2r? a(L)) (TE ay,*), 
a€Q, 


= | 
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where r is the number of roots in Q,. Moreover, we can obviously choose a 


positive integer s such that 
s(a,(T) -+,(T)) 2A(T) 


and this proves the lemma. 


CoroLttaRy 1. Let dx denote the Haar measure of G. Then there 
exists an integer s=0O such that 


f 
G 


Let dk and dI, respectively, denote the Haar measure on K and the 
Kuclidean measure on ady,. Then it is known (see [2(g), Lemma 38]) that 
one can normalize dz in such a way that 


f y(x)dz— g(k(expY)k’) p(T) dk dk’ (g€C.(G)). 
JG KXay)*XK 


Here C,(G@) is the set of all continuous functions on G which vanish outside 


a compact set and 


= IT (ex) — ee), 
It is obvious that 


Select a real linar function A on ay such that f er) dP <o. Then from 
Lemma 6, 
exp(A(T) + & S |lexpr (TE ay,") 
for some integer s. Hence 


and therefore 


Apo* 


if we assume that J dk =—1. 
K 


Let o be a representation of G on a finite-dimensional Hilbert space V. 


( 

§ 

: 
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For any linear transformation T on V, put | 7’ || = {sp(7*T)}3, where 7* 
is the adjoint of 7’. 


CoroLtuary 2. We can find an integer m=0 and a positive number ¢ 
such that for all G. 


Let us denote the corresponding representation of g also by ao. 
If S is a nonsingular linear transformation on V, we know that || So(x)S"* | 
Sq || || and therefore it is permissible, for our proof, to 
replace o by an equivalent representation on V. Since u—£,-+ (—1) 
is a compact real form of g, we may, by going over to an equivalent representa- 
tion, assume that o(X) is skew-adjoint for Y€u. Then o(k) is unitary 
and o(a) self-adjoint (k€ K,a€ Ay). Therefore, since G=—KA,‘*K, it is 
enough to consider the case when Let d—=dimV and A,,-- -,A, 
be all the distinct weight of « (with respect to a). Then A; are all real 
linear functions on a and so from Lemma 6, we can choose an integer m = 0 
such that = expr ||" (1S1Sr) for T€ay,*. This proves that 


| o(a) |? Sdmaxe** al ™ 
i 

if (T€ ay,*). 

4. Applications of the above inequalities. Let 3, denote the set of 
all continuous functions f on go» such that 

vm (f) + | X + 0(X) |)" <0 
X € Go 

for every integer m= 0. Also let ho” denote the set of those points H € h, 
where 7)(H) 


Lemma 7. Let m be a given integer =0. Then we can find integers 


q,m, = 0 and a positive number c, such that 


for HE hy”, f€ Sd, and any integer q:=0. Moreover if Q ts a compact 
subset of GX ho” X G and f€ So, the integral 


|| ||" | | da 


converges uniformly with respect to (z,H,y)€Q. 


Choose an integer s=0 such that f || 2 {-*dx<o (Corollary 1 to 
G 
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Lemma 6). Then from Lemma 5, we can select integers qg,m,=0 and a 
positive number ¢, with the property that 


| | Se, | cH + 6(2H) 
for all H€ 6, and x€G. Then since | H || S| 7H + 6(zH)|| (Lemma 5), 


cme 


our first assertion follows. Now suppose (z,H,y)€9 and f€ do. Then 
|| |" | Sey | wo(H) vm, (f) || 


and therefore if we put 


and 
It is obvious that | || 2? || remains bounded on the compact 
set ©, and so our statement about uniform convergence follows from the 


From now on we shall make use of the notation and terminology of 
[2(h)] without further comment. Let 3 be the set of all f€ C”(go) such 
that d, for every DE A(S(g)). Let B be the universal enveloping 
algebra of g, and define Ty (X € go) as in [2(h),§3]. Then we have seen 
(Lemma 3 of [2(h)]) that 


where g€ C* (qo), DE B, EE S(g), EG and X€ go. Suppose b and é are 
fixed. Then it is clear, from the definition of I'y, that we can select a 
finite number of linearly independent elements &,- - -,& € S(g) and also 
S(g) such that 


(bKE) (X)& (XE go). 
Therefore 
g(x;6:X ;0(€)) = 2 p(X) g(x: X 
On the other hand, if »€ S(g), 


g(x: 


= 
| 
( 


FOURIER TRANSFORMS ON A LIE ALGEBRA, I. 


Therefore 
g(a: X 50(&)) =g (xX ) 


and again we can select a finite number of linearly independent elements 1, 
(17s) in S(g) such that 


1SjSe 


where a,; are analytic functions on G. Moreover, we know from Corollary 2 
to Lemma 6 that | a;(z)|Sal|a||™ (c€ @), where m is a suitable non- 
negative integer and a a positive constant. Then 


| p(X)| | 9 (xX 


Now suppose g€ 3. Then @(nj)g€ do, and it follows from Lemma 7, that 


converges uniformly with respect to (y,H) on every compact subset 0 of 
G Xho’. Thus we have obtained the following result. 


LemMA 8. Suppose f€ 3d, b€ Band E€ S(g). Then if Q ts a compact 
subset of GX ho’, the integral 
de 
converges uniformly with respect to (y,H)€Q. 
Put B’ Bg. 


CoroLLary 1. The notation being as above, 


G 


if bE B’. 
For a fixed H € hy”, put 


P(y) (ye G). 


Then it follows from Lemma 8 that F is of class C® on G and 


for b€ B. But since the above integral for F(y) converges absolutely, it 
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); 
e 
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follows from the right invariance of the Haar measure of G, that F’(y) is 
actually independent of y. Therefore F(y;b) =0 if b€ B’, and our asser- 
tion follows by putting y=—1. 
2. Put ¢//(H) f(zH)dx for fed and HE 
G 
Then ¢/ is of class C® on ho” and if ve S(b), 


This is an immediate consequence of the uniform convergence of 
| f(c:H;0(v))| dr (ve S(h)) 
G 


with respect to H on each compact subset of Ho”. 
Lemma 9. For given b€ 8 and €€ S(g), we can select integers q,M=0 
and a finite number of elements dy,- - -,d-€ 0(S(g)) such that 
1SiSr 


for f€ 3 and any integer q,=0. 


Let us keep to the notation of the proof of Lemma 8. Select g, m, and 
ce corresponding to Lemma 7%. Since p; are polynomials, we can select an 
integer g,= 0 and a positive number c, such that 


| pi(X)| Sa(1+ (1SiSr) 
for all Y€g. Then if g¢,20, f€ d and HE ho”, 


(14 § | de 


The assertion of the lemma is now obvious. 
Define ¢// (f€ 3) as in Corollary 2 to Lemma 8. 


Corottary. For each d€D(h), there exist integers and a 
finite number of elements d,,- - -,d-€ 6(S(g)) such that 


| (1 + |] | d)| (dif ) (H € ho”) 
for f€ 3 and any integer q,=0. a 
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It is obviously enough to prove this when d is of the form wd(v) 
(u,v€ S(g)). Select an integer go=0 and a positive number c such that 
ju(H)|Sc(1+ | (HEH). Then 


from Corollary 2 to Lemma 8, and the desired result now follows from 


Lemma 9. 
We recall that J(g) is the algebra of those polynomials in S(g) which 
are invariant under G, and for any p€ S(g), p denotes the restriction of p 


on §. Furthermore, 7 = IT a. 
ae 


1. For any f€ 3d, put 


¢;(H) =7(H) f (eH) dx (1 € by”). 


Then dy ts a function of class C® on ho” and 
= 9 (E) by (€€ I(g)). 


The first statement follows from Corollary 2 to Lemma 8. Let fy’ be 
the set of those points H € hy) where 7(H) 0. Then h,’ is a dense subset 
of ho’, and so for a fixed €€ (gq), it would be enough to prove that 
$2(¢)7 —0(E) is zero on hy’. Fix an element H € §,’, and put d=4@(é) o7. 
Then d€ D(H), and we know from Lemma 8 of [2(h)] that 

f 50(€)) =2(H) “f(a: H3dn) + G@), 

1SiSr 
where S(H) and dy is the local expression of d 
at H. Therefore it follows from Lemma 8 and its corollaries that 


= = 4)(H;0(8)). 


This proves the theorem. 

For any integer m=0 and d€ 0(S(qg)), consider the function vm¢: 
f>vm(df) (f€ 3) on 3. Obviously, it is a seminorm, and we can define 
a topology on d3 by means of the collection of all such seminorms yma. 
In this way 3 becomes a locally convex space. Since >” is an open subset 
of ho, the space @(ho”’) can be defined as usual (see [2(h), §2]). 


THEOREM 2. For any f in 3, dy lies in B(ho”) and f—> dy, ts a con- 
tinuous mapping of 3 into B(Bo”). 


HARISH-CHANDRA. 


Let U be a subset of ho”. We shall say that U has property (A) if 
for every v€ S(h), we can select an integer M=O, a real constant c=1 
and a finite number of elements d,,- - -,d,€ @(S(g)) such that 
(A) (1+ || | Msg (dif) 


SjSr 


for HEU, f€ d and all integers g’=0. Clearly the union of a finite 
number of sets with property (A) again has the same property. Similarly 
(A) holds for the closure of U in ho)” whenever it holds for U. Let w he 
the order of the Weyl group W (of g with respect to h). From Lemma 11 
of [2(h)], we can select homogeneous elements 1,,- - S(h), such 
that S(h) = For any 8(h), let y:(v) denote the unique 
15iSw 
elements in I(g) such that o— 2 yi(v)v; (see [2(h), Lemmas 9 and 11)), 


and put D,(v) =@(y:(v)). Then if f€ 3d, we know from Theorem 1 that 


and therefore 


| | )| (H€ bo”). 


This shows that in order to prove that U has property (A), it is enough 
to check this property for V2,- only. Finally, it is obvious 
that Theorem 2 would be proved if we can show that ho” has property (A). 

Since h,’ is a dense subset of h.” and it has only a finite number of 
connected components, it is enough to prove that each connected component 
of h.’ has property (A). Let 5, be a connected component of h,’ and P’ 
the set of those roots « (of g with respect to h) for which — (—1)4a takes 
only positive values on h,. Then we can select a fundamental system 
a) of roots in P’ (see [2(f), p. 749]). Choose a base H,,- - -. Hi; 
for over R such that a,(H;) = (—1)%, (11,71), and let (t,,- - -, th) 
denote the system of Cartesian coordinates in h, corresponding to this base. 
By a monomial we shall mean a function 7 on hy of the form T == ¢,%t,%- - - t)"', 
where are nonnegative integers. is called the exponent of 
in T. In particular the monomial whose exponents are all zero is 1. We 
introduce a lexicographic order in the set of all monomials as follows. 
Suppose T=#,%-- JT’ = are two distinct monomials. 
Then we say that T< T’ (or T’ >T) if q:< qi where i is the least index 
(1SiS1) such that qq. It is obvious that every nonempty set of 
monomials has a lowest element. Furthermore, observe that every monomial 
takes only positive values on h,. We say that a monomial 7 has property 


a 
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(A’), if we can choose an integer M=0, a real number c=1 and a finite 
set of elements d,,- - -,d,€ 0(S(g)) such that 


(A) THA + | | Set 


Sj=r 


for all f€ 3, HEH, and g’ =O. In order to prove that §, has property (A), 
it is enough to show that the monomial 1 has property (A’). 

First of all we claim that monomials with property (A’) actually do 
exist. If a€ P’, we know that a= 3S mj,%;, where the m; are nonnegative 


integers. Select an index « such that m=1. ‘Then it is clear that 
\a(H)|2t(H) (H€h,). This shows that there exists a monomial T, 
such that | m(H)|=T.(H) for H€},. Moreover, it follows easily from 
the Corollary to Lemma 9 that 7,2 has property (A’) for a suitable integer 

Now let T be the lowest monomial with property (A’). We have to 
prove that 7 —1. So let us assume that 741, and let m be the least 
index (1 m1) such that the exponent g of t, in T is positive. Put 
=tm. Then 7 =t?T;, where T, is a monomial in which the exponents of 
t; are zero for 1=i=m. Write =0(Hm) =0/édt, and let 


Ani = = 


where pj€I(g). Fix an element f€ 3d. Then 


Set pi == T ,0(vi) dy and i= = ba (1 w). Then == 
Moreover, if M,c,d,,---,d, are selected in accordance with (A’) for 
T= t1T,, it is clear that 
| | Sc%ag, | | 


on h,. Here p(H) ~1+]|H|| (HE and 


(4j0(pix)f), 


1SjSr 134,kSw 


by (ds). 


Let r,, r_ denote the subsets of , defined by the conditions t¢=1 and 
0<tS1, respectively. For any H€§,, let H, denote the unique point of 
intersection of the line H + (s€ R) with the “hyperplane” o—7,N 
Put (HE%,). Then if HE +, 


51+ | Holl +) S | We 
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where || H» ||. Similarly Now fix an integer 
Then 
| Yi | = = (ce, (p)-t-4 


on r.. Suppose H is a point in +. and H, the corresponding point on o. 
Then by integrating the differential equation 0’¢; = y; along the line segment 
=t,(H) (kAm,LSkS1), t(H) St—t,=1, we find that 


since ~ is constant on this segment. Now put 


(t(H)-™—1)/(q—1) it q=2, 


for H€ +. Then 
| S| + (cer) “ay (a(H) 
On the other hand, since ¢(H,.) —1, 
| $i(Ho)| S ct by. 
Moreover, »(H,) =,~(H), and therefore 
| S + (cer )“agn} 
S { (001) + 
Hence 
| $i | S {by + agyt™} 
On the other hand, 
| | | | S (ce,?) 
Now first suppose g=2. Then on tr. Hence 
| | S {Bq + ae} (1SiSv) 


on §,. Then if we put T,—t%'"T7,, the above inequality can be written as 
follows : 


Top | | S + 
(1Si=w). Therefore since f and q’ are arbitrary, it is clear that 7; 
has property (A’). However, 7, is lower than 7, and so we get a contra- 
diction with the definition of 7. Hence we conclude that the case g2? 


is impossible, and so g—=1. But then 


| di | S (by + ay | log |} 
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on Put c.—cc,?, =r(w?+1), and let df (1SjS7’) denote the 7’ 
differential operators dj0(pxx) and d; (1SjSr,1Sh,kSw). Then since 
f and q were arbitrary, the above result shows that 


Tip? | (vi) by | = C27 { + | log t l) 


on 7. for any g€ 3 and g=O0. Applying this result to 0(pax)f, we obtain 
| (1 + | |) 


on where 


(4/0 (pax) f)- 


1Sjsr’ 135h,kSw 


Again, we find by integration that if H € +_, 


| S | $i(Ho)| + (1—s)Hm)| ds 
S + (a(H)), 
since in (1+ |logs|)ds=2. Therefore 
| bi | Sco (by + 
on Where == On the other hand, since q—1, 
| Ste | gi | 
on Therefore 


oh, for 20 and Again, since f is an arbitrary element of 
8 and cz is independent of f and q’, it is clear that the monomial T, has 
property (A’), and so we get a contradiction as before. This completes the 
proof of Theorem 2. 


5. The general case. We shall now discard the assumption that yo C fp 
and try to extend Theorems 1 and 2 of Section 4 to the general case. But 
first we need some preliminary work. 

As before let 6 denote the conjugation of g with respect to its compact 
real form 1 + (—1)4po. 


LemMA 10. Let m be a subalgebra of g such that 6(m) =m. Then 
m is reductive in g [4]. 


It follows from our hypothesis that m is the complexification of the 
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subalgebra nip —=mNu. But u being compact, mp is reductive in u and so 
m is reductive in g. 

Let be a Cartan subalgebra of such that For any 
(real-valued) linear function A on hy,—HoM Po, let go, denote the space 
of those XY € gq) for which [H,X]—A(H)X for all HE by, Let mo be the 
orthogonal complement ® of hy, in goo. Introduce an order [2(f),§2] in the 
space of linear functions on by, and put Obviously, m, and n, 

0 


are subalgebras of go and 1» is nilpotent. Moreover, it follows from its 
definition that 6(mo) tmp. Therefore, from Lemma 10, m, is reductive 
IN Qo. 

Let G be a connected Lie group with the Lie algebra go, and let K, NV 
and Ay be the analytic subgroups of G@ corresponding to f£, mo and hy, 
respectively. Put my,—= M Po. 


LemMA 11. The mapping (k,X,a,n)—>k(expX)an (kKEK,XEm, | 
a€ Ay,n€ N) is a one-one regular analytic mapping of K X my, X Ap XN | 


onto G. 


Let M be the analytic subgroup of G corresponding to mp. Since 
it follows that Moreover, to] C tho, 
and therefore im 1 is a Lie algebra and ny is an ideal in 
Hence S=MA,N is a group and WN is normal in 8. Let My denote the 
subset of M consisting of elements of the form expY (XY €m,,). First we 
shall show that G—=KM,A,N. Extend hy, to a maximal abelian subspace 
Gy, Of Po. Let % and & be the spaces of (real-valued) linear functions on 
ay, and hy,, respectively. Select an order on % compatible with the one 
already chosen on % (see Section 2). Let Qo (A€ %) denote the set of 


those X € g, for which [H, X] —A(H)X for all H€ a,,. Then if iy = Go, 


it is clear that ii, is a nilpotent subalgebra of g, containing mo. Let A. 
and N be the analytic subgroups of G corresponding to ay, and ito, respectively. 
Then Iwasawa [3] has shown that G=KA,N. Moreover, in view of the 
above compatibility, it is clear that ay, + fio C goo-+ to = 80. Hence A.N CS. 
Therefore G=KA,N—KMA,N. Now we claim that M=M,My, where 
Mr—=MQOK. This is seen as follows. Since hy is maximal abelian in 
it follows that §;,—=6) Mf, is maximal abelian in mo. Therefore the center 
of m, is contained in by,, and, since mp» is reductive, mo’ = [mo, mo] is the 
orthogonal complement of this center in mo. This shows that m,’ D my, 


* Whenever we speak of orthogonality or related concepts, they are to be understood 
with respect to the positive-definite Hermitian form || X ||? (X €q) on q. 


1 
C 
| 
T 
t 
a 
th 
[é 
CO 
an 
su 
No 
4 
Le 
Sin 
Bu 
pre 
kya 
Th 
| m4 
Ce 
tha 
~ 
tha 


FOURIER TRANSFORMS ON A LIE ALGEBRA, I. 213 


Moreover mo, and therefore also mm)’, is invariant under 6, so that mt’ 
=m This means that (—1)4my, is a semisimple 
subalgebra of u, and therefore it is compact. Then if M’ and Mg’, respec- 
tively, are the analytic subgroups of G corresponding to and my’ Nh, 
we can conclude (see Mostow [5]) that M’—Mx’My. Now let cy be the 
center of m, and D the corresponding analytic subgroup of M. Then 
C and therefore DC MOK and M=—DM’. This proves that 
M=MxMy, and hence G=KMy,AjN. 

Now in order to prove that our mapping is one-one, we shall first 
show that MM =({1}. Suppose m—aexpX (mé€ M,a€ Ay, XE to). 
Then if? B€ Ay, 


m = bmb-* =aexp Ad(b)X. 


Since the exponential mapping is well known to be one-one on ito, it follows 
that X = Ad(b)X for all b€ Ay. This implies that [H,X]—0 (H€ b,,), 
and hence X € no 1 (Hy, + m0) = {0}. Therefore m=a. Let exp). denote 
the set of all elements of the form expY (Y€p,). Then every element 
in G can be written uniquely in the form kp (K€ K,p€ exp Po, see Mostow 
[5]). On the other hand M=MxMy, and therefore if m=—=kp, we can 
conclude that k€ Mx, p€ My. Moreover, a€ Ay Cexphpo. Therefore k=—1 
and p€ MyM Ay. But again, since the exponential mapping is one-one on 
bo, p==expY, where Y€ hy,— {0}. This proves that m=—1. Now 
suppose KE KMS. Then k=man M,a€ Ay.n€ and Ad(k) leaves 
to invariant. But Ad(k) =6Ad(k)6@, and therefore Ad(k) also leaves 
invariant. This implies that Ad(n) = leaves 


0 

However, this is possible only if as follows from 
Lemma 13 below. Hence k=ma. Now let m= my,p, where m,€ Mg, p€ My. 
Since hy, and ntp commute, = K (exp po) = {1}, and so a= 
But by, = {0} and so MyM Ay= {1}. Therefore a= —1, and this 
proves that k—m,€ My. Hence KN S=Mag. Let us now assume that 
any = kymoden, (ki € K, My, a; € Ay, € N, t—=1,2). Put man 
Then k,7k.€ S—Mg, and therefore k,—k,m, where m€ Mg. Then 
m,*(mm.) € MM AyN = {1}. Hence mm,=—™m,. But since both m,,m,€ My 
Cexpp, and m€ Mx C K, it follows that m1 and mz—m,. This proves 
that k;==k,. Also one knows (see Iwasawa [3]) that the mapping (a, 17) 
>an (a€A,,n€N) is one-one. Hence and this proves 
that the mapping of Lemma 11 is one-one. 


Ad(@) denotes, as usual, the adjoint representation of G. 
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The proof of the regularity is straightforward and we shall only sketch 
it here. Let ¢ denote our mapping. In order to prove that ¢ is regular at 
(k,X,a,n) (k€ K,X € my, a€ Ay, n€ NV), we have to verify that the following 


linear mapping D of gp is nonsingular.® 


Di=Z (ZEN), DH =Ad(n")H (HE 
DY = Ad(n“a") {(1—exp(—ad X) )/ad X}Y (Y € my,), 
DU = X)U (U€£,). 


Put D’ =exp(ad Y)Ad(an)D. Then since gy is semisimple, it is clear that 
det D = det D’. Moreover, if J is the identity mapping of go, Ad(n) —I is 
nilpotent, and so the restriction of Ad(m) on no has determinant 1. Similarly, 
since X€ my, C mo, the restriction of exp(adX) on hy,-+ 1m also has 
determinant 1. Hence if D, is the linear mapping of go/(by, + 10) defined 
by D’, det D = det Adn,(a) det D,, where Ady,(a) is the restriction of Ad(a) 
on to. But D, leaves every element in £,mod(hy,-+ 10) fixed. Hence it 
defines a linear mapping D, of go/(fo-+5y»,+ 10) and det D, = det D.. 
On the other hand, it is clear that 


A>0 


Moreover, if Z € then 6(Z) = (6(Z) + mo, and so + 
C Therefore go—by,+ my, to. We claim this sum is direct. 
For suppose U € £5 1 (by, + my, + Mo). Then 


U =0(U) € + + to) (Hypo My, + (ito) ) = Hy, My, 


Hence U € (Hy, -+ my,) C fo Po—= {0}. Therefore we may identify 
Go/(fo + 5p», 0) with my, in the obvious way. If Y € my,, 


D’'Y = {(exp(ad X) —1)/ad = (sinhad X/ad X) Y mod fp. 
Therefore it is clear that 
det D = det (sinh ad mp, det Adn, 


(where the suffix my, denotes restriction on my,). Since Ad(a) and 
sinhad 1/ad X are positive-definite self-adjoint operators on g, it follows 
that det D> 0, and therefore ¢ is regular. In fact, the following lemma 
is an immediate consequence of the above computation. 


8 §(] —exp(—ad X) )/ad X} and sinh ad X/ad XY are defined in the usual way by 
I 


means of their convergent power series. 
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Lemma 12. Let dk, da, dn and dx denote the Haar measures on K, Ay, 
N and G, respectively, and dX the Euclidean measure on my. Then tt ts 
possible to normalize them in such a way that 


dx = det(sinh ad X/ad X) my, det Adn, (a) dkdadndX, 
where r==k(expX)an K,X€ my, a€ Ap, n€ NV). 
The following corollary is now obvious from Lemmas 11 and 12. 


CoroLLary. The mapping (k,X,n,a) > k(exp1)na is also a one-one 
reqular mapping of K XK my, X N X Ay onto G, and if r=—k(expX)na, 


dx = det (sinh ad Y/ad X ) my, dkdXdnda 
with the same normalization of the measures as in Lemma 12. 


In order to complete the proof of Lemma 11, we still have to prove 


the following result. 


Lemma 13. Let X be an element in to such that 6(1o) ts variant 
under Ad(expX). Then X =0. 


Let A, <A, be all the positive elements such that 
Gx {0}. Then if 1 0, let i be the largest index (1Si+Sr) such that 
goa, Then where ga, 


j2t 


and X;+40. Now it is obvious that if Y € goa,, 
exp(ad X)6(Y) =0(¥) + [Xi 0(Y) ] mod ny 


and |.V;,6(1") ] € + mito. However the left side lies in 6(tto) by 
hypothesis. Therefore, since the sum is direct, we: 
conclude that [X;,0(Y)]—0. Hence if H€ by,, 


B(Y;,0(Y)) = B({H, Xi], 0(Y)) =B(H, [X,0(Y)]) =0. 


Since 4;40, we can select H such that A,;(H)+~0, and thus obtaim 
B(X;,0(Y)) =0. Now take Then we get || X;||?—0, and so 
\;=0. This contradiction proves the lemma. 

Select an order on the space of (real-valued) linear functions on 
by, + (—1)46;, compatible with the one already defined in §. Complexify 
fo, Mp4, Mo, ete., to h, my, n, respectively. Let P be the set of all positive 
roots (of g with respect to h) under our order. For each root «@, select an 
element ¥,0 in g such that [H,X,] —a(H)Xaq for all HE. Let P, 
be the set of those 2€ P which are not identically zero on hy. The remaining 
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roots in P are divided into two disjoint classes P, and P_ as follows. If z 
is a positive root which is not in P,, then X,q lies either in p or in F (see 
[2(e),§2]), and, by definition, « is in P, or P_ accordingly. Then P is the 
disjoint union of P,, Py and P_, and it is obvious that n= >| CXq. Define 


ae P, 
polynomial functions z,, 7) and on § by z,= «, m= [I «, Ig, 
ae P, BePo ae 


and put T 

We shall now assume that G@ is the (connected) adjoint group of q). 
Let A be the Cartan subgroup [2(e),§2] of G corresponding to }>o. Then 
A =AxAy, where Ag = AN K (Lemma 7 of [2(e)]). Let a* denote the 
, natural mapping of G on the factor space G*—G/A. We put 2*H =2zH 
for c€ Gand H€}. Since K is compact, we can normalize dk in such a 


way that f dk 1. Let dm denote the Haar measure on M and da* the 
K 


invariant measure on G*. 


LemMA 14. It is possible to normalize dm and dx* in such a way that 


f(2*)dz* = f f(kmn)*)dkdmdn 
G* KXMXN 


for f€ C.(G*). 


It is clear that if the Haar measure db on A is suitably normalized, 


act g(xb)db (ge C.(G)). 
e G* A 


On the other hand, from the Corollary to Lemma 12, 


then 


| g(kexpXna)s(X)dkdXdnda, 
I 


where s(X) = det(sinhad Y/ad X) my, (X € my,). Normalize the Haar mea- 


sure dm’ on Mg = MOK in such a way that f dm’ =1. Then it is well 


known (see [2(g), §12]) that dm can be so normalized that dm = s(X)dm’dX, 
where m= m’expX (m’€ Mg,X€my,,). Therefore it is obvious that 


f g(kexp Xna)s(X)dkdXdnda = f g(kmna) dkdmdnda. 


On the other hand, db—cda’da (b=—a’a,a’€ Ax,a€ Ay), where c is 4 


1 positive constant and da’ is the Haar measure on Ax ( f da’ =1). There- 


fore, since a’Ma’-! = M, a’Na’*=WN (a’€ Ag), it is clear that 


/ 
| 


FOURIER TRANSFORMS ON A LIE ALGEBRA, I. 


g(kmna) dkdmdnda = dkdmdn g(kmnb) db. 
KXMXN JA 


Hence 


| g(xb)db— dkdmdn g(kmnb) db 
A JA 


KXMXN 
for g€C.(G@). Now suppose f€ C.(G*). Then we can select (see Weil 
(7, p. 48]) g€C.(@) such that 


— g (xb) db G). 


J KXMXN 


and this proves our assertion. 


CoroLLary. With the normalizations of Lemma 14 we also have 


f — f 7((knm)*)dkdndm 
G* KXMXN 
for f€ 


Since [1to, Mo] C to, it follows that mNm-1=N (m€M). Therefore, in 
order to prove the corollary, it is sufficient to show that | det Adn(m)|—1 
(m€ M), where Ady(m) is the restriction of Ad(m) on n. Let m=m,m, 
(m,€ Mx,m.€ My). Since Mx is compact and nty, C [mo, mo], it follows 
that | det Ady(m,)| det Ady(m.) =1, and therefore 


| det Ady (m) | = | det Ady (m,) det Ady (mz) | = 1. 


Put [,—=by,-+ mo. Then [, is a Lie algebra which, by Lemma 10, is 
reductive in go. Let [ denote the complexification of [, in g and (LZ) (LET) 
the determinant of the restriction of adZ on n. It is obvious that ¢ is a 
polynomial function on [ which takes only real values on Ip. 


LEMMA 15. It is possible to normalize the Euclidean measure dZ on ty 
so that the following condition ts fulfilled. If L is an element in I, such 
that ¢(L) 40, then 


f(nL)dn=|¢(L)| f(L+2Z)dZ (f € + Mo) ). 
JN To 


Let H be an element in hy such that ~0. Then 


de* =| f | {(k(mH + 2Z))| dkdmdZ 


for f€ 


217 

he 
ne 

a, 
Go. 
she Hence 
tH 
the 

4 
| 
ea- 
vell 
1X, 
3 


218 HARISH-CHANDRA. 


It is clear that {(mH) (me M). Our corollary is 
therefore an immediate consequence of Lemma 15 and the Corollary of 
Lemma 14. On the other hand, since [Io, to] C mo, it is clear that nL —L€ ny 
for n€ N and LE€I,. Therefore Lemma 15 follows from the result below. 


Lemma 16. Let L be an element in {, such that €(L) 40. Then the 
mapping Z—exp(adZ)L—L (Z€ Mo) ts a one-one regular mapping of iy 
onto itself. 


Let ¢ denote this mapping. Then in order to show that ¢ is regular 
at a point Z€ mo, we have to consider the endomorphism PD of no given by 


DY =— (ad L){(1—exp(—adZ) )/ad Z}Y (Y € to) 
and prove that det D+40. But since adZ is nilpotent, it is clear that 
| det D| =| ¢(L)| 40, 


and so ¢ is everywhere regular. Moreover, it is well known that Z— expZ 
is a one-one mapping of n, onto N. Therefore if exp(adZ)L—L (Z€ ny), 
it follows that exp(tadL)Z—Z (t€ R), and therefore [Z,Z]—0. But 
since £(L) this implies that Z=0. This proves that nL AL N) 
unless n==1, and therefore ¢(Z,) —=¢(Z2) (4:,Z2€ unless 7, 
Hence ¢ is univalent. 

We have still to prove that ¢(1.) =o. Since to is connected, it would 
be enough to show that $(1)) is closed in ny. This however is an immediate 
consequence of the following statement. Suppose Z varies in n in such a 
way that ||exp(adZ)L—L || remains bounded. Then || Z|| also remains 
bounded. This is proved as follows. Since CL. + Z is a solvable Lie algebra 


over the complex field, we can choose a base Z,,---,Z, for n over C 
and complex numbers such that [L,Z;]=¢Z,mod CZ, and 
k>i 


SCZ, ASisSjsr). Moreover since Let 
k>j 

+, denote the complex Cartesian coordinates in n corresponding to 

this base. Then it is clear that for any integer j (171), there exists 

a polynomial p; in (j—1) variables 7,,- - -,7;,. with complex coefficients 

such that 


t;)((expad Z)L—L) = — ¢,t;(Z) + pj(ts(Z),° ta (Z)) 
for Z€n. Hence it follows by induction on j that if || (expadZ)L—L|| 


remains bounded, the same holds for |#;(Z)|. This proves our statement 


and therefore also the lemma. 


gu 


Her 


4 
B 
Fi 
a 
fé 
4 3 
In 
Tm 
no 
sir 
Th 
Mo 
ang 
He 
if 
( 
We 
sho 

a 


FOURIER TRANSFORMS ON A LIE ALGEBRA, I. 219 


In view of the fact that | det D|—=|£(L)|, Lemma 15 is now obvious 

Let qo be any subalgebra of g, such that @(qo) =o, and let q be the 
complexification of qo in g. It is obvious that the fundamental bilinear form 
B is nondegenerate on q, and we know that q is reductive in g (Lemma 10). 
For any p€ S(q), let pq denote che restriction of p on q. Moreover, if qo’ is 
a nonempty open subset of qo, consider the space Jd(qo’) of functions 
f€C*(qo’) such that 


vm (Af qo’) + || X + |)" <0 


for every d€ 4(S(q)) and every integer m=0. We define a topology in 
3(qo’) by means of these seminorms f—1m(df3qo') (m2Z0,d€ 0(S(q))). 
In this way, 3(qo’) becomes a locally convex space. Similarly, put 
ra(df qu’) — sup | f(X34)|(1+ |X [)" for de D(a) and fe We 
X€qo 
note that 
vm (Af ; qo’) S (Af 5 qo’) (d€ 0(S(q)) 
since || X+6(X)| + 2] (LE go). 
LemMA 17. For any f€ 3(go), let gy denote the function on {, 
given by 
= J f+ (Leh). 


Then gy€ and fg, is a continuous mapping of 3(go) into 3 (Io). 
Moreover = 97 for p€EI(g). Finally, if f€ B(go) then gy € B (to) 
and (f€ B(go)) is a continuous mapping of 6(go) into 


Notice that [, n and @(n) are mutually orthogonal subspaces of g. 
Hence || 2+ 6(L+ Z)|!?=|| L4 +2 || Z € no). Hence 
if d€ a(S(f)), 


= vm(df Go). 


We can obviously choose m so large that f (1+]|Z||)-"dZ<o. This 
shows that 


Hence the integral 


f f(L+2Z;d)dZ 


‘ 

4 

‘ 
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converges uniformly with respect to L€[,, and therefore g; is of class (* 
and 


g)(L3d) — 
Moreover, it is obvious that 


vm (4913 bo) S (Af (1+ (m, 2 0). 


ito 
Therefore g;€ 3({,) and the mapping fog, of 3(go) into B3(Io) is 
continuous. 

Now let f be a fixed element in d(go) and QO a compact subset in gy. 
For any d€ 0(S(g)) and Y€Q, consider the integral, 


J a. 
Then 
+0(4+ 
+ | SIX +6(X) || + 2a (YEQ), 


where 1 = Y+Z and a=sup| Y ||. Hence 
yea 


(1+ 1+ 2a)" m (df 5; G0), 
and this proves that the above integral converges uniformly with respect to 
Now put 
(¥ € go). 
To 


Then it follows from the above result that g€ C*(g.) and 


g(V3d)—f + (d€ 0(8(g)), ¥ € 


But it is clear that g(Y+Z)=—g(Y) Therefore dg for 
d€0(S(g)n). Therefore, in order to prove the second statement of the 
lemma, it is enough to show that p—p,€ S(g)n for p€ I(g). This will be 
done in Lemma 18 below. 

Now suppose f€ @(go). Then since =| 24+2Z'| 
(LE € to), 


(1+) | f(L+2Z34)| S tmem, (df 5 Go) 
for d€ 0(S({)) and m,m,20. Hence 
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and this proves that g,€ @(I,) and f—gy, is a continuous mapping of 6 (go) 
into (Io). 

For any X€q, let dy denote the derivation of S(g) which coincides 
with ad X on g. 


LemMMA 18. Let p be an element in S(qg) such that dyp—0 for H€ by. 
Then p— py € S(g)n. 


Let - -,@, be all the distinct roots in P,. Then Xq,,- --,Xa, is @ 
base for n over C. Let 9 be the set of all monomials (in S(g)) of the 
form where are nonnegative integers. For any 
monomial M = X,,": --Xq™, put and extend 6 


to an automorphism of S(g). Then it is clear that dy6(M) —=— Bu(H)d(M) 
(H€ hy). Since g is the direct sum of I, n and 6(n), it follows that S(g) 
is the direct sum of S(f)S(0(n)) and S(g)n. Hence for any g€ S(g), 
there exist unique elements gy€ (J£€%M) such that 


(M1) € 8(g)n. 
Now apply dy (H€ hy) to this relation. Then 
dug + quBu(H)6(M) € S(g)n 
since [By, If] = {0}. In particular, if dyq—0, we get 
2 (H)0 (IM) € S(g)n. 


But as we have observed above, (S(1)S(0@(n))) N (S(g)n) = {0}. Therefore 
we conclude that gu8yu(H) 0 for every Me€%. On the other hand, if 
M 1, it is obvious that the restriction of By on hy is positive in our order, 
and so we can select H € hy such that By(H)~0. Therefore if gp, we 
conclude that py—0O for M1. This means that p—p,€ S(g)n. But 
since p,€ S({) and [ and n-+6(n) are mutually orthogonal, it follows 
that Hence p— S(g)n. 


CorouLary. Let p be an element in S(q) such that dyp=0 for all 
He hy. Then (f€ B(Go)) in the notation of Lemma 17. 


This follows immediately from Lemma 18. 
Put am = m7_ and let ho’ be the set of all points H € h) where r(H) 40. 
We know that I, = by, + Co -+ mo’, where cy is the center and m)’ the derived 
algebra of to. Moreover, is semisimple and mo’ = Mo’ NM fo + my,. 
Finally, £ is maximal abelian in mo, and therefore mo’ is a 
Cartan subalgebra of my)’. Let D and Jf’ be the analytic subgroups of M 


a 

‘ 

‘ 

| 
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corresponding to co and mo’. Then DC K and M=DM’. Let dy, dm’ 
denote the Haar measures on D and MM’, respectively. We normalize them 


in such a way that f dy =1 and 
D 


Jf f(mydm— 
M M’'XD 


for f€ C.(M). Now if X € and Y,Z € mo, then B(X, [Y, Z]) = B(LX, Y], Z) 
=(), and from this it follows easily that co and my’ are mutually orthogonal.° 
Moreover m, is orthogonal to hy, by definition. Hence hy, + ¢o is orthogonal 
to m,’. It is clear that X¥,€ m for a€ P,UP_. Therefore since [by +c, m] 
= {0}, we conclude that « vanishes identically on }y-+¢. This proves that 
am(H) = mm(T1_) (H€), where H_ is the orthogonal projection of H in 
nv. 

For any g€ and X€ hy, + co, let gx denote the function on 
given by gx(Y) =g(X+Y) (YE€m,’). Then if d€ 0(8(m’)), it is clear 
that (dg),—dgx. Moreover since my’ and y,-+ are mutually orthogonal, 
we have 


vq(dgx ; Mo’) S vq(dg 5 to) (q20). 
This proves that gx€ 3(m)’). Furthermore, 
(1+ | + | X+¥ + 04+ 
(YE hy, + 03 € 0). Therefore 
sup (1+ || X + 6(X) (dgx 5 Mo’) S 5 bo). 


X € 


Let be the set of those points H € where ~0. Then for H € 
and g€ 3(I,), consider the integral 


mm (HH) g(mH)am == 1m (H_) 


where //, and H_, respectively, are the orthogonal projections of H in By, + % 
and ho Mm’. The results of Section 4 are applicable to my’ since by, mw’ 
is maximal abelian in Therefore since 3(mo’) and 2)(H_) 
+0, the above integral is well defined. We denote its value by y,(H). It 
follows easily from Lemma 9 (applied to my’) that y, is of class C® on ho” 
and W,(H;d) =wWag(H) for d€ +¢)). Now suppose d, € 0(S (by + ¢)) 
and d.€ @(S(h NM n’)). Then y,(H;d,d.) —wWag(H;d.). Moreover, as we 
have seen during the proof of Theorem 2, we can choose an integer NV = 0, 


® Cf. footnote 6. 
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a real constant c= 1 and a finite number of elements d,’,- - -,d,’ € 0(S(m’) ) 
such that 


(1 + || H- ||)" | de) 


for any f€ ho” and q’20. Therefore 


Sc? D wig (df Wo’) 
1Sj=r 


(1-+- | 1+ | ¥,(H; did.) | 
(14 | (+2 | pao de) | 
S (1+ || Ho +6 (Ho) (di (dig) Mo’) 
< (2c) 


1SjSr 
since dj (dig) = (djd:g)n,- This proves that y,€ 3(ho”) and the mapping 
gw of 3({,) into 3(ho”) is continuous. Let I(f) denote the set of all 
elements in S({) which are invariant under M. Then it follows from Theorem 1 
(applied to my’) that = (pET(1),g€ Finally, suppose 
g€ Then 


(1+ || | ¥o(H3 dide)| 
S (14 Ho || | Yao ae) | 
Sct(1+ | Hol (4 (49) Mo’ ) 
= vor > 


1SjSr 
since 


(1+ | Ho || ( Mo’) S twe2q’ (dj’d1g ; 
This shows that in this case @(ho”) and gw, (g€ is a con- 


tinuous mapping of @({,) into @(§o”). Thus we have proved the following 
result. 


Lemma 19. For any g€ S(t), let wy denote the function on ho” 
defined by 


Wo(H) g(mH)dm (H € 


Then Wg€ 3(ho’) and is a continuous mapping of into 
Moreover, = 9(p) vy for pET(1) and g€ Finally, tf 
9€ B(lo), then B(ho”’) and the mapping (g€ B(lo)) of 


into @(o’) ts also continuous. 


Now for f€ 3(g.) and H€ h,’, put 


it 
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That this integral is well defined is seen as follows. Put 


|f(kX)| dk (X € qo). 
Then 


G* MXto 


from the corollary to Lemma 15. Select an integer r such that 


< 
< 
Then if g(X)— f fi(X+Z)dZ (XE), 

Tlo 


(1+ | X + ||) 299(X) S (F5 Go) 
for any integer g=0. Hence by applying Lemma 7 to my’, we conclude 
that f g{mH)dm<o. This proves that the above integral for dy, is 
shiek For any f€ 3(go), let 7 denote the function 


7(X) f(x) ak (X€ go). 


Since 6(kX) —kO(X), it is easy to see that f€ d(g.) and ff is a 
continuous mapping of 3(g.) into itself. (Similarly if f€ @(go), one 
proves easily that f€ @(g.) and f>f (f€ @(go)) is a continuous mapping 
of @(go) into itself). Moreover, the above calculation shows that 


¢;(H) (mH + Z)dmdZ 


S + 2)dmaz (7€ 3 (qo)), 


where e,(#7) or —1 according as z,(H) is positive’® or negative. Put 


= 2m(H) + Damar (H € ho", f€ 3 (Go). 


It follows from Lemmas 17 and 19 that yy€ 3(Ho”) and f—yy is a con- 
tinuous mapping of 3(g.) into 3d(ho”). Define gy as in Lemma 17. Then 


yy (HT) (f€ 3 (go), H € bo”). 


1° Notice that 7,(H) is real since it is equal to the determinant of the restriction 
of ad H on ny 
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Now suppose p€J(g). If f,=0(p)f, it is obvious that f,=4@(p)f. Hence 


from Lemmas 17 and 19. Finally, if f€ @(go), we conclude from these 


two lemmas that @(ho’) and the mapping (f€ 6(go)) of B(go) 
into @(Ho’) is continuous. Thus we have obtained the following theorem. 


THEOREM 3. For any f€ 3(go), the integral 


6)(H) =a(H) 


is absolutely convergent for HE’ and the function ¢y, so defined, les in 
Moreover, f—> is a continuous mapping of 3(go) into 3(h’), 
and 

= 


for p€I(g). Let ho” be the set of those points HE hy where J] «(H) ~0 


a€Po 


and let e,(H) denote the sign of 7.(H) Then ed; (f€ 3(g)) 
can be extended to a function of class C® on ho’. Finally, d€ 6(Bo’) tf 
f€ (go), and the mapping f—> of B(go) into ts also continuous. 


Define the homomorphism $ of 3(g) into 4(§) as in Theorem 1 of 
[2(h) J. 

Corotuary. If €€ 3(g) and f€ B(go), then —8(E) dy. 

From the above theorem, this is true if €€0(I(g)). Since 3(g) is 
generated by J(g)U A(I(qg)), it is enough to verify the above statement for 


f€I(g). But then éf€ @(go), and it is obvious from the definition of ¢y 
that 


per = Edy = 8 (E) dy. 


6. Fourier transforms. Let dX denote the regular Euclidean measure 
On Qo (see [2(h),§2]) and for any f€ @(go), let f denote the Fourier 
transform of f so that 


(¥ € gq). 
Go 
Fix an element H, € and consider the mapping f > $7(Ho) (f € @(Go))- 


It follows from Theorem 8 that Ty, is a 6-distribution. We intend to 
study this distribution more closely. For any p€ S(g), let p denote the 


3 


226 HARISH-CHANDRA. 


polynomial given by p(X) = p(— (—1)4X) (X€g). Then (see Lemma 1 
of [2(h)]) (0(p)f)” =pf and (pf)” =@(p)f. Moreover, if pe I(g), the 
same holds for p. Therefore it follows from Theorem 3 and its corollary 
that 
= p(Ho) Ta,(f) (f€ 6 (G0), p€ 1(g)), 


and this proves that 0(p)Tn,—=p((—1)4H.)Tu, for pe I(g). Thus we 
have obtained the following lemma. 


Lemma 20. For any p€ S(q), define the polynomial p’ by p’(X) 
= p((—1)4X¥) Then for pe I(g). 


Let 1 be the rank and n the dimension of g. Then if A is an indeter- 
minate and J the identity mapping of g, 


det (AI —ad X¥) =a" + + (XE Q), 


where d;€ I(g) and d,.0. It is obvious that the polynomials d; take only 
real values on gy and d,.(H) = (—1)'r(H1)? (H€), where r—43(n—l) 
is the number of positive roots. Put »—(—1)'d,.. Then (see Lemma 9 
of [2(h)]) » is the unique element in J(g) which coincides with z* on }. 
Moreover, as we have already observed above, » takes only real values on qo. 


We call a point X € g singular or regular according as n(X) is zero or not. | 


Let go’ be the set of all regular elements in go. Then g,’ is an open dense 
subset of go. Our object is to show that Ty, coincides with an analytic 
function on Qo’. 

Let H, be a regular element in go and Ho the centralizer of Hy in Qo. 
Then h, is a Cartan subalgebra of g. (see Weyl [8]). Let A be the Cartan 
subgroup of G corresponding to ho. Put @=G/A and let eZ denote the 
natural mapping of G@ on G. Complexify h, to §, and let P be the set of 
all positive roots of g with respect to h under some fixed order. Put 
IT, ho’ Ngo’ and (x€G,HEh). It is well known 

ae 


(see [2(d), p. 501]) that the mapping y: (7, 7) 2H of G X bo into go 
is everywhere regular on @ Xho’. Let A be the normalizer of in 
Then A/A can be regarded (see [2(e),§2]) as a subgroup of the Weyl 
group W of g with respect h, and therefore it is finite. Since A is the 
centralizer of H, in G (Lemma 3 of [2(e)]), it is clear that we can select 
an open connected neighborhood V of- A, in id such that y is univalent 
on GXV. Putg.=—v(GXV). Then g, is an open connected neighbor- 
hood of H, in go’ and w defines an analytic isomorphism of GX V with Qh. 
Let dt denote the invariant measure on G and dH the regular Euclidean 
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measure on fy. Then a simple calculation shows (see [2(d), p. 501]) that 
dz can be so normalized that 


dX =|n(H)|didH —|7(#)|? did (X 
for (7, 7) EGXV. 

Now let 7 be a distribution on go’ which is invariant under @ (see 
[2(h),§2]). For any g€C."(GXV), let F, denote the function in 
(.°(g1) given by F,(@H) =g(a,H) (€G,HEV). Then we can define a 
distribution on G & V by r(g) =T(F,) X V)). For a€ 
and BE C."(V), let aX B denote the function g in C.”(G XV) given by 
1) = (€€G, HED). 


LEMMA 21. “here exists a distribution S on V such that r(a@ X B) 
-f a(£)d@S(B) for all 2€C.°(G) and BEC.”(V). 


Let dx and da denote the Haar measures of G and A, respectively. 
We assume that da is so normalized that 


J az f g(xa)da (g€C.(G)). 


For any f€ C.“(G let denote the function in C.”(G V) given by 


f(z, H) — va Al) da. 


Then we can define a distribution on G@XV_ by 7 (f) 
For any «€C.°(G), define €C.°(G) by 


Then one sees without difficulty that «—e’ is a continuous mapping of 
onto C.*(G). Hence if we denote the function H) > a(x) 
mGXV by «XB it is enough to prove the 
existence of a distribution S on V such that 


“(ax p)—f a(x)dx (2€C."(G), BEC(V)). 


Now fix 8. Then og:a—7’(@X 8) is a distribution on G. Moreover, 
Fsince 7 is invariant under G, it is clear that og is invariant under left 
translations of G. Therefore it follows from Lemma 36 of [2(e)], that 


B) =8(B) J oar, 


= 
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where S(f) is a complex number independent of «. Now select a € C,"(@) 
such that a(x)dz—1. Then since B—>1’(a XB) =S(B) (BE C.°(V)) 
G 


is obviously a distribution on V, our assertion follows. 
Since »(H) =7(H)? (H€b), = is nowhere zero on V. Hence 
o = (%)"8 is also a distribution on V. 


LemMA 22. Let p be a homogeneous element in I(g) and let p denote 
its restriction on h. Suppose 0(p)T—=cT (c€C). Then 0(p)o—co. 
Select € C.°(G@) such that f (x)dz—1, and, for any BE 
let F'g denote the function in C,”(g:) given by 
= B(H) a’ (z) 


where (Z) = a,(za)da (x€G). We put H) = G, 
A 
H€V) and use the notation of Lemma 3 of [2(h)]. Then it follows from 
Lemmas 5 and 6 of [2(h)], that 
F 0(p)) (x: H ; 0(p) 

(x€G,HEV), where Bg, HE S(6) and the a; are analytic functions 
on V (1Si=N). Moreover, in view of Lemma 22 of [2(h)], we can 
assume that b¢—b; (a€ A). On the other hand, 


F g(x: B(H). 
Therefore 


1SiSN 


But 
since b;€ Bg. Therefore 
T (0(p) Fs) =o(0(p) (zB) ). 
Let m be the degree of p. Then 
T (0(p) Fp) = (—1)™cT (Fg) = (—1)"co(#B), 
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and this shows that 
o(0(p) ) = (—1)"co(zB). 
But since 7 is nowhere zero on V, this implies that 0(p)o = co. 


Corotiary. Suppose T ts an eigen-distribution of 0(p) for every 
pe l(g). Then o coincides with an analytic function on V. 


This follows from Lemma 12 of [2(h)] and the above result. 


We shall now apply this corollary to the distribution T—Ty, of 
Lemma 20. Let G, be the (connected) complex adjoint group of g. Since 
any two Cartan subalgebras of g are conjugate under G, (see [2(e), Lemma 
4]), we can select y€ G, such that yh —=b. Then if p€I(g),py—p, and 
therefore p’(H,.) = p((—1)4yH_). In particular, »(yHo) =7(Ho) £0, and 
so #((—1)4yH,) 0. Therefore it follows from Lemma 20 and the Corollary 
of Lemma 13 of [2(h)], that 


o(H)= > c,exp{(—1)4B(sH, yH,)} (HEV), 
sew 


where the c, are certain complex numbers. Moreover, we can conclude from 
Lemma 21 (see Schwartz [6(1), p. 108]) that 


Tu,(f) — A) o( A) (f € 


Now put 


Then the above relation becomes 


$7(Ho) = Cs(Ho) $;(H)exp{(— 1)! (Ho € bo’) 
seW 

for f€ C.*(g.). (Since the numbers c, may depend on Hy, we have now 
written them as c,(H,).) Let §, be a connected component of ho’. We shall 
prove that the c, are actually constant on §,. Let H, be a fixed point in }, 
and U a sufficiently small open connected neighborhood of Hy in §;. It is 
enough to prove that the c, are constant on U. Since n(yHo) =y(Ho) £29, 
it is clear that syH,yH, for any s41 in W (see Lemma 4 of [2(e)]). 
Hence we can choose polynomials g,€ S(h) (s€ W) such that 


(—1)3t-*yH) = §0 if sAt 


(t€W). 
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Furthermore, select B,€ C.°(V) such that 

Fix an element «€ such that f a(£)d=—1, and define f,€ C."(g;) The 


it 
by fe(ZH) —a(Z)B,( Then if VU, 


tew 
(s€ 
= (se W), (Le 
where o( 
for 


But it is clear that a,; are analytic functions on U and 


a whe 
and 


Therefore if U is sufficiently small, the determinant of the matrix (d5,t) ».¢¢% 
is nowhere zero on U. Let (s+),.¢<77 denote the inverse matrix. Then the 


, b,,. are also analytic functions cn U and for 

seW tion 

Therefore since ¢7, are of class C” on U (Theorem 3), the same holds for ¢. = p 

Put 13 


o(H: 1) = > ¢,(H)exp{(—1)! B(yH, (1€U, HEV). 
sew 


Then o is of class C” on UXV. On the other hand, 4(p)f = (p’f)” ag 
(pe S(q), f€ Ce"(q)), and therefore if pe I(g), 
prov 
= 9(p) 
from Theorem 3. Select as above and define f€ by f(#H) with 
(BECW(V)). Then and 
= and so the above equation becomes 
As this is true for every B¢€ C.“(V), we conclude that 
for 


o(H;0(p):H) A) (pe I(g)) 


for H¢€U and HE V. Thus it is enough to prove the following result. 


Aly 


6 
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LeMMA 23. Suppose c, (s€ W) are functions of class C” on U and 


o(H: H) = > ¢,(H)exp{(—1)* B(yH, sH)} (HEU,HEV). 
sew 
Then if o(H;0(p): H)= p'(H)o(H: #) for all p€ I(g) and (H, H)EU 
it follows that each c, is constant on U. 


Fix H in V for a moment, and let p, denote the linear function 
H—> (—1)4B(sH,yH) (H€h) on b. Since 7(H) 0, the functions p, 
(s€ W) are all distinct. Therefore e“* are linearly independent over S(}) 
(Lemma 41 of [2(b)]). This means that the coefficients of e“ in 
o(H;0(p): H) —p’(#)o(H:H) must all be zero. But it is obvious that 
for a fixed s, this coefficient is of the form 

0(p)) + q(H)bs(H) — 


<iSN 


where the q; are certain homogeneous elements in S(h) of positive degree 
and the b; are functions of class C” on U. Since H was an arbitrary element 
of V, we conclude that 


;0(p)) =0 (se W,HEU) 


for all homogeneous elements p€J(g) of positive degree. But then it 
follows from Lemmas 12 and 14 of [2(h)] that c, is a polynomial func- 
tion. Now again fix 7€V. Then, in view of the equation o(H;0(p): H) 
=p'(H)o(H:i7) (p€I(g)), we conclude from the Corollary of Lemma 
13 of [2(h)] that 
o(H:H) = > (HEU), 
seW 

where the b, are certain complex numbers independent of H. However the 
e are linearly independent over S(h), and therefore c,—=b, (s€ W). This. 
proves that the c, are constant on U. 

Thus we have obtained the following result which should be compared 
with Theorem 3 of [2(h)]. 


LEMMA 24. Let h, be a connected component of ho’. Then there exist 
compler numbers c, (s€ W) such that 


= Dc, { (HE) 


sew 


For any X € go’, put e(1) =1 or —1 according as 4(X) is positive or 
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negative. Then it is clear that for a fixed H € h,, there exists an analytic 
function Fy on g, such that 


Fy (ZH) yH)} 


sew 
(@€¢,H€EV) and 


6(H) f(X)Pa(X)ax (fe 


(Compare this formula for /, with Theorem 2 of [2(h)]). This shows 
that the distribution f—¢7(H) coincides on g, with Fy. Thus we have 
proved the following theorem. 

THeorem 4. For a fired consider the @-distribution Ty:f 
— $j)(H) (f€ B(go)) on go. Then Ty coincides on go’ with an analytic 


function Fy. 


Since 7'y is invariant under G, the same holds for Fy. The exact form 
of Fy has already been obtained above. 


7. The distributions T and T’. Let H,,---,H, be a base for h, 
over R. It is clear that there exists a positive constant c such that if 
H=t,H,+:--+tH, ((€R), then |t|SclH] Now 
suppose , is a connected component of ) and f€ @(:). Then 
a(H)f= > and therefore 


v(0(H)f) Sel (H € bo), 
where v(g) = sup |g(H)! (g€ @(6:)). Suppose H, H’ are two points in 
Heb, 


h, and the straight line-segment joining them lies entirely in §,. Then if 


fe @(b:). 
f(H’) —f(H) (d/dt)f(H +1(H’ —H) )dt, 
0 
and therefore 


| f(A’) —f(H)| Sv Sc! H’—H| > 
1 


Sisl 


But in view of Lemma 43 of the Appendix (§12), we can conclude that 
these inequalities are actually valid for any two points H,H’€,, and s0 
we have the following result. 


LemMa 25. Let Cl(h,) denote the closure of , in ho. Then every 
f€ 6(§:) can be extended to a continuous function on Cl(§;). 
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For any ¢€ ’) and €€ D(h), put 


Lim ¢(0) = Lim ¢(#), Lim ¢(0;é) (H € §;). 
Di H->0 bi 


It is clear from the above corollary that these limits exist and 


| Lim (05 S v(¢¢). 
1 
Therefore for a fixed £, the mapping ial is continuous on 


Let denote the local expression of at zero. Then if 
it is obvious that Lim ¢(0;&) 0. Hence 
by 


Lim $(0;€) —= Lim 
bi 1 


for and D(H). 
We know from Theorem 3 that if f€ @(go), then ¢y€ 6(ho’'). Hence 
we can consider the mapping 7: f > Lim ¢;(0;0(7z)) (f€ @(go)). It follows 
bi 


immediately from Theorem 3 and what we have said above, that T is a 
4-distribution. 
LEMMA 26. Define the polynomial I(g) as in Section 6. Then 
= 
for any integer k= 0. 


Put €==0(7*) oy*. Then we know from the Corollary of Theorem 3 
that = 8(E) db, (f€ B(Go)), and therefore 


$1(050(m) 98(€)) = <a (Pf) 


from the Corollary of Lemma 18 of [2(h)]. Our assertion now follows 
from the fact that the degree of y is even. 

It is one of our principal objects to prove that T(f) —=cf(0) (f€ 6(go), 
where ¢ is a complex number independent of f. However, the proof of this 
fact is rather long and difficult, and we shall not be able to complete it in 
this paper. We consider first the Fourier transform JT” of T given by 
T’(f) =T(f) (f€ B(go)). Then 7” is also a @-distribution on go, and the 
above-mentioned fact about 7’ is obviously equivalent to the statement that 
T’ coincides on g, with a constant. This we shall first prove in a weaker 
form. As before, let go’ denote the set of regular elements in Qo. 


LemMMA 27. Let T’ be the @-dtstribution on go defined by 


Then on each connected component of go’, T’ coincides with a constant. 
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It is obviously sullicient to prove that if H»€ go’, then T” coincides on 
some open neighborhood of H, in go’ with a constant. We use the notation 
of the proof of Lemma 24. Then 


sew A 


for f€ C."(gi). Hence 


where r is the degree of z. This implies that 


But =n(A) =7(H)*. Therefore it is obvious that 
eg—=7(y'sH1)/x(H) is constant for HE V. Hence 


where c’ =) (—1)'/* cyes. Now put «1 or —1 according as 7 is positive 
sew 
or negative on gi. Then 


and therefore 
T(fy—e f f(X)ax (Fe 
if c==c’e. This proves that 7” coincides with ¢ on q;. 
LEMMA 28. g)’ has only a finite number of connected components. 
From the corollary of Lemma 2 of [2(e)], we can select a finite 
number of Cartan subalgebras }) (11) such that every Cartan sub- 


algebra of g. is conjugate to some hy) under G. Put Hu)’ —ha Ngo’ and 
Vi= U zhw’. Let X be an element g,’, and let hy denote the centralizer 
zeG 


of X in go. Then since X is regular, hy is a Cartan subalgebra. Hence 
bx = for some G and some i Therefore X€hxrN go 
C V,, and this proves that g.). —V,UV.U---UVy. On the other hand, 
we know that h.’ (and therefore, similarly ()’) has only a finite number 
of connected components. Since G is connected, it is therefore obvious that 
the same holds for each V;. But this implies the statement of the lemma. 
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29. Let be all the distinct connected components 

of Go’ and c; the constant such that T’=c; on gi (1StSN). Let be 

an open subset of go whose closure is compact. Then there exists an integer 
b=0 such that 


for all fE C."(Q). 


Let 7’ denote the distribution on g) given by 


=T'(9) g(X)dX (g € Co*(Go))- 


Then it is clear that the carrier of 7’ is contained in the set of singular 
points of go. For any fe€C."(Q), let zy, denote the distribution on FR 
defined as follows: 


77(B) =7'(B(n)f) (BE Co"(R)), 


where B(n) is the function on go whose value at XY € go is B(y(X)). It is 
clear that no point in F other than zero, can lie in the carrier of 7y. 
Moreover, since the closure of 2 is compact, 7’ is of finite order on Q (see 
Schwartz [6(1) pp. 82-83]). Hence there exists an integer k (independent 
of f) such that the order of 7; (on R) is <k. This implies that 7’ (y*f) =—0 
for all f€ C."(Q). 

For any p€ S(q) define p as in the proof of Lemma 20. Then ob- 
viously, # coincides on h with (—1)*x? (where r is the degree of 7). 
Therefore it follows from Lemma 9 of [2(h)] that 7— (—1)*y, and so 


(40 = 0 (9 € B(Go)) 


from Lemma 1 of [2(h)]. Hence we conclude from Lemma 26 that 


T" (a) 9) = (g). 
Now suppose f€ C.°(Q). Then 7’(7*0(y*)f) =0, and therefore 


If are all equal then T’ =c, on 


It is sufficient to prove that T’—c, on Q. But if f€ C.”(Q), we know 


from the above lemma that 


Go 


236 HARISH-CHANDRA. 


since ¢;=C2—=-:-*—=cy. Moreover, since y is a homogeneous polynomial 


of even degree, 0(7*) is self-adjoint, and therefore 


Go Go 


On the other hand, <y*,7'> 40 (see the corollary to L2mma 18 of [2(h)]). 


Therefore 


and this proves that 7’ c, on Q. 

In view of this corollary, our main task now is to prove that the 
constants ¢,.:-°,¢y of Lemma 29 are all equal. This will be done in 
another paper. However we note the following result for later use. 


Lemma 30. Let & be any homogeneous polynomial in I(g) of positive 
degree. Then 0(€)T’ =0. 


Jefine & as in Lemma 20. Then if f€ @(go). 
T’(0(E)f) = (—1) (EF), 
where m is the degree of € Since &€I(g), it follows from Theorem 3 
that where is the restriction of on ho. Therefore 
T (€f) — $7(050(m) $7(0;d), 


where d is the local expression of 0(7)°& at zero. But since m=1, it 
follows from Lemma 18 of [2(h)] that d=0. This proves that 0(é)T’ =0. 


8. Fundamental Cartan subalgebras. [Let w be the Casimir polynomial 
of g and a Cartan subalgebra of Put 1-(T)) (dimegT,), where 
r 


1 
r, runs over all linear subspaces of [, on which w is negative-definite. 


Moreover let 1. =sup/_(T)), where [, runs over all Cartan subalgebras of gp. 


We say that Ty is fundamental if L(T))—lL. It is obvious that /_(2T) 
=I1(T,) (#€ @). Hence if T, is fundamental, the same holds for any 
Cartan subalgebra conjugate to T, under G. 


LEMMA 31. l—rankf. 


Let [, be a fundamental Cartan subalgebra of go. By going over to a 
conjugate subalgebra, we may assume (see the Corollary of Lemma 1 of 
[2(e)]) that 6(T) =I >. Then since o is positive-definite on p, and negative- 


| 
To 
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definite on fo, it is clear that 1. —1_(T,) Hence 1. S rankf. 
Conversely, let a;, be a maximal abelian subalgebra of f,. We extend it to a 


Cartan subalgebra a, of go. Then 
1_(ao) dimz Qy, = rank f. 
This proves that — rank f. 


Corotnany. Let T, be a Cartan subalgebra of go such that 6(To) =To. 
Then T, ts fundamental if and only if ToM £, is maaimal abelian in £). 


For it is obvious that /_(T)) —dimr(I,M £.), and therefore from the 
above lemma, /_(T) if and only if is maximal abelian in fp. 


Lemma 32. Let Ty, be a maximal abelian subalgebra of £, and Ty the 
centralizer of T;, in go. Then Ty ts a Cartan subalgebra of go and 6(To) =To. 


Since 6(T;,) —=Ty,, it is obvious that Let X,Y € Ty, Po. 
Then and || Z ||? B(Z,Z) B(Y, [X,Z]) =0 
since [X¥,Z]—0. This proves that Z—0, and therefore Ty) —I;,+Ty, is 
abelian. Let a) be any Cartan subalgebra of g, containing T;,. Then ao C To. 
But since ay) is maximal abelian in go, it follows that ag =I). This proves 
our assertion. 


CorotiaRy. Any two fundamental Cartan subalgebras of go are con- 
jugate under G. 


Let T,, T, be two fundamental Cartan subalgebras of go. By replacing 
them by conjugate subalgebras, we may assume that 6(I;) =T; (t=—1,2). 
Then from the Corollary to Lemma 31, IT; £) is maximal abelian in fo. 
However, since K is compact, any two maximal abelian subalgebras of fp 
are conjugate under K. Hence (kT,)N£, for some But 
then it follows from Lemma 32 that I, — kT. 


LemMMA 33. Let T, be a Cartan subalgebra of go and LT its complezifica- 
tion in g. Then the following two conditions on Ty are equivalent. 

(1) I «ws not fundamental. 

(2) There exists a root a (of g with respect to T) which takes only 
real values on Ty. 

Again we may assume that 6([,)) TI. Since every root « takes only 
pure imaginary values on Ty fo, condition (2) is obviously equivalent to 
the following: 


(3) There exists a root a which vanishes identically on TN EF. 


). 
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Now if Tf, is fundamental, [ is exactly the centralizer of [NM € in g (Lemma 
32), and therefore no root can vanish identically on TMF. This proves 
that (3) implies (1). Conversely, suppose (3) is false. Then no root can 
vanish identically on !'/Q f£, and therefore it is obvious that [' is exactly the 
centralizer of [Mf in g. This proves that I, f, is maximal abelian in f,, 
and so Ty is fundamental. Hence (1) and (8), and therefore also (1) and 
(2), are equivalent. 

We now return to the notation of Section 5. Let Q, be the set of those 
a€ P which take only real values on hy. Put Q’=Q,UP_, and let Wo: be 
the subgroup of the Weyl group W (of g with respect to h) generated by the 


Weyl] reflexions s, corresponding to a€ Q’. 
LemMA 34. Suppose s€ We. Then sho and 
$;(sH) =«(s)$/(H) 
for f€ B(qo) and 


Let A’ be the normalizer of A in G. Then for every y€ A’, we get a 
transformation 7, of G* =G/A onto itself given by ry(z*) = (zy)* G). 
Since A is of finite index in A’ (see [2(e), §2]), 7,* is the identity for some 
integer k= 1, and from this it follows immediately that the measure dz* 
on G* is invariant under 7y,. 

Now from Corollary 2 to Lemma 46 of the Appendix (Section 12) we 
ean choose y€ G such that yH —sH for all HE}. Then it is clear that 
sho =, and y€ A’. Therefore if f€ @(go), 


$;(sH) = r(sH) f(a*yH)dx* = e(s)r(H) f f(x*H)dz* = e(s)¢,;(H) 
G* G* 
for He fy’. 


Corotuary. If ho is not fundamental, the distribution T of Lemma 26 


is zero. 

We know from Lemma 33 that Q, is not empty. Let V, denote the 
closure of h, in hy. It follows from Lemma 45 of the Appendix (§12) that 
we can choose a point H,€ V, and a root a€ Q, such that «(H,) =0 while 
B(H,) €0 for any positive root Ba. It is obvious that tH,€ V, for 
any positive number ¢. Let s, denote the Weyl! reflexion corresponding to « 
and for a fixed f€ @(go), put 


(H) =«.(H) (H € bo’) 


in the notation of Theorem 3. Since hy and hy are orthogonal, it is clear 
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that s,8— for any BE P,»UP_, and therefore This shows 
that «,(sgH) =—e,(H), and hence y;(s.H) =y;(H) from Lemma 34. 

Now we extend yy, to a function of class C” on ho” (see Theorem 3). 
Then since +*« ——z, it is obvious that 


¥7(SaH ; 0(z)) (H€ ho”). 


Therefore if o, is the hyperplane in h, consisting of those H € >) where 
a(H) =0, it is clear that O()yy is zero on ogM Ho”. Select a sequence 
{t:}x>1 Of positive numbers such that Lim é,—0. Then tH ViNoaN bo”; 


k> 
and so we can choose H;,€ such that|| H;, || S and | 0(x))! 
<2*. Then H,—0 and T(f) = Lim ¢;(H;30(7)). But 


| 3 = | S2%, 


and therefore 7'(f) This proves that T—0. 
We shall see in another paper that if §, is fundamental and h, is suitably 
chosen, then 7'=40. For a special case, this follows from Lemma 41 of 


Section 11. 


9. Closer study of a special case. In this section we shall assume that 
h) C £, and therefore rank g—rankf. Let dY denote the Euclidean measure 


on f,, and, for any g€ @(£.), put 


exp{(—1)§B(X, Y)}g(¥)d¥ (X€ go). 


It is clear that +2) =g(Y) (Y€£,Z€p.) and g coincides on £, with 


the Fourier transform of g. Hence 


for p€ S(g) and m=0. (Here p;, is the restriction of p on f). This shows 
that G€ 3(g.) and g—>g is a continuous mapping of @(f£,) into 3(go). 
Let be any Cartan subalgebra of g, such that 6 (Ho) We use the 
notation of Section 6 and define h,’, 7, W, G, dz, etc. as before. Put 


dz (Fe (qo), HE). 


Then we know from Theorem 3 that 4;€ 3(ho’) and f—> ¢; is a continuous 
mapping of 3(q.) into d(H’). Fix a point A, in hy’, and put of,(g) 
=¢3(H,) (g€ @(f)). Then it is obvious that of, is a @-distribution 
on f,. Define D and ¢ as in Theorem 5 of [2(h)] and p’ as in Lemma 20 


(pe S(g)). 
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LemMA 35. Dog, =w'(Ho)foa, where w is the Casimir polynomial 


For any f€ d(go) and a€ C.”(G), put 
fa(X) a(x) f (aX) de 
G 
G 


(Theorem 3), it follows by Fubini’s theorem that 


Then since 


Hence 


f 


for g€ @(f.) and a€ C.”(G@). Now select a, € C,.”(G@) such that dx 
G 


=1. Then 
oi (9) He) (9 B(t)), 


and since w’€ I(g), it is obvious that 


Put 

Ax(z: Y) =exp{(—1)4B(X,2Y)} G,Y € £) 
for a fixed X€ qo. From Lemma 24 of [2(h)] we know that Ty(yu(Y)) 
={(Y)o and 


yo(¥Y) = +1XDy (Y€f,). 
1St=r 


Here Dy is the local expression of D at Y, the q; are polynomial functions 
on f and the 0; are homogeneous elements in §§ of order 2 (1Sisr). Let 
Ax(Z) =exp{(—1)#B(X,Z)} (Z€qo) for a fixed X€ qo. Then from 


Lemma 3 of [2(h)] it is clear that 
)Ax(2Y 30(w)) = + Ax(z: Y;D) 
1Si=r 


and therefore 
Gxt, 


f a (¥) ax (2¥)drd¥ 


1SiSr Gxfo 


ao(2)g(¥s D*)ax(e¥ )dedY, 
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where the star denotes the adjoint of a differential operator. But 
Ax(Z30(w)) =o" (X)Ax(Z) (Z€ go). 
Therefore if = qug, 
(£9 (G4) + (D*9) ay. 


1SiSr 
Moreover since the 6; are homogenous of degree 2, it is obvious that 


b; = € Bg and so dr 0. So we conclude that 


and this proves that = w' 
Define the mapping fy, of @(ho) into J(f,) as in Lemma 27 of 
(2(h)] and put =of, (f€ B(Ho)). Then *s a @-distribu- 
tion, which, from Theorem 5 of [2(h)], coincides with an analytic function 


on hy. Our first object is to show that 7,—0 if }, is not conjugate to ho 
under G. For this we need a few lemmas. 


Lemma 36. For any f€C.°(G Xho’), put 


f(x) exp((—1)4B(X, 2H) W) (X€ qo); 


where dH ts the regular Huclhidean measure on h,’. Then fe B(Go) and 
fof is a continuous mapping of C.”(G X ho’) into B(go). 


Put G* = G/A as before, and let H, be any point in h,’. Then we can 
select (see Section 6) an open neighborhood U of H, in §’ such that the 
mapping ¢:(2*,H)— «*H of G* X U into gp» is univalent and regular and, if 
the Euclidean measure dX on Qp is suitably normalized, dX = | (H)|*dx*dH 
(Y =a2*H,2*¢€ G*,HEU). Then N—¢(G* XU) is an open subset of go 
and @ defines an analytic isomorphism of G* XU with N. Therefore, for 
any we can define a function F;€ C.°(N) by 


P,(a*H) =| f (2a, G,H€U). 
A 
Here da is the Haar measure on A normalized so that 
9(0)ar— f f 9 (0a) da (ge C.(G)). 
JG / G JA 
Here (h)” = (h), for he and a€0,(@). 
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It is now clear that 


f(x) — X) (X"€ go), 


and therefore f is the Fourier transform of F;. This proves that fe 6 (Qo). 
Moreover, since ¢ is an analytic isomorphism, the mapping f— Fy of 
C."(G4 XU) into C.*(N) is obviously continuous, and so the same holds 
for the mapping fof of C.°(G XU) into @(g.). The statement of the 
lemma now follows from the fact that any compact subset of ho’ can be 
covered by a finite number of sets of the type U. 

For a fixed A €hy’, put 


Ta(g) = (9 € 6(g0)). 


Then from Theorem 3, 74 is a @-distribution on go. Put #;(H) =Ta(f) 
for f€ C.”(G Xho’). Then it follows from Lemma 36 that for fixed H 
the mapping is a distribution on GX ho’. If and 
BE C."(ho’), we denote by the function y€ Xb’) given by 
y(v,H) =a(x)B(H) G,HEh,’). 


Lemma 37. For any H € hy’, there exists a distribution rj’ on Yo’ such 
that 


for C.°(G) and BE C.”(h’). 


It is obvious that for a fixed ~, the mapping «7-4, ,(H) is a dis- 
tribution on G which is invariant under left translations. Therefore from 
Lemma 36 of [2(e)], there exists a constant cg such that 


f a(2)de (2€ 0.°(G)). 


Select C."(G@) such that f (x)dxe—1. Then cg—,,xg(H). But 
G 


it is evident that the mapping ra@’:B—>®q,xe(H) (BEC.?(ho’)) is a 
distribution on h,’. Hence 


a(x)dx tH (B) (a€ C."(G@), BE Co” (Bo ) 


Put (A € hy’). 
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Lemmas 38. For any p€1(g) and H€ by’, 
0(p)ta =p’ (A) 
where p denotes the restriction of p on §. 
We use the notation of the proof of Lemma 35. It is obvious that 


Ax(Z30(q)) (4X) Ax(Z) (X,Z€ gos q€ S(g)). 


Select such that a(2)d2—1, and fix BE C,"(h’). Then if 
if p€ (gq), it follows from Lemmas 5 and 8 of [2(h)] that 
p(X )Ax(@H ) =Ax (cH ;4(p)) 


15i=N 
for r€ G,H€ ho’ and X€ qo. Here u,€ 8(h), bs € Bg and the a; are analytic 
functions on Hence if X B, 


where a; = b;*a, Bi; = (0(ui))*(aB) (1SiSN) and = 
(As usual the star denotes the adjoint of a differential operator). But then 


ff 


and so it follows from Lemma 37 that 
= 
Moreover p’€ I(g) and therefore it is obvious that 
Tai(p'y) =p’ =p’ 
This proves that 
vit (B’) = 

But B’ = (x10(p)om)*B. Hence if we replace B by zB, we get 

=p’ (1 )ra(8), 
ind so the lemma is proved. 


Now normalize the Euclidean measure dY on f, in such a way that 


| »_(H)|?dH f (g € C.(€)). 
fo bo e K 
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Here z= [| a and dk is the Haar measure on K ( | dk=1). It is 
P- K 
easily seen that (H€.), where r is the 


degree of x. Therefore it follows that if f€ @(h.) and X € go, then 


f exp{(—1)!B(X,kH)}a(H) e(s)f(sH)dkdH. 
KxX0o sew 


Now select B€ and ( and put* 
a(ck)dk, 
K sew 


and X Then Ti = 1) = since a,(x)dx =1. 
On the other hand, if g = fg, 


(X)— exp{(—1)4B(X, ckH) 
= (—1)"G.(X) (X€ go) 
in the notation of the proof of Lemma 35. Therefore 
ti (Bi) =Ta(7) = (—1)"ea(9) = (—1)"@a (8), 
and so we get the following result. 


Lemma 39. If the Euclidean measure on f, is suitably normalized, 


we have the relation 


for all BEC." (ho’) and H€ hy’. 
1. for pe I(g) and 


We know from Lemma 9 of [2(h)] that g is invariant under W. 


Therefore 
(0(p) )*B* = ((8(p))*B)* (sé W, BE 


and 


(—1)" e(s) rail )*8") 
—(—1)'9 e(s)a(8*) — ea (8) 


22 As usual (s W) is defined by 6°(H) = B(s'H) (HE 


f 

T 

t] 

p 

ic 
W 

al 
al 

a 
ex 
si 
va 
an 

the 
of 

the 
for 
the 


FOURIER TRANSFORMS ON A LIE ALGEBRA, I. 245 


from Lemma 38. ,; This proves that p’(H) is zero on ho. But 
we have seen that @f is an analytic function on ho. Therefore 0(p)®a 
= p'(H) on Bo. 


CoroLLary 2. Suppose hy is not conjugate to fo under G. Then 64=0 
for every H € hy’. 

Fix #7 € and consider the @-distribution 6:f—>@a(f’) (f€ 6(Bo)); 
where 


exp{(— (—1)3 B(H’, H)}f(H)dH (H’ € ho). 


Then it follows from Corollary 1 above that pb=—p(H)® (p€I(g)), and 
therefore if H, is any point lying in the carrier of ®, it is obvious that 
p(Ho) =p(H) for all p€I(g). Let A be an indeterminate and J the 
identity mapping of go. Then 


det (AI—ad X) = DS A" pm(X) (X<Q), 


lSm=n 


where pm€I(g). Let h be the complexification of ho in g and P the set of 
all positive roots (under some fixed order) of g with respect to §. Then 


det (Al —ad H,) = (—1)"A' TI (Ho) )? 
aeP 


and similarly, 


det (AI —ad (A—4(7))?. 
aeP 


On the other hand, we know from the Corollary to Lemma 32 that Bo is not 
a fundamental Cartan subalgebra of go. Therefore from Lemma 33, there 
exists a root &€ P which takes only real values on Ho. Then &(H)~0 
since H € §’. On the other hand, every root #€ P takes only pure imaginary 
values on hy since hy C f&. This proves that 


det (AI — ad H,) ~det(AI —ad #), 
and therefore pm(Ho) Apm(H) for some m (1 msn). This shows that 
the carrier of is empty, and therefore since @ is the Fourier transform 
of (see Schwartz [6(II)]), we conclude that 0. 
Let us now consider the case when hy}, and denote by #(H,:H) 
the value of the analytic function ®y, at H (Ho€ bo’, H € ho). 
LemMaA 40. There exists a locally constant function ?® c on ho’ such that 
@(H,:H) e(s) exp{(—1)4B(sHo, H)} 
sew 
for bo’ and fp. 


78 This means that c is constant on some neighborhood of every point in f,’ and 
therefore also on each connected component of },’. 


HARISH-CHANDRA. 

Fix H,€,’. Then it follows from Corollary 1 of Lemma 39 and the 

Corollary to Lemma 13 of [2(h)] that 
@(H,:H) = > c,exp{(—1)4B(sHo, H)} (H € ho), 
sew 

where the c, are uniquely determined constants. On the other hand, it is 
obvious from the definition of @y, that ®y,(B*) =«(s)x,(B) (BE B(bo), 
s€W). Hence Therefore, in view of the 


uniqueness of c,, we conclude that «(s)c, (s€ W) are all equal. This proves 
that 


&(H,:H) =c(Ho) «(s) exp{(—1)4B(sHo,H)} (Ho€ bi’, HE bo), 
where c is a function on h,’. 


Now select «€ C,”(G) such that f a(x)dx—1, and for BE C,”(b,’), 


put Then ry,(8) =Tx,(¥) in the notations of 
Lemma 36 and Theorem 3. On the other hand, 


= (—1)" > 
from Lemma 39. Therefore 
& e(s)B(sH) = (—1)" e(s)$9,(H) 


(II € BE Ce"(Bo’)), where B is the Fourier transform of B and y, = X 
Since C,°(6o’) is dense in @(h)) under the norm 


(B:€ B(bs)), 


it follows without difficulty that, for a given H, € yo’, we can select B€ C,"(bv) 
such that > «(s)B(sH.) 40. Hence, in view of the fact that 7, € 6 (G0) 
sew 


(Lemma 36) and ¢, is of class C” on §.’ for g€ (go) (Theorem 3), we 
conclude that c is of class C” on ho’. Now suppose p€I(g). Then it is 
evident that 


Hence if = p’B and y’ X wf’, we get and therefore 
tH (B’) = (Ho) = by(Ho3 0(p) ) 


from Theorem 3. Moreover (f’)* = p’8* (s€ W) since f’ is invariant under 
W. Therefore 
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-f &(H,;0(p) : H)B(H) dH. 
Bo 


Since 8 is an arbitrary element in (,*°(Ho’), we conclude that 
®(H,;0(p):H) =p’ (H)®(Hy: (Ho € bo’, H € ho). 
But now it follows from Lemma 23 that c is locally constant. 


CorotLary. There exists a complex number co such that 


6(sH’:H) =cy «(s)exp{(—1)#B(sH’, H)} 
sew 


sew 
for all H’€ and H € 


Let §, be a connected component of h.’. Then (see Lemma 44 of the 
Appendix, Section 12) ho’ s,, and so it is evident that > c(sH’) 
sew 


sew 


(H’ € ho’) is independent of H’. From this our assertion follows immediately. 
The main results of this section can now be summarized in the following 
theorem. 


THEOREM 4. Let hy and ho be two Cartan subalgebras of go. We assume 
that Ho C and** 0(ho) For any (ho), put 


7(X) f(sH)dkdH  (X€ qo). 
sew 


Then the integral 


ts convergent for H € ho’. Moreover in case ho is not conjugate to h, under 
G, p7—=0 on ho’. On the other hand, if }o—bo, there exists a complex 
number cy such that 


sew 


exp{(— 1)§ B(H’, sH)}+(H)f(H)dH 


Lu Be 


for H’ € hy’ and fe B(ho). 


** In view of the corollary to Lemma 1 of [2(e)], our assumption that 9 (ho) = ho is 
obviously unnecessary. We make it here only for convenience. 
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It is evident that ¢7(H) =(—1)"@a(zf) (f€ B(ho), HE ho’) in. our 
earlier notation. Therefore, from Corollary 2 to Lemma 39, ¢7 0 if hy is 
not conjugate to h, On the other hand, if }) =o, our assertion follows from 
the Corollary to Lemma 40. We shall prove in Section 11 that co 0. 


10. Some work of deRham. JIet / be 2 Euclidean space over F of 
dimension n = 3, and let p,q be two nonnegative integers such that p+ q =n. 
Let -,@n) be a Cartesian system of coordinates on and put 4; = 
(liq). We consider the differential operator 


on I. Let dX denote the Kuclidean measure on /# so normalized that 


dX =dz,- --dz,. Then every locally summable function é on defines, 


as usual, a distribution 
C."(£)) 


which will also be denoted by € Let 8 denote the Dirac distribution given 
by 8(f) =f(0) and put - Then 
de Rham has shown’** that there exists a function € on & with the following 
properties. Put E(Y) —é(u(X)) (X€#). Then & is a locally summable 
function on and 
— § 
in the sense of distribution theory. (Here [¢] denotes the largest ‘integer 
not exceeding ¢€ #). The actual expressions for é in the various possible 
cases are given below in terms of the Heaviside function Y(t). which is 0 
or 1 according ast =0 or t>0 (t€ #). There are four cases.7® 
(1) If n=p=1mod2, 
E(t) = (—1) (n — 2) /2)} Y(t) 
If n=q=1mod2, 
E(t) (— 1)? {ai — 2) /2)}* ¥(—t)| 
If n=p=0 mod 2, 
E(t) = (—1)@97{ (4)? P(m/2) }* log | ¢ |. 
1°T am grateful to Professor de Rham for communicating his results to me, which, 


so far as I know, have not yet been published. 
1¢ Here IT stands for the classical Gamma function. 
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(4) If p=q=1mod2, 
E(t) = (—1) (mn —2)/2)}* V(t). 


Put Then a simple calculation 


shows that 


C= f +P)-"(1+Q) "dX <a 
JE 


if mis a sufficiently large positive integer. Hence 


for f€ @(F). This proves that = can be regarded as a 6-distribution. 
Therefore, since 0 is obviously self-adjoint, we get 


f(0) EO dx 
E 
for any f€ @(£). 


11. An application of the above formula. Let w be the Casimir poly- 
nomial of g and put 0 ~@(). Then it is clear from the results of Section 
10 that there exists a function on R such that 2(X) —€&(o(X)) go) 


is a locally summable function on gy and 


= f dV € B(qo)). 
Go 


Here m= [n/2], n—dimrg, and dX is the regular Euclidean measure on 
g,. (Since g, is semisimple it is obvious that n2=3). We shall apply this 
formula to prove that the constant co of Theorem 4 is not zero. So let us 
assume that fh, is a Cartan subalgebra of g, which is contained in f£). Select 
a finite set of Cartan subalgebras hy) —6i,h2,:--,bhw of go such that 
6(h;) (1=i=N) and every Cartan subalgebra of g, is conjugate 
under G to §; for exactly one +t (1Si=N). We know (see the Corollary 
to Lemma 2 of [2(e)]) that this is possible. Let (§i)- denote the com- 
plexification of 6; in g and P; the set of all positive roots of g with respect 
to (h;). under some fixed order. (We assume that =P.) Put m= J] « 


and let W; denote the Weyl group of g with respect to (Hi)-. Consider the 
Cartan subgroup A; of G corresponding to §; and the normalizer A,’ of A; 
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in G. Then’ the factor group W) = Aj,/A; can be regarded as a subgroup 
of W, Put — G/A,, and define c*H € G,*,H € in the usual way. 
We have seen in Section 8 that W,’ operates on G;,* on the right. Let go’ be 
the set of regular elements of go, and put hi’ = go’ M hy. Consider the mapping 
Wi: (2*,H) > of into go’, and put w(Gi* Kb’) Then 
yi is everywhere regular on G,* X h/, and therefore g; is open in go and if 
w; is the order of W/, any element «*H (a*€ G,*,H <= hi’) of gi has exactly 
w; distinct pre-images under y,, namely, (x*s,s*H,) (s€ W’). Let dH 
denote the regular Euclidean measure on §;. Then the invariant measure 


djv* on G,* can be so normalized that 


. 


g(X)ax — | mi(H) |? g(a*H) dia*d,H (g € C.( qs) )- 
Ju Gi xb’ 

Since no two among b,,: : -, $y are conjugate under G, it is clear that the 
sets g:,° ° °,@y are disjoint. Moreover, if XY is any regular element in 4), 


its centralizer hy (in go) in a Cartan subalgebra of g. which must be conju- 
gate to some f;. This proves that g”— U i, and therefore 
15i5N 


g(X)dX = g(X)dX¥ = > f | |? g(a*H) da*d,H 
Go Go’ 1StSN 
(9 € Co(Go)). 
Now for any f€ @(Qo), put 


e G,* 
From Theorem 3, we know that this integral is convergent, and it follows 
from Fubini’s Theorem that 


1SiSN « 


Now put G,* = @*, —dzx*, d,H =dH and 7,—7 as before and 
select two real-valued nonnegative functions a and 8) in C,”(G*) and 
respectively, such that 


f (2*)de* — | Bo(H)dH =1. 
G* Bo 


17 All the facts stated here have already been seen in Sections 6 and 8. 
18 We denote the complex conjugate of c by conjc (c€C). 
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Put a(z*) = (w,’)"? a (a*s) and’? B—=w > where W—W, and 


W,’ sew 
w is the order of W. We have seen in Section 8 that the measure dz* is 


invariant under the transformation z*—>x*s of G* for any fixed s€ W,’. 
Hence 


— n(H)|? 8(H)dH =1, 


and it is obvious that there exists a function F € C,”(g,) such that F(c*H) 
=a(z*)B(H) (a*€ Consider its Fourier transform F and, 
for any fixed i (1 SiN), put hi: —bo. Then since 


P(X’) = F(X) AY 
i exp{ (—1)4B(X", | m(H)|? B(H)de*dH, 
G*XDo’ 
it is obvious from Lemma 37 that 
(11) = (—1)"ra(mB) bo’) 
in the notation of Section 9. Moreover (78)*=—e(s)zB (s€ W), and so it 
follows from Lemma 39 that 
ta (mB) = (xB). 
Therefore if i=41, ¢;‘0 =0 from Corollary 2 to Lemma 39. Now suppose 
i=1. Then if we write ¢# instead of ¢7, we find from the Corollary to 
Lemma 40 that 
(s)g7(sH’) dH (H’€ hy’) 


sew 0a 


since (s€ W). On the other hand, F € @(go), and therefore 


F(0) = > (conj 7: (H) )or,, dH, 


Go 
where Fn =8(0")F. But from Theorem 3, 
= 62 


where w; is the restriction of w on b;. Therefore ¢r,,“ —0 if +341, and 
hence 
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where But since =(H) —£é(o(H)) (H€E},’) and W), 


it is obvious that =(sH) —2(H). Moreover, r*=e(s)z, and so we con- 
clude that 
= (—1)rw f (I) )=(H) dH, 
Do’ 


where ¢’(H) = > «(s)¢r(sH) (H€.’). On the other hand, 
sew 


= ( F(X)dv= F («*H)| (H)|? 


Therefore ¢’ cannot be identically zero on ho’, and this proves that c)+0. 
LemMA 41. Suppose bo is a Cartan subalgebra of go which 1s contained 
in f. Let Oi) (ISisq) be all the distinct connected components of 
ho’ =ho Ngo’. Then there exists a function g€ @(go) such that 
Lim ¢,(0;0(7)) 40 


bw 


in the notation of Section %. Moreover the constant cy of Theorem 4 1s not 


Put g =F. Then since 7*=e(s)z (s€ W), it is clear that 
= & (sH’; d(x) ) 
sew 


H) }x(H)*8(H) dH 
Bo 
(H’€ Ho’), 
and therefore 
Lim = (H)?B(H)dH =c.(—1)"2 40. 
H’>0 seW Bo 
Since every s€ W permutes hi1),- - -, cg) among themselves, the statement 


of the lemma is now obvious. 


12. Appendix. 


Lemma 42. Let U be an open convex subset of a real Euclidean space 
E of dimension 1, and let o1,: - +,on be a finite number of vector subspaces 
of E of dimension S1—2. Let U’ denote the complement in U of the set 
Un( U ai). Then if X,,X. are any two points in U’, we can select 


1SiS=N 
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X./€ U’ arbitrarily near X, such that the straight line-segment joining X 
and X,.’ lies entirely in U’. 


By replacing o; by a larger linear subspace, if necessary, we may clearly 
assume that dimo; =/—2 (1Si= WN). For each 1, select two linear func- 
tions a, 2; on H such that o; is exactly the set of those X€ H where 
4(X) Obviously, and are linearly independent for 
every 1. Let H’ denote the complement of |) o; in #. If Y,,¥Y2 are two 


points in #’, it is evident that the line-segment joining Y,,Y.2 cannot 
meet o; unless {a;(Y,)/Bi(Y1)} = Now suppose X,, 
are two points in U’ and & is the set of those « (1LS=i=WN) for which 
{a:(X1)/Bi(X1) } For the proof of the lemma, we may 
obviously assume that = is not empty. Then since @;, 8; are linearly indepen- 
dent for every j, we can select X € # such that 


ai (X) Bi(X1) —Bi(X) ai(X1) AO 


for all «€ 3. Then if ¢« is a sufficiently small positive number and 
= X,+ eX, it is clear that X,’€ U’ and 


(X2’) Bj(X1) —Bj(X2") AO 
This proves that the line-segment joining Y, and XY,’ lies in UN K’=U’. 


CorotuaRy. U’ is connected. 


Now we use the notation of Section 6. Define §,’ and §, as in Lemma 
24 and let Q be the set of those roots « € P for which a? takes only real values 
on ho. Since all roots take only real values on (—1)4by, + By,, it is obvious 
that a positive root lies in Q if and only if it vanishes identically either on 
h, or on hy. Let P’ denote the complement of Q in P, and, for any @€ P, 
let o, denote the set of those H € h, where «(H)—0. Then a, is a linear 
subspace of ho, and if 1 dimer, it is clear that dimgog—=1—1 or 1—2 
according as @ lies in Q or P’. 

For any «€ Q, define a* =a or (—1)4a according as a takes only real 
or only pure imaginary values on ho. Then since h, is connected, «* must 
keep constant sign on h,. Put a ~e,a%*, where «,—1 or —1 according as 
a* is positive or negative on ,. Let h. be the set of all H€h, where 
v(H)>0 (a€Q). Clearly, is an open convex subset of and ho’ 
is the complement in §, of the seth, ( LU oa). Therefore it follows from 


a€P’ 
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the Corollary of Lemma 42 that 5. §.’ is connected. On the other hand, 
it is obvious that 2M.’ D §,. Therefore, since §, is a maximal connected 
subset of ho’, we conclude that §} =}... So the following result is an 


immediate consequence of Lemma 42. 


Lemna 43. If H,,H. are any two points in we can select H,’€ 
arbitrarily near H, such that the straight line-segment joining H, and H,’ 


lies entirely in 


Remark. Let V, be the closure of §; in hy. Since §, 2M Ho’ is dense 
in h., it is obvious that V, is the set of those points H € h, where a’(H) 20 
(a€@Q). Moreover, ho’ Ho’ We shall need these facts a 
little later. 


For a linear function A on § and s€ W, define the linear function sd 
by (st)(H) =A(s?H) (H€b). Then if « is a root, the same holds for sz. 
Let Wer be the subgroup consisting of those elements in W which map hy 
onto itself. Then if a? is real on fp», the same obviously holds for (sa)? 
(s€ Wr). This means that s permutes {og}acqand {og}acr’ separately among 
themselves. Let s, denote the Weyl reflexion corresponding to any root a. 
Then s,H = H —2{a(H)/a(H,)}Ha (H€), where Hg is the element in 
determined by the condition B(H,H,) =a(H) (H€}). If a€ Q, it is clear 
that «(H)H,€ h) for H€ ho, and therefore sg€ Wr. Let We be the sub- 
group of W generated by sg (#€Q). Then We C Wr. 


Lemma 44. sh. 


s€ We 
Let U be the complement in §, of the union of o,M og (4, BE P, a8). 
Since every root takes only real values on hy,-++ (—1)#by,, it is obvious 
that'® «(6(H)) =—conja(H) (H€h,«¢€P). Therefore?®? if 
and only if a€ Q. Hence it follows from the definition of U that no root 
in 7” can vanish anywhere on U. Moreover, it is obvious that sU =U 
(s€ Wr), and from the Corollary to Lemma 42, U is connected. Let V; 
denote the closure of , in ho, and put V= (J sV,. We shall first prove 
that V = fo. or 
Since U is connected and dense in po, it would be enough to show that 
VOU is open. But VQAU= lJ s(Vi,NU). Therefore it would be 


We 
sufficient to prove that any point H,€ V,M U, lies in the interior of VNU. 


1° For any linear function \ on §, 6A denotes the function H > »(6(H)) (H«€h). 
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Since and is open, we may suppose that H,¢h,. Then, in 
view of the definition of U, there is exactly one root a) € P such that Hy€ oa, 
and moreover a,€ Q. Therefore dimo,,—1—1 and Sq, is the reflexion in 
the hyperplane o,,. Select a positive number ¢, and let N be the set of those 
points H€h, where a/(H) 20 and | H—H,||Se. Then if e is suffi- 
ciently small, it is clear that o&(H)=40’(H,) for any HEN and «2 
in Q. Therefore N C V, (see the remark after Lemma 43). But it is 
obvious that N U s,,N consists of all points H € hy for which || H —H,|| Se, 
and therefore, since [7 is open, H, lies in the interior of VU. This proves 
that V = po. 


Now we have seen above that V, ho’ Therefore 


boo = = U 8(Vin bo’) = U shi. 


sew 8s€ We 


Thus the lemma is proved. 


Let Q, be the set of those roots «€ Q which take only real values on hp. 
It is obvious that a positive root B lies in Q, if and only if Hg€ hy,. Hence 
?,C P, and Q@=Q,UP,U P_ in the notation of Section 5. 


Lemma 45. If Q, is not empty, there exists a root «€Q, such that 
V, ts not empty. 


For otherwise suppose V7; 1 UN o,=@ for every a2€ Q,. Let W, be the 
subgroup of We generated by sg for BE P, UP_. Then if we use the notation 
of the proof of Lemma 44, it is clear that H,€ Vi U Nog, and therefore 


a4€Py»UP_. Hence it follows immediately that (J s(ViNU) is open, 
se W, 


and therefore hy) |j sV, and |) sh, Now select a root #€ Q,. 


se W, se W, 
Then & keeps constant sign on §,. Moreover since hy, and hy are orthogonal, 
it is obvious that se—«a for all s€ W,. Hence « keeps constant sign on 


, 


ho’ = LJ sh. As this is evidently false, our assertion follows. 
se W, 


LemMA 46. For any «a€ P, we can select X,, X_, in such a way that 
6(X,) ==—X_, and [X,,X_q] = {2/a(Ha)}Ha. Moreover, if a€Q,, we 
can assume that € Qo. 


Since conja(H) —-—a(0(H)) (H€6,), it follows that [H,6(X,)] 
=—a(H)6(X,) (H€ and therefore we can assume that = — 6(Xa). 
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Then B(X,, =— B(Xa,6(Xa)) Xa Now normalize X, in such 
a way that | X, ||? =2/a(H,). Then if HEB, 


B([Xa, H) = B(X-¢, Xa) = 11), 


and this shows that [X,,X_.] = {2/«(Ha)}Ha. Now suppose 2€ Q,. Then 
if ¢ denotes the conjugation of g with respect to go, it is clear that 
[H,£(Xq)] = Moreover || €(X)||—|| X || for any 
X€q. Hence £(X,) —c?Xq, where c¢ is a unimodular complex number. 
Therefore, replacing X, by cX,, we can assume that ¢(Xa) =Xq without 
disturbing the value of || X, ||. Then go and = — a) 
is also in Qo. 


Corotuary 1. For a fixed a€ P, select Xy,X_, according to the above 
lemma and put {=CH,+CX¥_,+ CX. Then 


RH,+RX,+RX« if Q,, 
— + — 17, — + + X..) if a€ P,, 
R(— 1)! Hy + + R(—1)(Xa+ if P.. 


If «€ Q,, our assertion is obvious. Now suppose «€ Py. Then Xq€ }, 


and therefore 
X_g =—6(Xa) (Xa). 


Therefore X,-+ XY_, and (—1)3(X,—AX_,) are in [ in this case. Similarly, 
and =—£(Xa) if a€ P_.. Therefore ¥,—X_q and 
(—1)#(X,+X_,.) are in [, in this case. Moreover, it is obvious that 
dimer < dime = 3, and so the above statements follow. 

Put X’—Xa, Then [H’,X’] 
[H’, Y’] =—2Y’, [X’,Y’] =H’, and a simple calculation shows that 
exp(Zad(X’— Y’))H’ =—H”’. On the other hand, it is obvious that 
exp(Zad(X’—Y’))H =H if «(H)=0 Therefore 


exp(Zad(X’ — Y’))H =s,H (H€}). 


Corotuary 2. If a€Q,UP_ there exists an element x€ K such that 
tH =s,H for all HE}. 


This follows from the fact that Y’— Y’€ f, if «€Q,UP.. 
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1. Introduction. \ sei of non-negative integers is called a basis of 
order h if every positive integer can be expressed as a sum of h elements 
of the set and if h is the smallest number for which this is true. A set of 
non-negative integers is an asymptotic basis of order h if every sufficiently 
large integer can be expressed as a sum of h or fewer elements of the set and 
if h is the smallest number for which this is true. Finally, we shall call a 
set of non-negative integers a restricted basis of order k if every sufficiently 
large positive integer can be expressed as a sum of k& or fewer elements of 
the set without repetitions and if k& is the smallest number for which this 
is true. 

The set of squares is, according to Lagrange’s theorem, a basis of order 4, 
and, according to Pall’s theorem [1], a restricted basis of order 5. One may 
conjecture that this example is typical of the general situation; i.e., that 
every basis or every asymptotic basis is a restricted basis. However, a simple 
counter-example due to P. T. Bateman shows that this is not the case: If 
h > 2, the set consisting of 1 and all non-negative multiples of h is a basis 
of order h but not a restricted basis of any order. Evidently some kind of 
divisibility condition must be imposed upon a basis to force it to be a 
restricted basis. 

In this paper we discuss the case h = 2, for which the above counter- 
example is invalid. We shall prove the following theorems: 


THEOREM I. A basis of order 2 is a restricted basis of order at most 4. 


THEOREM II. An asymptotic basis of order 2 is a restricted basis of 
order at most 3 if the value of its counting function is, for a suitable 
positive constant C, larger than Cx/log log x for all sufficiently large zx. 


(The value of the counting function of a set of integers is the number 
of integers in the set =; here zx is a non-negative real number.) 

It is possible that every basis, or even every asymptotic basis, of order 2 
is a restricted basis of order at most 3, but we have been unable to establish 


* Received June 21, 1956; revised January 3, 1957. 
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this. As another simple example shows, this result, if true, is best possible: 
The set of integers whose representations in the ternary scale have only the 
digits 0 and 1 is a basis of order 2 but not a restricted basis of order 2. 

Our proof of Theorem I is elementary. It involves certain lemmas 
which bear somewhat upon a famous conjecture of Erdés and Turan [2]. 
Apart from the use that is made of Roth’s celebrated theorem on progression- 
free sequences [3], our proof of Theorem II is also elementary. 


2. The main lemmas. Let A be a basis of order 2 with elements ai, 
i=1,2,3,---. By a we shall mean the smallest element in A which is 
larger than a. If x is an arbitrary integer, we shall mean by p(x) the number 
of representations of z as the sum of two elements of A, where the repre- 
sentations z= a;-+ a; and x=a;-+ a; will be regarded as distinct when 17. 


Theorem I is an easy consequence of the following lemmas: 


Lemma 1. I/f A is a basis of order 2, there exists an even integer x such 
that p(x) = 4. 


Lemma 2. Jf A is a basis of order 2, then either there exists an odd 
integer y such that p(y) = 4 or A is one of the two sets 


(0, 1, 3,- (0,1,2,4- 


In 1941, Erdés and Turan conjectured that lim sup p(n) oo for asym- 
ptotic bases. Either Lemma 1 or Lemma 2 implies that, for bases, 1. u. b. p(7) 


=4. Actually, this can be shown directly, and more simply, using the 
method employed in proving Lemmas 1 and 2. 


3. Proof of Lemma 1. We shall show, in order to prove Lemma 1, 
that the assumption that every even number has no’ more than 3 repre- 
sentations as a sum of two integers of a basis, A, of order 2, leads to a 
contradiction. Our method involves a cumbersome consideration of various 
cases. Clearly 0€ A, 1€ A and either 2 or 3 or both are in A. 


Case 1. 2€A,3€A. Here 3’=44, for otherwise p(4) >3. If 3’=5, 
then 5’==9, for 5’<9-—> (8) >3 while 5’>9—p(9)=0. Similarly 
”—=13. But now p(14) hence If 3’=6, then 6’=9, for 


| 6 <9 p(8) >3. If 6’=9, one sees, arguing in the same way, that the 
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next elements in A must be 13, 17, and 21; but then p(30) >3. ‘Therefore 
6’ 10, for otherwise p(10) 0. As before, the next elements in A must 
be 17, 21, 25 and 29; but then p(46) >3. Thus 3’6. Consequently 
3’ = 7, for otherwise p(7) —0. But now 7’ —11 and 11’—15 and we have 
p(18) >3. We have shown that A cannot contain both 2 and 3. 

Case 2. 2€A, 3¢A. If 2’ then and 729. If V=9, 
then 10, 12, 14, 15 and 16 are not in A, for then p(16) >3 or p(10) >3. 
Thus 11, since otherwise p(12)—0. 11’13, for then p(20) >3. 
Hence 11’ 17, since otherwise p(17) But now p(18) >3. Hence 
7’ 9. Thus 7’—10, otherwise p(10) 0. 11 and 12 are not in A, for 
then p(12) >3. 13¢ A, for then p(14) >3. But now p(13) —0. Hence 
2’ 4, 

It follows that 2’—5, for otherwise p(5) 0. Now 5’6, for then 
p(6) >3. If 5’—7, then ”=9. If 7’—9, then 10, 11, and 12 are not 
in A, for then p(12) >3. Also, 13¢ A, for then p(14) >3. But now 
p(13) Hence If 7’ —10 or 7’—11, then p(12) >3. Hence 
>11. But now p(11) Thus 5’~7. Consequently 5’ = 8, for other- 
wise p(8) 0.8211, for otherwise p(10)>3. But if 8’>11, then 
p(11) hence 8’—11. 11’= 13, for otherwise p(12) >3. If 11’= 13, 
then one can see that 14, 15, 16 and 17 are not in A, for the presence oi 
any one of these would make p(14) >3 or p(16) >3 or p(18) >3. But 
now p(17)—0. Hence 11’—14, for otherwise p(14)—0. But now 
p(16) >3. Thus the case 2€ A, 3¢ A cannot occur. 


Case 3. 2¢€A, 8€A. 3’A4; otherwise p(4) >3. Thus 3’=5, as 


otherwise p(5) =0. 5’6, for then p(6) >3. Hence 5’=—7, as otherwise 
p(7) =0. But now p(8) >3. This completes the proof of Lemma 1. 


4. Proof of Lemma 2. [Lect 41 be a basis of order 2 and suppose that 
every odd number has exactly 2 representations as the sum of 2 elements 
of A. As before, 0€ A and 1€ A. 


Case 1. 2€A. We show that there are no larger odd numbers in 4. 
Suppose the contrary. Let 2m-+-1, m=1, be the smallest odd number, 
apart from 1, in A. Then A must contain all even numbers between 2 and 
2m-——2 inclusive, for otherwise the odd numbers between 3 and 2m—1 
would have no representations. It is also clear that 2m¢A. Since every 
odd number =4m—1 now has two representations, it follows that 
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(2m +1)’ >4m—1. But then p(4m—2)=0, unless m=1 or m=2. 
The case m 1 is excluded immediately, since here p(3) > 2. In the latter 
case, 2’ = 5, and 5’=8. Clearly 9¢ A; also 11¢ A, as otherwise p(13) > 2. 
Hence 8’ 10, for otherwise p(11) —0. 12 and 13 are not in A, for then 
p(13) >2. 14¢ A, for then p(15) >2. But now p(14) =0. 


Thus the only odd element of A in this case is 1. It follows that all 


even numbers must be in A; that is, A is the set (0,1,2,- - -,2n,-- -). 


Case 2. 2¢A. We show that all remaining elements of A are odd. 
Suppose the contrary. Let 2m, m= 2, be the smallest even element of A, 
apart from 0. Then A must contain all odd numbers S 2m—1. It follows, 
as before, that (2m)’—4m or (2m)’=4m+1. If (2m)’=4m, then 
(4m)’ > 4m + 2, as otherwise p(4m-+1) >2 or p(4m-+3) >2. But now 
p(4m + 2) =0. 

Hence (2m)’—4m-+1. By the same arguments as before we infer 
| that A contains all odd numbers in the closed interval [4m + 1,6m—1] and 
no even numbers in this interval. All odd numbers less than 8m—1 are 
now represented as sums of elements of A; it follows that there are no 
integers in A in the closed interval, [6m,8m—1].8m€A; otherwise 
p(8m) =0. All odd numbers up to 10m—1 now having 2 representations, 
there are no elements of A between 8m and 10m—1. Either (8m)’—10m 
or (8m)’==10m-+1; in the contrary case p(10m-+ 1) —0. 

If (8m)’=10m, then all odd numbers = 14m—1 have two represen- 
tations; (10m)’= 14m. But now p(12m-+ 2)—0. Hence (8m)’ 10m + 1. 
But now p(12m-+1) >2. 


Thus all elements of A, apart from 0, are odd; A is the set (0, 1,8, 


5. Proof of Theorem I. Let A be a basis of order 2 and let z be an 
arbitrary odd positive integer larger than 3x, where x is the even integer 
mentioned in Lemma 1. Then z—z is odd and we may write z—z—<a, + az, 
since A is a basis of order 2, with a,Aa,. Since p(x) 24, we have 
t=; + dy =; + a, where no two of the integers a3, a4, d5, dg are the same. 
Since z—vz is larger than 22, at most one of the integers a,, a, is less than 
or equal to 7. Hence at most one of them can be equal to one of the 
integers ds, ds. Suppose, for example, that a;—a;. Then we have 
t=a, +a.,+a;+ a, with all summands distinct. 


In a similar fashion, using Lemma 2, we can treat the case in which 
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z is an arbitrary even integer larger than 3y. Theorem | is obviously true 
for the exceptional bases mentioned in Lemma 2. 
It has been pointed out by the referee that Theorem | is immediate if 


one knows that p(n) <n%*/6%. For in this case we have for large n, 


n 
A*(4n) < Dp(n) < n*/*/67/8, whence A(jn) < n*/6%. 
j=0 


If A(n) denotes the number of representations of m as the sum of four 
elements of A with at least one repetition, then 


A(n) S6 p(n—2j) S 6A (hn) p(n) <n. 
A 


But, since A is a basis of order 2, the total number of representations of 


as the sum of 4 elements of A is at least n. 


6. Progressive-free sets. Let B= ()i, 
positive integers. B is said to be a progression-free set if the equation 
2b, =b; +b; has no solution with 14j. Let x be a positive real number 
und let B(x) denote the maximum number of integers in any progression- 
free set of whose elements are less than x. Roth’s theorem states that 
B(x) =O(z2z/log log z). 

Let S be any set of non-negative integers and let 7 be the set of 
integers which can be represented as the sum of 2 elements in S in just one 
way, namely as 2s;,, s;€ S. Then T is progression free, for 2(2s;) = 2s; + 2, 


-,b,) be a set of distinct 


implies s;-+ s,, so that i=j =k. 
If B= (b,,b2,- - -,b,) is progression-free the set C= (¢1,¢2,° -,¢r), 
where cj=Abj+p, AKON, t—1,2,---,7, also contains no arithmetic 


progressions. 


7. Chains. We turn now to the proof of Theorem I]. Let A be an 
asymptotic basis of order 2. Suppose that every integer larger than ¢ can 
be represented as the sum of 2 elements of A. Let x be an integer greater 
than ¢ which cannot be represented as the sum of 3 distinct elements of A. 
If ap€ A, dp, then, since A is an asymptotic basis of order 2, either 


St or with or —a,—a,+a, with a,€ A, 


whence x—da,;=2a,. By an a-chain we mean a collection of elements 


;,4,° in A such that 


(1) 
where the equations 7—a, = 2a, and x— a, = 2am with ae€ A, a, € A have 
no solutions. It is clear that, with at most ¢ exceptions, every element in 4 


L— Ay = FT — Ay = 


which is =z belongs to one and only one 2-chain. 
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Using the standard method for solving a linear difference equation, one 
can easily show that 
tn = 3 (— + 


It follows from (2) that, except for the case a;—2/3 the elements of a 
chain are distinct. The number of distinct elements in a chain will be 
called its length and will be denoted by &k. 

Putting nk in (2) we see that since a; is an integer, —3a, must 
be divisible by 2*?. A chain will be said to be associated with m if 2—3a, 
is exactly divisible by 2”. Clearly, if a4,A2/3, kom-+1; also mSu 
=|logx/log2]-+ 1. In case a,—2/3, we shall put k=—1, m=0. 

The integer «—a, has only the representation *t—a,— 2d, as the 
sum of two elements of A, for —a,—a,+ a, would imply t—a,=— 2a, 
and a, would not be the initial element of its z-chain. From our remarks 
in (6) it follows that the initial elements of all 2-chains form a progression- 
free set. 

The initial elements of the a-chains associated with m also form a 
progression-free set. So do the integers of the form (a—3a,)/2™ where a, 
runs over all the initial elements of chains associated with m. These integers 
must lie between —2/2”-1 and 2/2”, that is, in an interval of length 37/2”. 
If we let a(m) denote the number of 2-chains associated with m then 


(3) a(m) S B(3x/2"). 
Similarly, the total number of a-chains is S B(z). 
8. Proof of Theorem II. We have 
A(x) St+ Sma(m) 


m=0 


where the unindexed summations are taken over all z-chains. Putting: 


v= [loga/2log2] and employing (3) we have 


A(x) St+ mB(32r/2") + mB(3xr/2™) + 


m=0 m=vt1 


Using Roth’s theorem, we have 


A(z) St + 3c,mxr/2” log log(32/2") + mB(3x4) + c,x/log log-x 


m=0 m=v+1 


St+ 3e,mr/2” log log (3x4) + 324 m+ c,x/log log x 


m=0 m=v+l1 


S t+ c,r/log log m/2” + log? x + log x 


m=0 
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where ¢,, C2, and c, are absolute constants. Since z 
was an integer which could not be represented as the sum of 3 distinct 


elements of A, it is clear that our last inequalty implies Theorem II. 


MICHIGAN STATE UNIVERSITY. 
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ORDINARY DIFFERENTIAL EQUATIONS AND LAPLACE 
TRANSFORMS.* 


By AuREL WINTNER. 


PART I. 


On the case of integrability by Laplace transforms which corresponds to the 
Fuchsian case of a singular point of a linear differential equation. 


1. Let f(z) be regular on the half-plane Rez>0, and let f(z) be 
representable as a Laplace-Stieltjes transform 


(1) f(z) e**da(t) 


0 


(0=t<o) which is absolutely convergent for Rez >0. Then the function 
f(z) will be called of class (A) (more specifically, of class (Ao), where the 
subscript refers to the abscissa of the boundary line), and its a—a(t) will 


be denoted by ay—a,(t). It is understood that a(t) is uniquely determined 
hy f(z) only after the normalization of an additive constant and of the 
values of a(t) at its discontinuity points (for instance, if a(0) 0 and 
a({+0) a(t), where and that a;(t) is of bounded variation 
on every finite interval O=¢=T but need not stay bounded as t—>o, since 


(1) need not converge at z=0. It is clear that 
(1 bis) f(z) a;(+ 0) —a,(0) as Rez 


and that f(z) is bounded for Rez > if «> 0. 
Consider the solutions w—w(z) of the differential equation 


(2) w’ + f(z)w =0, 


and let the trivial solution w(z) =0 (which is of class (A), with a,.(t) =0) 
be excluded. Then, if f(z) is of class (A), there need not exist any solution 
w(z) of class (A) (or, for that matter, of class (A,), no matter how large 
r>0 be chosen, where g(z) is called of class (A,) if g(z—r) is of class 
(A,) =(A)). In order to see this, choose a(t) =3t?. Then (1) is of 
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class (A) and reduces (2) to w”-+-w/z*=0. But this differential equation 
is satisfied (for Rez > 0) by w(z) —2*, where a is either root of a(a—1) +1 
= 0; so that, since Rea=4>0 holds for both roots a, no solution w(z) 
stays bounded as Rz—>oo, and so no solution is of class (A) (or, for that 
matter, of class (A,) for some r>0). 

It will turn out that this trivial counterexample is close to the border 
of that subclass of the functions f(z) of class (A) for which the possibility 
of a counterexample becomes replaced by an existence statement. For, on 
one hand, such a subclass will prove to be characterized by the condition 


1 


(3) | daj(t)| 


0 


(which is a local condition for 0, since it is equivalent to 


(3 bis) a;(+ 0) =a,(0) 


7 
and t-* | day(t)|-—> 0 together, where 0 < min(3,7) 0). And, on the 


other hand, (3) is “just barely ” (logarithmically) violated by the a;(¢) = 4? 


of the preceding counterexample f(z). 


2. It was shown in [7] that if f(z), besides being of class (A), is such 
as to belong to an a;(¢) which, for a sufficiently small «> 0, satisfies the 


condition 
(4) ay(t) —const. if OSt<e, 


then (2) has a solution w(z) of class (A), and that this w(z) is substan- 
tially unique (by this is meant that this w(z) can be replaced only by cw(z), 
where c is just one of the two integration constants of (2)). But it was 
also shown in [7] that the restriction (4) of the coefficient function of (2) 
will compel the (A)-solution w(z) of (2) to be such as to satisy a(t) = Const. 
for 0=t <e (where « is the same constant as in (4)). Correspondingly, the 
assumption (4) played the drastic part of completely eliminating “small 
divisors ” (not “diophantine ” small divisors, of the type occurring in celestial 
mechanics, but still “small divisors”, entering in the discussion of the solu- 
tion of the differential equation in the same way, and creating the same 
“resonance” trouble, as in celestial mechanics). 

It was shown in [8] that if (2) is replaced by a system, say (8), of n 
homogeneous, linear differential equations of first order, with a coefficient 
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matrix F(z) all n* elements of which are of class (A), then the drastic 
assumption corresponding to the case fF of (4) can be improved to an 
integral condition on the behavior of ar(t) near tO, a condition charac- 
terizing the allowable amount of “small divisors.” But this problem on (8) 
is quite different from that of (2), since that integral condition on ar(t) 
refers to the systems (S) for which all (vector) solutions are of class (A), 
whereas (2), when written in the form (S) (with n=2), can never have 


elements of the resulting (S), and f(z) =1 belongs to as(t) =sgnié in (1); 
so that (3bis) is violated). On the other hand, if an appropriate transcrip- 
tion of the method of [8] is attempted from (S) to (2), then the cohvergence 
of the successive approximations is made to depend on estimates which, 
though obtainable, become too involved. 

In what follows, all these difficulties will be avoided by having recourse 


to function-theoretical arguments. Instead of applying, as in [7] and [8], 
successive approximations in the a-space, the successive approximations will 
be carried out before the application of the Laplace transformation. The 
necessary estimates then become of the classical type. But what is needed 


is their translation to the a-space. This can, however, be handled by an 
appeal to the theory of normal families, since the “translation” process is 
then taken care of by the “continuity theorem ” of the transform (1) (where 
f=f,w,w.;; k—1,2,---). Thus the proof becomes a counterpart (for 
Laplace transforms) of the corresponding treatment of the spectral resolution 
(which is an isue concerning Stieltjes transforms, instead of Laplace trans- 
forms) ; cf. [4], pp. 104-105 and pp. 171-173. 


3. What will thus result is the following theorem: 
If both coefficient functions g(z), f(z) of 
(5) + g(z)w’ + f(z)w =0, 


where Rez >0, are of class (A), and if their (Laplace-Stieltjes) Unter- 
funktionen a;(4), ag(t), where <oo, behave, near t =0, so as to satisfy 


‘ ? 


the respective “small divisor” restrictions 


1 


(6) J |dag(t)| day(t)| 


0 


then, on the half-plane Rez > 0, the general solution of (5) is of the form 


(7) w(z) =¢,2u(z) + c.v(z), 


this property (correspondingly, f(z) =1 will be one of the n*—4 of the 
| 1 
0 
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where the function u(z) (which is not a solution) and the function v(z) 
(which is a solution w(z) belonging to c, 0) are of class (A). 


The structure of the two conditions (6), when compared with Fuchs’ 
classical theorem on differential equations (5) for which z= 0 is a “regular” 
singular point (cf., e.g., [1], p. 120), explains the choice of the title of this 
Part I. In this regard, cf. also Bécher’s extension [2] of Fuchs’ sufficient 
condition to the real field, particularly the case dealing with the case corre- 
sponding to a multiple elementary divisor, and the remark made in the foot- 
note on p. 854 of [6]. 

Corresponding to the Fuchsian parallelism, it is clear how the assump- 
tion and the assertion of the theorems (and it will be obvious from the nature 
of the proof below how the proof of the theorem) can be extended from 
n= 2 to any n, if n is the order of the homogeneous, linear differential 
equation D(w) =0. If n=1, then the theorem is trivial; cf. [8], p. 174. 
This trivial case also shows that the “Fuchsian” integral conditions of the 
general theorem cannot (in general) be improved (in this regard, cf. also 
the Appendix of [5]). The theorem resulting for an arbitrary n is a 
“small divisor” refinement of the corresponding result of [3], where (4) is 
assumed for all n coefficient functions f(z) of D(w) =w™ +- - -+ fo(z)w. 

In order to halve the length of the formulae, the proof of the italicized 
theorem will be given for the case g(z) =0 only. Then (5) and (6) reduce 
to (2) and (8) respectively. It will be clear from the proof that the modifica- 
tions needed in it when g(z) 50 are of a trivial nature. Actually, the 
unessential assumption g(z)==0 will shorten the proof only insofar as it 
will make possible the use of some of the passages in [5] and [6]. 


4. Instead of the analytic differential equation (2), consider first the 
differential equation 


(8) w’ + f(r)w=0 


(‘=d/dx) in which f(x) is a (possibly complex-valued) continuous func- 
tion of the real variable x, defined for large positive z in such a way that 
af(x) is absolutely integrable or, what is the same thing, that 


(9) 0 as 


where 


(10) = s|f(s)| ds. 


I 
i 
( 
a 
( 
W 
( 
a 
( 
al 
( 
W 
( 
(1 
in 
ho 
(1 
an 
of 
ass 


LAPLACE TRANSFORMS. 269 


Under these assumptions on f(2), the following facts are contained in Bécher’s 
paper [2] implicitly (cf. the remark on [2] made in Section 3 above), and 
in [5] explicitly (and, incidentally, under an assumption requiring of f 
somewhat less than the absolute integrability of zf): 


(i) The differential equation (8) has a solution w(x) satisfying the 
“initial condition ” 
(11) w(z)—>1 as 0, 
and this solution of (8) is unique. 


(ii) On the half-line on which f(x) is given, all the integrals occurring 


in the recursion formula 
(12) =1+ f 


where n—1,2,-- and 
(13) w, (x) =0, 


are absolutely convergent, and the differences of consecutive functions in the 
sequence 
(14) w,(x),° *,Wn(2),° 


are subject, at every point z of that half-line, to the inequality 


(15) | wy S (G(x) + F(x))"*, 


where 


(16) |f(s)| as 


(hence G(x) = F(x) if x21, by (10)). 

(iii) As a consequence of (ii), the solution w(z), assigned by (11) 
in (i), can be obtained by the process of successive approximations on some 
half-line <4 < (if is large enough, so large that, in (15), 

(17) G(r) + F(t) <1 
and (9) and the parenthetical remark made after (16) assure the existence 
of an 2 satisfying (17)). 


The refinement (iii) of (i), along with (ii) (where r> 2, is not 
assumed) will be essential in what follows. The finite z-interval which is 
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debarred by the proviso « > 2, of (iii) will prove to be such that its inclusion 
becomes possible if an appropriate use is made of (ii). 


5. Now consider (2) under the assumption that, on the (open) half- 
plane « > 0, where x is the real part of z—a-+ iy, the coefficient function 
f(z) is regular and representable as an absolutely convergent integral (1) 
(that is, that f(z) is of class (A)), and identify (2) with (8), by keeping 


y fixed in z=a-+ ty, where 


(18) 0< 


and —.o<y<o. Then what correspond to (12), (13) and (14) are 


(19) =1+ (z—s){ f e~8tda;(t) ds, 


with 
(20) w,(z) =0, 
and 


(21) w,(z),° *,Wn(Z),° 


Similarly, (15) becomes 
| wn (2) S (G(x) + F(2))*, 


where, corresponding to (10) and (16), 


(23) F(x) = 1.u.b. S 


and 


(24) G(x) = l.u.b. | e~8tda,(t)| ds |. 


It follows from (i) that (2) will have a unique solution w(z) satisfying 
the limit relation 


(25) w(z)—>1 as 


(which is meant to be uniform for —o<y<oo), if the condition corre- 
sponding to the convergence of the integral (10), where z> 0, is satisfied 
by f. This will certainly be the case if the ca ace (23) is finite at every 
point of the half-line > 0. But it is clear that if (23) is replaced by 
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(26) F(a) =f )s f | da,(t)|) ds, 
then (23) is finite if (26) is (at a given 2 >0) and that, under the latter 


assumption, 


(27) G(a) | day(t)|)ds 


is finite; finally, that (22) remains true if (as always in the sequel) the 
functions F(x), G(x) are defined by (26) and (27), rather than by (23), 
(24). 

Accordingly, (i) and (ii) become applicable on (18) if (26) is con- 


vergent on (18). But (26), where z, s, ¢ are positive, can be rearranged into 


(28) F(z) = f + tx) t-? | da;(t) | 


0 


(since ¢? ff se-*tds— (1 + tx)e-s*, and since Fubini’s theorem on product 
measures is applicable whether the integrals are finite or not) and, corre- 
spondingly, (27) can be written in the form 


(29) G(z) | da,(t) 


Qn the other hand, since (1) is supposed to converge absolutely if x > 0, 
it is clear that (28) will be finite for every x >0 if and only if (8) is 
satisfied (and that (29) is then certainly finite for every r>0). But (3) 
is an assumption of the italicized theorem, to be proved. 

Consequently, (i) and (ii) can be applied in the following proof of 
the theorem. In view of (i), it is already assured that (2) has a unique 
solution w(z) satisfying (25). This solution exists, as a regular function, 
on the half-plane 2 > 0, since, by the local existence theorem of (analytic) 
linear differential equations, every solution of (2) is regular on every z- 
domain on which the coefficient function f(z) is regular. What remains to 
be seen is that the particular solution w(z), defined by (25), is a Laplace- 
Stieltjes transform, and that the latter is absolutely convergent on the entire 
half-plane 2 >0 (and not, as one might expect from (iii), only on some 
half-plane «> 2, where 2» is sufficiently large). 
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6. To this end, (ii) will have to be used in the form obtained in 
Section 5, a form which states that (27), (26) and (19) satisfy (15) for 
n=1,2,- -- and at every point z of the half-plane «> 0. 

It is clear from (ii) that each of the functions (21), defined by (19) 
and (20), is a regular function on the half-plane «>0. This information 


will be completed by the following pair of facts: 
(1) The sequence (21) is uniformly bounded on every fixed half-plane 
>e, where «> 0. 
(II) Each of the functions (21) is of class (A), that is, a Laplace- 


Stieltjes integral, say 


(30) wa(2)—= 


0 


which is absolutely convergent on the half-plane z > 0. 


If (1) and (II) are granted, then it is possible to proceed as follows: 
According to (iii), there exists a half-plane x >, on which the sequence 
(21) tends to the solution w(z) determined by (25). But it follows from 
(I) that, in view of the theory of normal families, the “sufficiently large” 


a can be improved to any e>0. If this is combined with (II), it follows 
that the functions (21), besides being absolutely convergent integrals (30) 
on the half-plane > 0, form a sequence which is uniformly bounded and 
(uniformly) convergent on every half-plane 2 >, where « >0 is arbitrary. 
But the assumptions placed on f(z) in (2) are such as to remain satisfied 
if (2) is replaced by 

+ f*(z)w=0 or w’ —f*(z)w=0, 


where 


f*(s) = f et | da,(t)| for >0; 
0 
ef. (1). Hence it is clear from (19) and (20) that not only the functions 
(30) but also the functions 


= f | dB, (t)| 


0 


form a sequence which is uniformly bounded and (uniformly) convergent on 
every half-plane x >«, where «>0. It follows therefore from the “con- 
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tinuity theorem” of Laplace-Stieltjes transforms that, if v(z) is the limit 
function of the sequence (30) (that is, if v(z) denotes the solution w(z) of 
(2) defined by (25)), then v(z) is a Laplace-Stieltjes transform, say 


(31) v(z)—= 

0 
which is absolutely convergent on the half-plane +>0. In fact, if the 
constant B,(0), which (30) leaves undetermined for every n, is suitably 
chosen, then w,(z) > v(z) asn—>oo (for x > 0) is equivalent to Bn(t) > B(t) 
as n—>oo in (30) and (31) (if the discontinuity points of B(t) are dis- 
regarded ). 

Accordingly, the existence of the (unique) solution w(z) which in (7) 
belongs to (c,,¢2) = (0,1) follows if (I) and (II) are granted. On the 
other hand, if the existence of the solution v(z) is granted, then the existence 
of the solution zu(z), a solution w(z) which belongs to (¢:,¢2) = (1,0) in 
(7), follows by the argument applied in [7], pp. 448-450. Consequently, the 
proof of the theorem will be complete if (I) and (II) are proved. 


7. Clearly, each of the (complex) functions (19), where z=2z- ty 
and «> 0, is majorized by the corresponding (real, non-negative), function 


(32) Wr(z) =1+ (s—z){ f | da;(t)|}Wn_.(s) ds, 


0 


where 0 << x<o and, corresponding to (20), 
(33) W,(z) =0. 


Hence (1) will be proved if it is shown that the functions (32) are uniformly 
bounded on every closed half-line contained in the open half-line (18). 

For similar reasons, (II) will follow if it is shown that each of the 
functions (32) is a Laplace-Stieltjes integral which is absolutely convergent 
on (18). Hence, somewhat more than (II) will be proved if it is shown 
that 
(34) W,(x) is completely monotone on (18). 


In fact, (84) and the Hausdorff-Bernstein theorem imply that if yn(t) 
belongs to W,,(x) in the same way as a(t) belongs to f(z) in (1), then not 
only does there exist on (18) a Laplace-Stieltjes representation of W,(z) 
in terms of y»(t) but, in addition, dy,(t) 0. But it also follows from 
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the Hausdorff-Bernstein theorem that (34) is equivalent to the following 
assertion : 


(35, ) (—D)"W, (2) 20, where m=0,1,-- - and0<r<o 


(D=d/dx). Hence (II) is true if (35,), (35,),- are true. 

Since (35,) is clear from (33), it follows that (II) will be proved if 
it is shown that (35,.) implies (35,). This induction will be carried out 
now. The proof of (I) will be deferred to Section 8. 

First, it is clear from Section 6 that each of the integrals (32) is 
convergent on (18). Next, (32) and a differentiation of (32) show that 
the cases and m=—1 of (35,,) imply the cases and m=] 
of (35,). Hence, when proving that (35,-,) implies (35,), it is sufficient 
to consider the cases m=2,3,:-~- of (35,). But two differentiations of 
(32) show that 


(2) = Wo1(2) f | day(t) 


It follows therefore from (35,_,), and from the fact that the product of 
two functions which are completely monotone on (18) is completely monotone 
on (18), that D?W,,(z) is completely monotone on (18). Since this means 
that the cases m= 2,3,-- - of (35,) are true, the induction is complete. 


8. In view of the end of Section 6 and of the beginning of Section 7, 
all that remains to be proved is that the functions (32) are uniformly 
bounded on every half-line where « >0 is arbitrary. 

Let (32) be written in the form 


(36) Wa(t)—=1+ (s—zx)f*(s) Wa-a(s)ds, 


where 


(37) — day(t)]. 


If Fubini’s theorem is applied in the same way as in Section 6, then it is 
clear from (37%) that (3) and the asbolute convergence of (3) and (18) 
together are equivalent to the (absolute) convergence of 


(38) f tf* (a + t)dt (f* > 0) 
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for every 0. Hence, the assertion is that (36), where W,(x) =0, and 
the convergence of (38) on (18) imply the existence of a constant C = C(e) 
satisfying 
(39) <C(e) rca, 
whenever « > 0. (AII that is clear is that there exists a bound, depending on 
n, for which 
(39 bis) <Cr(e) if 
simply because each of the integrals (36) is convergent on (18).) 

Since (36), where W, (x) =0, implies that W.(x) =1, it is clear that if 


(40) U,(2) = Wa(z) — 


then U,(z) =1 and U,(r) = f that is, 
@ 


(41) Un(z) sf* (a+ 


0 


The iteration of (41) shows that Un,,(x) is the n-fold integral 


But since both (non-negative) integrals (37), (38) are convergent for every 
t>0, it can readily be concluded from (42) that the functions U,(z), 
U.(z),- - - are uniformly bounded on every fixed half-line «<< x <0o, where 
«>0. In view of (40), where W,(z) =0 and W.(z) =1, this is equivalent 
to (39). 


PART II. 
Ordinary non-linear differential equations and Laplace transforms. 


Introduction. The following considerations deal with three questions, 
(a), (8) and (y), on families z= x(t, c) of solutions of differential equations 
dt/dt =f (t,2), where c is an integration constant, confined to a “suffi- 
ciently small” c-domain, and (A) if ¢ is real, its range is either (a) a fixed 
interval which is not compact, say 0S t <oo, or (b) a half-line TSt <0 
with a TT, which cannot be chosen independent of c, whereas (B) in the 
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analytic case, the ¢-range is either (a) a fixed half-strip (0S Ret <w, 
| Imz|< const.) or (b) a half-strip (TS Ret <o,|Imt|<e) with 
and «=e. 

In each of the four cases (Aa), (Ab), (Ba), (Bb), the three questions 
to be considered are (a) the existence of x(t,c) on the infinite t-range, 
(8) the uniform continuity of x(t,c) in ¢ and c together (which, since the 
t-range is infinite, is equivalent to the question of stability in the sense of 
Dirichlet), finally (y) the representation of z(t) —<2(t,c) as a Laplace- 
Stieltjes integral (the subcase (yA) of (y) subsumes itself to the subcase 
(yB)). If (a1), (az), (as) denote (a), (8), (y) respectively, then the issue 
is the specification of conditions which, when satisfied by f, are sufficient for 
(a;), where 7 is fixed. The resulting conditions will of course be stricter 
for (a;,,) than for 

It will be sufficient to deal with the case in which 2 or f is a scalar. 
In fact, it will be clear from the nature of the proofs that the vector case (that 
is, the case of a system dz;/dt —f;(t,21,- - -,%n), where 7 =1,- - -,m) can 
be reduced to the scalar case by a device of superordination, a device which 
reduces to the prinicple of majorization in the analytic case. Actually, the 
proofs are such as to make it clear that a direct treatment of the vectorial 
ease differs from that of the scalar case in hardly more than in the intepre- 


tation of the symbols. 


1. Suppose first that the f of 
(1) da/dt =f (t,x) 


is real-valued and continuous on the half ‘= 0 of a real (¢,2)-plane. Suppose 
further that 


(2) f | f(t,0)| dt <0, 


and that there exists on the half-line ¢=0 a non-negative, continuous (but 
not necessarily bounded) function A(¢) which satisfies the condition 


(3) 


and which is a “global Lipschitz factor” of f; that is, for which 


(4) —f(t,2”)| Sa(t)} —2” | 
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holds for any pair (¢,2’), (t,2”) of points (t,x) contained in the half-plane 
(5) 0S=t<o, —-O< 

Under these assumptions, (1) is “ unrestricted,” that is, every solution 
r=az(t) of (1) exists for 
(6) OS 


What is more, every solution x(t) of (1) tends, as t—>oo, to a finite limit, 
t(co). Conversely, if there is given any point c of the line 


(7) 0, 


then there exists an initial condition z) corresponding to which the solution 
z(t) determined has the limit These (and certain 
more general) facts were proved in [10]; for extensions, cf. the Appendix 
of this paper. 

As pointed out to me by Professor Siegel (cf. [10], pp. 131-132), the 
correspondence between the 2(0)-line and the z()-line is continuous and 
one-to-one in the general solution of (1), that is, by virtue of 
(8) ; 2(0, 2%) == Zo, lim z(t, 2) = 2( 52). 

t> 

2. In what follows, it will be very essential that, under the assumptions 

(2)-(5), it is possible to choose a ¢* in such a way that, on the portion 


(9) 


of the hali-line (6), the solutions z(t) = a(t;c) of (1) can be obtained by 
the following process of sucessive approximations: 


(10) Ins (t) =c— f f(s, an(s) )ds, 
t 


where c¢ is the arbitrary “initial constant” x( 0), the iteration process (10) 
starts with 
(11) to(t) =c 


aid the convergence (in fact, even the absolute convergence) of each of the 
integrals (10) on the half-line (9) is part of the statement. In other words, 
the half-line (9) can be chosen in such a way that the sequence 


. 
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will be defined by (11) and (10) and will converge on (9) (as a matter 
of fact, uniformly on (9)) to that solution x(t) of (1) which belongs to 
a(co)=c. In fact, this was the “non-local” part of the proof in [10] 
(but not in [12], where nothing like a Lipschitz condition is assumed). 
By adapting an argument which is well-known in the classical “local” 
problem (Bendixson-Lindelof), it can be shown that (12) converges not 
only on a certain (constant) portion (9) of (6) but on the whole of (6), 
that is, for 0 tS ¢* as well. But this will not be needed in what follows. 


3. In order to apply the (vectorial variants of the) facts collected in 
Section 1 to the problem of vortices and nodes (Poincaré), a simple device 
had to be applied in [14], pp. 821-823. In what follows, the adaptation 
of that device will be needed, in order to deal with the case in which the 
half-plane (5) of f is replaced by a strip 


(13) O<t<w, 
where b > 0 is given arbitrarily (it can be “small”). 


Suppose that f(,.) is real-valued and continuous on (13) and satisfies 
(2) and (4), with (3), on (13). Then, corresponding to every positive }, 
which is less than b, there exist a sufficiently small 6* = 6*(b,) > 0, a suffi- 
ciently small c* —c*(b,) and a sufficiently large ¢* = ¢*(b) 20 which have 
the following properties: Every solution z(¢) of (1) which belongs to any 
initial condition 2(t*) satisfying 


(14) (z* at 
exists on (9), satisfies 

(15) | z(t)| << by 

on (9), and tends, as t—>o, to a limit ¢ satisfying 


(16) (c=2(0)). 


Conversely, there belongs to every c satisfying (16) a unique solution z(t) 
of (1) which exists on (9), satisfies the inequality (15) on (9) and the 
conditions and (14), where —2(t*) (note that b* > 0 can be 
chosen arbitrarily small; in particular, so as to be less than b,). Finally, for 
every c satisfying (16), not only (15) but also 


(17) | tn(t)| < bo 
holds on (9). where the functions (12) are defined, on (9), by (11) and 
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(10) and converge, on (9), to that solution x(t) of (1) which is determined 
by the “initial condition” 

First, since 0 <b) <b, and since f(t,x) is given on (13) as a con- 
tinuous function satisfying (2) and (4), with (3), it is clear that if (13,) 
denotes the strip which results if b is replaced by 0b, in (13), then it is 
possible to choose on the half-plane (5) a continuous f(t,2) which is iden- 
tical with the given f(t,2) on the portion (13) of (13) and which satisfies 
(2) and (4), with (3), on (5). Hence, all the assertions, concerning the 
existence of the positive numbers b*, c*, ¢* which have the above-stated 
properties, follow from Sections 1-2 and from the very nature of the process 
of the sucessive approximations (cf. [10]). 


4. It is also clear from the nature of the successive approximations 
that nothing is changed if the real differential equation (1) is replaced by 
the complex differential equation 


(18) dw/dz=f(z,w), 


where, corresponding to the continuity of f(t,z) on the strip (138), the 
function f(z,w) is supposed to be regular on 


(19) Rez> 0, |\wl| <b, 


the product space of a circle |w|<b and of the half-plane «> 0, where 
t=2+ty, —o<y<o. Then there exists on (19) an absolutely con- 
vergent expansion 


(20) f(2,w) = fim(z)w™, 
m=0 
where every 


(21) fm(z) is regular for x >0 


What corresponds to (2) is the condition 


(22) l.u.b. | fo(a+ ty) | dx <o. 
J -wcyceo 


Similarly, what corresponds to (4) and (3) on (13) is certainly satisfied if 


(23) f (x + iy)dy where h(z) | f(z, w) /w) | 


(provided that the integrand of (23) is continuous (and 0) at every z). 
Incidentally, less than this proviso would suffice in (23) ; ef. [13]). 


| 

(a= Rez). 
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These are all the assumptions which correspond to those of Section 3. 
Hence, under these assumptions, there will belong to every circle |z| <b, 
where 0 < by <b, a half-plane Rez > d*, a circle | wo| << b* (bo), where 
= w(z) at z—2, and Rez, > d*, and a circle | c| < c*, where c—w(o), 
in such a way that the assertions of Section 3 hold (in their complex 
version). It is understood that w(cc) —c now means that w(z-+ ty) >¢ 
holds uniformly for —o<y<o as 


5. As an application, choose on the half-line 
(24) 


a sequence of functions ao(s),a,(s),: - satisfying [am] <0, where m=(0), 
1,-- and 


(25) [a] — f | da(sy). 


Then (21) is certainly satisfied if 


x 


(26) fm(2) €-*#dom(s), 


and (20) is certainly regular on (19) if 


(27) [am]b" <0o, where [am] = f | am(s) |. 


0 


m=0 


Actually, these assumptions are much stricter than necessary; suffice it 
to say that, for every fixed m, the integral (26) can have a finite abscissa 
of boundedness and uniform convergence without having a finite abscissa ol 
absolute convergence. 

In view of the case m0 of (26), and since 


Jf | da(s)|S [a] 
1 1 
condition (22) is certainly satisfied if 
1 


(28 bis) f day(s)| 
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On the other hand, since it is clear from (20) and (26) that the function 
h(z) occurring in (23) is 
h(z) —Lu.b.| mun |< moms | dam(s) |, 


|jwl|<b m=1 m=1 
0 0 


condition (23) is certainly satisfied if 
1 


3 mm s+ | dam(s)| 


m=1 
0 
Hence, if the notation is changed so as to replace the given b > 0 by a some- 
what greater b > 0, it is clear that (23) is satisfied if 


R 
| dam(s)| <0 
m=1 


0 


holds for Roo or, what in view of (27) is the same thing, for R—1. 
Finally, since m > 0 in the last sum, it follows that not only condition (23) 
but also condition (22) (which belongs to m 0 and was taken care of by 
(28bis) above) will be satisfied if, in addition to (27), 


1 


(28) {am}b™ where {am} = f s| dam(s) |. 


m=0 
0 


[Note that amn(-+ 0) —a»(0), where m=0,1,- - -, is a necessary condition 
for (28).] 

Accordingly, the situation is as follows: If the coefficient functions of 
(20) are of the form (26) and satisfy (27) and (28) for some b>0 (that 
is, if [am]?/" and {am}?/", where m=0,1,--- and 1/01, are less than 
a constant), then the results of Section 4 are applicable to (18). 

This implies, among other things, that there will exist a sufficiently 
large d* >0 and a sufficiently small 6* >0 in such a way that, whenever 
% and wy are numbers satisfying 


(29) Rez) > d* and | < b* 


respectively, the initial condition 


(30) w (Zo) = Wo 
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will determine a solution 


(31) w= w(z) = 20, Wo) 


of 


(32) aw/dz= w™ f e-**dam (S) 
m=0 
0 


which exists (as a regular function) on the half-plane 

(33) Rez > Re 2, 

and each of these solutions (31) will tend to a finite limit c= c¢(2, wo) : 
(34) w(z)—>c as Rezo. 


In addition, these solutions w(z) can be obtained (if b* and 1/d* are 
small enough) by the following process of successive approximations: 


(35) lim w,(z) =w(z) on (33), 


where the sequence 
(36) Wo(z), Wi (2Z),° 


is defined, corresponding to (11) and (12), by 


m= 


(37) — f aE [et. (26)] 


and 
(38) Wo(z) =c (c=w(o)) 


together, and the integrals (37) are convergent on (33) and represent 
regular functions satisfying 


(39) | wn(z)| <b on (88); 
ef. (17). 


6. On this basis, the following theorem will now be proved: 


Let fo(z),f:(z),° where Rez >0, be a sequence of functions (26) 
satisfying (27) and (28) for some b > 0, and let f(z,w) be defined by (20) 
on the domain (19). Suppose further that fo(z)=0. Then there exist two 
positive numbers, d* and b* (<b), having the following properties: If % 
and wy are complex numbers within the circle | 2 |< b* and the half-plane 
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Rez, > d* respectively, then the solution w=w(z) =w(232%,Wo) of the 
(local) initial-value problem 


dw/dz=f(z,w), Ww (2) = Wo 


exists on the half-plane Rez > d* and 1s representable as a Laplace-Stteltjes 
integral 


(40) w(z) = f e-*8dB(s) 


0 


which 1s absolutely convergent for Rez >d*; in addition, 
(40 bis) | w(z)| <b for Rez >d*. 


Needless to say, the function B(s) occurring in (40) depends on the 
initial constant w(z)) =w, (and is of bounded variation on every finite 
interval of the half-line O=s <0). 


Theorems of this type are known under substantially stricter assumptions. 
In fact, the known results deal either with linear differential equations (cf. 
[8]) or, in the non-linear case typified by (32), assume (cf. [9]) that 


(41) am(s) =0 for 0O=s=1, where m=(0,1,-: - - 


(if the unit of length is suitably chosen on the half-line (24) and if the 
functions a»,(s), in which (26) leaves undetermined an additive constant, 
are normalized by a»,(1) 0). But (41) is a very drastic way of satisfying 
(28), whereas (if (27) is assumed) the allowable behavior of the functions 
m(s) near s==0 is the main issue. In fact, what is involved is a problem 
in “small divisors” (cf. Part I, Section 2, above). 

On the other hand, (27) and (28) are the true conditions. In order 
to see this, it is sufficient to consider the particular case in which (32) 
becomes homogeneous and linear, that is, 


dw/dz—=f(z)w, with f(z) -f e-**da(s), 


0 


where am ==0 if m>41 and a,—a. Then (27) and (28) reduce to 


(43) f | da(s)| and s+ | da(s)|ds<o. 


But if da(s) =0 (that is, if da—|da|), then a quadrature shows that 
(42) cannot possess any solution w(z) £0, representable for sufficiently large 


| 
A 

© 1 7 

0 0 
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Rez as an (absolutely) convergent integral (40), unless both conditions (43) 
are satisfied. 

The proof for the sufficiency of (27) and (28) seems to call for elaborate 
estimates of the total variations of the successive approximations to the 
(unknown) function 8(s) which occurs in (40). It turns out however that 
this elaborate work (which, in my first attempts to prove the sufficiency of 
(27) and (28), appeared to be too involved to be completed by explicit 
induction) can be avoided entirely. This will be made possible by an 
appeal to the “continuity theorem” of the transform (40) (cf. the end of 
Section 2 in Part I). 


7. It will be clear from the proof of the italicized theorem that, for 
reasons of majorization, it is sufficient to prove the theorem for the case in 
which the functions a»(s) occurring in (26), (27), (28) are real-valued 
and non-decreasing (so that dam(s)=|dam(s)| for m=0,1,--- and 
0=s<o) and, in addition, the circle |w.|<b* and the half-plane 
Re z) > d* of the initial conditions are replaced by the interval 0 = w, <b* 
and the half-line d* < z< 0 respectively. For the same reason, it will be 
sufficient to consider the differential equation (32) and the existence of its 
solution (40) only on the half-line d*<x<o, where t= Rez (corre- 
spondingly, z) will be denoted by x). Then it is clear from the way in 
which the results of Section 5 were obtained that c=0 in (34). 

The c of (34) is the same as the c of the recursion formulae (37) -(38). 
Since da,,(s) = | dam (s) | in (26), these recursion formulae now become 


(44) | dam(s)|) (wa(t)) mat, 


where 0 << and 

(45) =c=0 (c—=w(o)). 
If d* and 6* are so chosen as in Section 5 (in connection with (29)), and 
if ¢ is small enough (with reefrence to d* and b*), then, according to Sections 


4-5, all integrals (44) (which in view of (45) have non-negative integrands) 
exist (<oo) on the half-line 


(46) 
and satisfy the limit relation 


(47) lim w,(z) = on (46), where w(o) —c, 
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where w(x) is a solution of dw/dr—f(az,w). Hence, in view of the con- 
cluding sentence of Section 6, the italicized theorem will be proved if it is 
shown that each of the functions w,(2) is representable in the form 


(48) J e-**dB,(s) on (46), where dB,(s) = 0. 
0 
But this can be shown by an adaptation of the corresponding step in Part I. 
In fact, the assertion of (48) is equivalent to the statement that each 
of the functions w,(z) is completely monotone on (46), that is, that, if 
D=d /dz, 
(49,,) (—D)*w,(x) 20 on (46), where &k=0,1,-- - 


(Hausdorff-Bernstein). Since the truth of (49,) is clear from (45), it is 
sufficient to prove that (49,,,) is implied by (49,). But (45) and the case 
n=0 of (44) show that the case k —0 of the inequalities (49,) is true for 
every n. On the other hand, differentiation of (44) shows that 


(50) —= ( dam (s) |) )™ 


Since — Df (x), g:(x) + g2(x) and lim f(z), where m—>o, are completely 
monotone on (46) if f(x), gj(x) and fm(x) are (provided that lim f»,(z) 
exists), it follows by successive differeniations of (50) that (49,) is true 
for every n and every m if every (49,) is true for m=O (cf. the corre- 
sponding induction in Section 7 of Part I). 


8. Accordingly, all that remains to be verified is the case k—0O of 
(49,) for every n, that is, 


(51,) W,(z) =O on (46). 


Since (51,) is clear from (45), it is sufficient to prove that (51n.1) is implied 
by (51,). This induction will prove (49,) for every n if c>0 in (45). 
The limiting case c=0 will have to be discussed separately. 

Suppose first that c>0. Then, since the integral occurring in (44) 
(for a fixed n) is convergent for d*<x<oo (where d* <2»), it is clear 
from (44) that w,.,(a) >0 is true for every x which is large enough with 
reference to c and n-+1. But (50) holds on the fired half-line (46), since 
%>d*. Since the truth of (51,) is assumed (for a fixed n), it follows that 
on (46). Consequently, (51,.:) follows from the fact that 
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Wni(x) =O is true for large x (it also follows that the sign of equality 
cannot take place in (51,) for any n). 

In the remaining case, But the assumption ==0 of the 
italicized theorem (Section 6), an assumption which reduces (20) to 


(52) f(2,w) — 3 fa(2) 


was not used thus far. If it is used, then it is clear that (18) admits the 
solution w(z)==0. Since the latter belongs to the case c—0O of (34) and 
can be represented in the form (40), with dB(s) =0, the proof is complete. 


9. Since the assumption that (20) reduces to (52) was used nowhere 
but in the last paragraph of Section 8, the following theorem was also 
proved above: 


Let +, where Rez >0, be a sequence of functions (26) 
satisfying (27) and (28) for some b>0. Then, if r—=r(b) >0 1s suff- 
ciently small and if ¢ denotes any complex number satisfying 0 <|c| <r, 
there exists an abscissa d=d(c) << having the following properties: The 
differential equation (18) has a solution w(z) =w(z;c) which exists on the 
half-plane Rez>d, satisfies the “initial condition” (34), and 1s repre- 
sentable on the half-plane Rez>d as an absolutely convergent Laplace- 
Stieltjes integral (40), where B(s) —8.-(s) (and w(z) satisfies the inequality 
|w(z)| <b if Rez>d). 


Since c = 0 is excluded, it is clear from (34) and (40) that B(s) —8,(s! 
has a jump £0) at s¥0. 


APPENDIX. 


On a non-local theory of the initial value problem of ordinary differential 
equations. 


1. Let H, denote the open half-line 0 << t <0, H the closure of Ho, 2 
the n-dimensional z-space (—0 < 2; <0 ;i—1,---,n), with = 
and |z|—(2,2+- --+2,7)4, and f(t,z) a vector function, with n real 
components, which is defined and continuous (but not necessarily uniformly 
continuous or bounded) on H XR. According to Peano, 


(1) dx/dt =f (1,2) 
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defines a (local) flow. The state of R under this flow at the date ¢ will be 
denoted by R;; so that Ry is the space F of all initial conditions z) which 
can be assigned for a (not necessarily unique) solution z(t) of (1) as 
2(0) 2 . Eventually, under appropriate restrictions of the given function 
f(t,z) (ef. (C) below), even the state RP, of R will be considered. 

In [10]-[13] I investigated various non-local issues concerning the solu- 
tins x= 2(t;z,) of (1) (when f is subject to appropriate restrictions) ; 
that is, issues pertaining to the existence and behavior of 2r(t;2) on 
the whole of H (and for any point z of R), rather than just on some 
“sufficiently small” ¢-interval. The main questions can be listed as follows: 


Type (A). Every solution z(t;z ) of (1) should be “ unrestricted,” 
that is, such as to be “continuable” for 0=t<oo (the standard example 
in which such is not the case is Riccati’s scalar differential equation 2’ = 2’, 
possessing the solution z(t) =—(t—t,)-! which exists for OSt<t, if 
0<t)<oo but cannot be extended into any solution for OSt<? if 

Type (A*). Let (1) be of type (A) and such as to possess the property 
that lim sup | x(t; 2o)| <0o, where ¢—>oo, holds for every solution (“stability ” 
for every fixed z)). A refinement of this type is 


Type (B). Let (1) be of type (A) and such as to possess the property 
that, corresponding to every solution z(t;2,), there exists a point c—c(2) 
of R satisfying x(t;z.) 0 as t->@ (this will be expressed by saying that 


t(% exists on Rp). 


Type (B*). Let (1) be of type (A) and such that there exists, as 10, 
a finite lim | x(t)| for the length of every solution under z(t) of (1) (this 
condition, concerning amplitudinal limits, requires more than (A*) but less 
than (B)). 


Type (C). Let (1) be of type (B) and such as to possess the property 
that every point of RP is the x(0o ;2,) of at least one point 2, of R, (so that 
one can speak of R,). 


Type (D). Let (1) be of type (C) and such as to possess the prop- 
erty that the correspondence between R, and R,, that is, the mapping 
%—> is continuous and one-to-one. 


Type (Dbis). Let (1) be of type (A) and such as to possess the 
property that z(¢;2,)) 0, as t->0, holds for every solution. This type is 
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of type (B) but represents just the opposite of type (C). A variant of this 
“confluent” type (in which the point, 0, of “confluence” could of course be 
replaced by any point of Ff) is 


Type (D*). Let (1) be of type (A) and such as to possess the property 
that | 7(t;2,)|—>0, as t->, holds for every solution (this type is just the 
opposite of type (A*)). 


The issue is the specification of conditions which, when satisfied by the 
given function f(t,x), assure that (1) belongs to one of these types. Such 
criteria were given loc. cit. In what follows, the results available to the 
methods applied there will be systematized and further developed. 


2. The starting point for any non-local statement (that is, of a state- 
ment on H) must be the following lemma (cf. [11], and [18], p. 177): 


Lemma. [f there is given for (1), where f(t,x) is continuous on H X R, 
a solution x(t) on an interval O=t < to, where th <<, then either there 
exists some interval O=t < t°, where t? >to, on which (1) possesses some 
solution which is identical with the given solution for 0=t< ty or else 
| holds as t->t,—0 [in which case the “non-continuability ” of 
the given solution, that is, the non-existence of any ¢° > to, is clear from the 
fact that a function z(t) cannot satisfy (1) at t=, if it is not differen- 
tiable at t); hence certainly not if it fails to be bounded near ¢,]. 

The alternative implies that lim inf | x(t) | <0, where t—> t) — 0, assures 
the existence of lim | z(t)| and, what is more, the existence of lim x(t) ; and 
that limsup|az(t)|—oo cannot hold unless lim|z(t)|—oo. The latter 
point is the crucial step in the proof of the Lemma, which in [11] I 
abstracted from Painlevé’s (and Weierstrass’) considerations on the singu- 
larities of the problem of three bodies (Weierstrass’s investigations are of 
an earlier date, but were published, posthumously, much later, than those 
of Painlevé; cf. [16] and [17]). 

By a generalization of the argument applied in the Appendix of [11], 
a generaliaztion suggested by a local criterion of Kamke [15], pp. 139-141, 
the following comparison theorem can be derived from the Lemma: 


(i) Let f(t,x) be continuous on H XR and, if H, and J denote the 
open half-line 0<t< and the closed half-line OS r <0 respectively, let 
there exist on Hy XJ a continuous function g(t,r) satisfying 


(2) | on (g=0) 
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and having the following property: If any solution r—r(t) of 

(3) dr/dt = g(t, r) 

is given on any t-interval I contained in Hy (with (t,r(t)) m IX), then 
there exists on H, a function r(t) (with (t,r(t)) mm Ho XJ) which is a 
solution of (3) on Hy and reduces to the given r(t) on I. Then (1) 1s of 
type (A). 


The proof of this (A)-criterion will be such as to supply the following 
(A*)-criterion also: 


(i*) Let f and g satisfy the assumptions of (i). Suppose further 
that lim sup r(t) <0oo, where too, holds for every solution r(t) (20) of 
(3). Then (1) ts of type (A*). 


The assertion of the Lemma is that any solution x(t) of (i), given for 
small t—t,=0, where tp (20) is fixed, can be extended to a solution 
of (1) on H. It will be sufficient to prove the existence of such an extension 
fort) S[¢t<0o. Suppose that there does not exist such an extension. Then, 
by the Lemma, there is a finite #9 >, having the property that z(t) exists, 
but is not bounded, on the interval tf; =[¢< ?¢°. Consider a solution r—r(t) 
of (3) belonging to the initial condition r(t,) where =| 2(to)|. 
According to the assumption made in (i) on (3), the solution r(¢): will 
exist on H, and will, therefore, be bounded on t,t <?#°. But (1), (2), 
(3) and imply that |z(¢)|Sr(t) for hence 
z(t) remains bounded as t->¢#®—0. This contradiction proves (i). 

It is also seen that | fort. St<. Since this inequality 
holds whether the additional assumption of (i*) is satisfied or not, (i*) 
follows. 

A particular useful corollary of (i), a corollary in which the assumptions 
which (i) posits for g(t,r) become replaced by “explicit” assumptions, is 
the following : 


(ip) Let f(t,x) be continuous on H XR and let there east, on the 


respective open half-lines (N<t<w), (0<r<o), two posttwe, con- 
tinuous functions A~A(t), 6=¢(r) satisfying 


(4) | f(t,2)| Sa(t)d(r) on XR 
and 
(5) f dr /o(r) =o. 


Then (1) is of type (A). 


? 


289 
1 


290 AUREL WINTNER. 


This can be reduced to the criterion proved in the Appendix of [11] 
if the dt of (1) is replaced by A(¢)dt and, when the old ¢ in f(¢,z), where 
f= and x= is denoted by 7, the n-ary system 
(1) is replaced by the (n+ 1)-ary system dz*/dt = f*(x*), where = (2,2) 
5 and f*—(1,f). Actually, (i,) is a particular case of (i). In fact, if 
iy g(t,r) =A(t,r), then (2) and (3) become (4) and 

(6) dr/dt = X(t)¢(r) 

respectively. But if (6) is written in the form dr /f(r) =A(t)dt (when 
r > 0, hence ¢(r) > 0), and if it is observed that A(t) stays between positive 
bounds on compact subintervals of Ho, then it is seen from (5) that the 
condition required of (3) in (i) is satisfied by (6). 


3. The (A)-criterion (i,) has the following (B)-counterpart: 


j (ii) If the assumptions of (io) are satisfied and if, in addition, 


(7) f rat 


1 


then (1) ts of type (B). 


In fact, (ii) can be concluded from (iy) in about the same way as (iy) 


was concluded from (i); cf. [12]. by 
A (C)-counterpart of (i) is as follows: th 
an 
(iii) If the assumptions of (ii) are satisfied and if, in addition, 
(8) | f(t, 2”) —f(t,2”)| SA(t)o(| —2” |) on* XP X R” tea 
and the 
(9) f at 
bie (13 
then (1) ts of type (C). 
This was proved in [13]. Actually, (iii) can be concluded from (ii) (wi 
in about the same way as (ii) is concluded from (i,). My 
(iii?) If the assumptions of (iii) are satisfied and if, in addition, (1 
(7) ts supplemented by 
1 and 
(10) f <e, (15 
(wh 


* By R’ and R” are meant the #-space R when «= a’ and # = a” respectively. 
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and (5) by 


(11) ff ar /a(r) =e, 


finally (8) by 
(12) | f(0, 2”) on BX PR”, 


then there belongs to every point (to,%.) of H XR only one solution x(t) 
of (1) satisfying x(to) =. 

In fact, what (iii°) adds to (iii) is a purely local statement, and the 
latter is nothing but Osgood’s well-known criterion for local uniqueness; cf. 
[15], p. 100 and p. 142. On the other hand, something very different from 
this local assertion is contained in the following (D)-counterpart of the 
(C)-criterion (ili) : 

(iv) If the assumptions of (iii°) are satisfied, then (1) ts of type (D). 

It is clear from the definition of the (D)-type that the truth of (iv) 
presupposes the truth of (iii°). 

The case ¢(r) =r of (iv) was concluded by Siegel (cf. [10], pp. 131- 
132) from the proof of the case ¢(r) =r of (iii) (ef. [10], pp. 125-131) 
by a simple topological argument. But a glance at that argument shows 
that nothing is changed if ¢(r) —r is replaced by any ¢(r) satisfying (5) 
and (11). 


4. The (B*)-character of (1) (that is, the existence of finite ampli- 
ludinal limits) can be assured by an assumption on f which, in contrast to 
the preceding “bilateral” assumptions, is just “unilateral”: 


(ii*) Let f(t,x) be continuous on H XR and suppose that 
(13) =0 on R, 
(where x-f—a,f,+---+amfm) or, more generally, that there exists on 


H, a non-negative A(t) satisfying 

(14) f Anat if «>0 

and 

(15) (x-f(t,v))*S a(t) min (1,|2]?) on HO XR 


(where (x-f)*— max (0,a) fora—2a-f). Then (1) is of type (B*). 
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Remark. The choice of the term ¢(|2|*) =| |? in the factor min of 
A(t) in (15) corresponds to the particular case ¢(r) =r in the preceding 
criteria. Correspondingly, it, will be clear from the proof of (ii*) how to 
extend (ii*) to other choices of ¢(|x|*). The choice ¢(| x |?) =| x |?, made 
in (ii*) for the sake of simplicity, is important in tne theory of linear 
systems (1); cf. [13], pp. 558-559, or [19]. 

In order to prove (ii*), put 4| xz |? s—<s(t) along any solution z = 2(1) 
of (1) which is given on an interval O=¢<t,. Consider first the particular 
case (13) of (15) (cf. [13], p. 557). Then scalar multiplication of (1) by 
shows that ds(t)=0 if OSt<t. Hence s(t,—0) is impossible 
if tj <0, and so the Lemma assures that ¢ can be assumed to be o; #0 
that (1) is of type (A). But then it is clear from ds(t) =0 and s(t) 20 
that there must exist a finite s(o) 20; that is, that there must exist for 
z(t) an amplitudinal limit, which is the (B*)-assertion of (ii*). 

Next, replace (13) by (15) but suppose, in addition to (15), that 


(16) a:f(t-7) on Ho X R. 


Then it follows from (1) that, if O0=¢< t) (where, for the present, t) =» 
or tp <<), then 
(17) 0 < ds(t) /dt = X(t) min (1, s(¢)). 


Since ds/s =dlogs, it is clear from (17) and (14) that there cannot exist 
a finite ¢, satisfying s(t, 0) oo, and so, for the same reason as before, 
(1) must be of type (A). But then, by letting t—>o in (17), and using 
ds/s = dlogs and (14) again, one is led to the existence of a finite s( 0 )>0, 
provided that s(t) —4]|«(t)|? does not vanish for large t. 

If s(t)>0 only on a sequence of (open) ¢-intervals J,,J.,- - - which 
cluster at too, but s(f)—0O on the (closed) set K complementary to 
L=I,+I,+-- +, then the existence of a finite lims(t) follows if ¢ tend: 
to co so as to be confined to 7,*+J/,* +: -=L* = -), where 
I,* =I,*(e,) denotes, for any positive ¢, << 1, an interval contained in /; 
and having a length |/,*| <<(1—e,)|JZ,|. But the value of lims(é), wit) 
t on L*, is independent of the choice of L*, since L* is in L for every choice 
of €,,€2,: - -. Hence, if every €, is let to tend to 0 (in an appropriate way). 
then, since s(t) 0 when ¢ is an end-point of an I,, it is seen that s(t) >! 
holds when ¢ tends to « on L. Since s(t) =0 on the complementary set F. 
this means that s(o) exists and is 0. 

There remains to be considered the general case (15), where neither 
(13) nor (16) is assumed. But this case can be reduced to the treatment 
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of the preceding two cases, if the device of splitting the ¢-axis into an open 
set L and a closed set K is now chosen as follows: ¢ is in Z or in K according 
as ds(t)/dt > 0 or ds(t)/dt0. The assertion of (ii*) then follows. 

The definition of the “confluent” type (Dbis) (formulated after the 
definition of type (D) above) requires that s(0oo) or lim|a(¢)| should not 
only exist (as a finite limit which may be positive or 0) but should be 0, for 
every solution z(t) of (1). A corresponding criterion is supplied by the 
following modification of the preceding (B*)-criterion (ii*) : 


(ii*bis) Let f(t,x) be continuous on H X R and suppose that 


(18) f(t,x) S—A(t)|c|? on H, XR, 


where X(t) is a positive continuous function (on Hy) satisfying 


(19) f 
1 
Then (1) ts of type (Dbis). 
Remark. Corresponding to (ii*) and to the Remark made after (ii*), 
the assumption (18) of (ii*) can be relaxed in various directions (cf. also 


In order to prove (ii* bis), note that (18) implies (13) and so, in view 
of (ii*), the (B*)-character of (1). This means that, even if (19) is not 
assumed, all solutions a(t) of (1) exist for 0 ¢<o and lead to a finite 
limit =0. The assertion of (ii* bis) is that s(0o)>0 is impossible 
if (19) is assumed. But it is clear from (1) and (18) that 


(20) ds(t) /dt <—2(t)s(t), 


where s=>0, A>0 (or just AZO) and OSt<oo. If (20) is treated in 
the same way as (17) was treated above, then the assumption s(0o) 0 leads 
to a contradiction with (19). 
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MAXIMAL SUBALGEBRAS OF C(&%).* 


By KennetH HorrMan and I. M. SINGER.” 


1. Introduction. In [2], Arens and Singer have presented a generali- 
zation of part of the theory of analytic functions in the unit disc, established 
by observing the role played in the classical theory by the group of integers 
(and the non-negative portion thereof) and replacing this group by a locally 
compact abelian group @ possessing a suitably distingushed semigroup G,. 

We present here a study of the extension to this context of the following 
result, established by Wermer [3]. 


THEOREM 1.1. Let U be the Banach algebra of continuous functions on 
the unit circle, |z|—1, which can be extended to the unit disc |z| <1 so as 
to be analytic in the interior. The norm is the uniform norm on |z|=—1. 
Then % is a maximal subalgebra of the Banach algebra C of all continuous 
complex-valued functions on the unit circle. 


Specifically, we shall,show that if, in the Arens-Singer context, G is a 
discrete abelian group with a semigroup G, satisfying the conditions 


(1.21) G,U G,*=G; G, is a maximal semigroup in G, 


the Wermer result is valid if and only if G is archimedean-linearly ordered 
and G, is the set of elements not less than the identity. If the algebra of 
“analytic ” functions is not maximal, we describe completely a maximal sub- 
algebra of C which contains it. A by-product of this investigation is a very 
brief proof of Theorem 1.1 (see Section 5). 


2. Generalized analytic functions. We describe briefly in this section 
the results of [2] which are pertinent to the present study. 

Let G be a discrete abelian group containing a semigroup G, such that: 
G,UG,+—G. Let A, be the Banach algebra of summable functions on G 
which vanish outside G,, using the multiplication and the norm defined by 


(f+ 9) (2) — and 


* Received October 26, 1956. 
*The second named author was supported in part by a National Science Foundation 
grant during the period of this research. 
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Let A be the set of all multiplicative mappings of the semigroup @, 
into the unit disc of the complex plane. There is a one-one correspondence 
between the elements £ in A and the homomorphisms h of the Banach algebra 


A, onto the complex numbers, defined by h(f) —{ f(x)€(x)dz. Through 


this correspondence we give to A the standard topology of the space of 
complex homomorphisms (regular maximal ideals) of A,. This topology is 
identical with the topology of pointwise convergence of elements of A as 
functions on G,, and is compact Hausdorff. 

Each character of the group G defines a multiplicative functional on G,, 
and distinct characters of G define distinct functionals since G,U G,'=@. 
This embedding of characters in A is a homeomorphism of the character 
group I with a closed subset of A. 

The canonical Gelfand representation of the Banach algebra A, makes 
correspond to each f in A, a continuous function f? on A defined by 


= f(x){(x)dz. The mapping of f into f? is an isomorphism of 4A, 


with an algebra A,’ of continuous functions on A. 

In the classical situation, when G is the additive group of integers and 
G, is the semigroup of non-negative integers, the space A is the unit disc of 
the complex plane and [ is the unit circle. The representing functions f’ 
are those functions continuous on A, analytic in the interior, with an 
absolutely summable sequence of Taylor coefficients. 

Each ¢ in A has a “polar decomposition” =a, where « is in I and 
p is a non-negative functional in A. The functional p is unique; however, 
a is not generally unique (though it is if has no zeroes on G,). 

The character group I is the Silov boundary of the space A of maximal 
ideals of A,. That is, T is the unique minimal closed subset of A on which 
all the representing functions f? assume their maximum moduli. Thus, in 
accordance with a general principle of Arens and Singer [1], there corre- 
sponds to each point ¢ in A a regular Baire measure m; on the boundary I, 
such that for any f in Au, 


(2.41) = J 


The measure m, generalize (via 2.41) the familiar Poisson integral formula 
of the classical situation. 

A complex-valued function g on A is called analytic on A if g can be 
uniformly approximated on A by functions f? with f in A,. A function 3s 
called analytic in the interior of A, i.e., A—T, if it can be uniformly approx- 
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mated on compact subsets of A—T by functions f7, f in A;. Thus, each f? 
is analytic; and, in particular, each element x of the semigroup G, defines 


an analytic function x7 on A by 
(2.51) 2?() 


We shall at times wish to think of x7 restricted to I, that is, consider the 
character of I which z defines. To avoid confusion, we shall therefore call 
x, the character of T which an z in G defines, so that 


(2.52) Xe(a) = a(x) <a, a). 


8. Subalgebras. If C is a (commutative) Banach algebra and A is a 
subalgebra of C, we call A a maximal subalgebra of C if ASC and if, for 
any subalgebra B of C for which A CB CC, either A=B or B=C. 

If A is any subalgebra of a Banach algebra B (with unit), there is a 
natural continuous mapping of the space dz, of complex homomorphisms of 
B, into the space 34. This mapping is defined by simply restricting a homa, 
morphism of B to the subalgebra A. The mapping is in general not one-one. 
We point out that if h is a homomorphism of B and ¢ is an element of A, 
we may speak of the vaule of the representing function ¢7 at the point h 
as ¢7(h), without any confusion. For, the value of ¢7 at h is the same 
whether @ is viewed as an element of A or an element of B. 

We are interested here in subalgebras of the Banach algebra C(T) of 
all continuous complex-valued functions on a compact Hausdorff space I. 
The norm is the uniform norm. If A is a subalgebra of C(I), there is a con- 
tinuous mapping of T into the space d4. This mapping sends a point 2 
in T into the homomorphism hg defined by ha(f) —f(«), f€ A. The image 
of f under this mapping is a closed subset of 34 which obviously includes Q, 
the Silov boundary of da. 

If hy is a complex homomorphism of A, then [1; 7.1], there is a 


regular Baire measure vp on Q such that ho(f) f7(w) (dw). Now vo 
2 


induces, via the mapping of T into 34, a measure po. on I such that 


(3.11) ho(f) f(2)no(da), fe A. 
r 
We have used the fact that f7(ha) =f(«). 


THEorEM. Let A be a subalgebra of C(T) such that the closed 
linear space spanned by the functions in A and their complex conjugates is 
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all of C(T). Let B be a subalgebra of C(T) containing A. If a compler 
homomorphism hy of A ts given by the measure po on T (3.11), and if h, 
extends to a homomorphism of B, then ho extends uniquely to the element h 
of Sx» defined by 


(3.21) h(f) = J, f(a) mo(da), feB. 


Consequently, dz is homeomorphic to the closed subset of 34 of those homo- 
morphisms hy (3.11) for which h (3.21) is a multiplicative functional on B. 


Proof. If ho extends to a multiplicative functional h on B, then h is 


of the form h(f) —{ f(a)u(da), f€ B for some measure p on TL. Since 
r 


the functions in A, together with their conjugates, span C(I), a positive 
functional on C(T) is completely determined by its effect on the functions 
in A. Since p, as a functional on C(T), agrees with po on A, we must have 
p. =o, 1.e., h must be of the form (3.21). 

Thus, the natural continuous mapping of 3p into 34 is one-one, and 
because 3» is compact Hausdorff, the mapping is a homeomorphism of 3, 
with its image in da. 


4. The maximality theorem. Returning to the setting of Section 2, 
let Y& be the Banach algebra of continuous functions on the boundary I 
which can be extended analytically to the interior of A. That is, & is the 
completion under the uniform norm of the algebra of functions obtained by 
restricting functions in A,” to the character group I. 


4.1 TreorEM. For the continuous function f on T to belong to XM, 
it is necessary and sufficient that 


4,11 <a, a>g(a)da—=0 
for each x in G which is not in G,. 


Proof. The necessity is evident from the fact that the property is 
possessed by functions in A,?. Suppose f has the stated property. For each 
« > 0 there is a continuous function ¢ on T such that || f—f*¢|.~<e«. By 
the Plancherel theorem, the Fourier transform of f*¢ is a function F in 
[,(G@), and the Fourier transform of F is f*¢. But since the Fourier 
transform of f vanishes off G,, we see that F is in L,(G,) =A,. Thus f 
can be uniformly approximated on T by functions F? with F in A,. Conse- 
quently, f is in %. 
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We now ask when % is a maximal subalgebra of C(I). Clearly, it is 
necessary that G, be a maximal semigroup in G, for any larger (proper) 
semigroup would immediately yield an algebra properly between & and C(T), 
e.g., the functions in C(T) “analytic” with respect to this larger semigroup. 
However, the maximality of G, is not sufficient for the maximality of YW, as 
we shall soon show. 

First, let us make a few observations under the assumptions (1.21). Let 


(4.21) G,—G,U G,, 


where G, is the subgroup of G@ consisting of the elements of G, having their 
inverses in G,. We distinguish the functional pp in A defined by 


(4. 22 po(@)=—=1, rE Go, pom=0, G,. 


If we consider the quotient group 


(4. 23) = G/G), 
it is easy to see that 
(4.24) 


is a sub-semigroup of this group. The character group of § is (of course) 
isomorphic and homeomorphic to the closed subgroup A of T which consists 
of the characters of G which are identically 1 on Gp. 

We shall now assemble some useful facts concerning 9, &,, po, ete. 


4.3 Lemma. Under the conditions (1.21), 
i) the semigroup &, defines an archimedean-linear order on the group & 
ii) if x is in G, (4.21), the analytic function 7 (2.51) has zeros on 
A exactly at the points £=poa, « in T 
ili) the measure p) on T associated with po by (2.41) ts the Haar 
measure of the subgroup A, i.e., po(#)=p(LONA) for a Borel 
set Ff in T, where p is the Haar measure of the compact group A. 


Proof. i) From the definition of G, we see that the semigroup 9, 
has only the identity element of & in common with §,-*. Consequently, 
G is totally (linearly) ordered by the semigroup §,. Since G, is a maximal 
semigroup in G, &, is a maximal semigroup in 9. Let é and yn be elements 
of &,, both different from the identity of 8. Then there must be a positive 
integer n such that é" >», i.e., such that é"771 is in §,. For, if this is not 
the case, the set of elements €"6, 6 in §,, is a semigroup properly larger 
than &, (since é1? has been adjoined) and is not all of 9, since €"6 > 77 
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for every 6 in &,. Hence, %, defines an archimedean-linear order on §, with 
%. the set of elements not less than the identity. ii) If x is in G,, then 
(po%) =po(x)a(x) =0-a(x) =0. Conversely, suppose that 27(pa) =0. 
Since G, is a group, p must be identically 1 on Go. Hence, p defines a 
multiplicative mapping p, of 9, into the unit interval. If y is the coset of z 
(modulo G,), then pi(y) =p(xz) =0. If é is any element of 9, other than 
the identity, there is a positive integer n such that "77 is in 9,. Then 


p:(&)" (E") = pi(y) pi = 0. 


Thus p; is the functional which is 1 at the identity of § and is 0 at all 
other elements of 9,. Consequently, » must be 1 on G, and 0 on the 
remainder of G,, i.e., p=po. iii) The measure po has the Fourier-Stieltjes 


transform 


&po(da) =1 if Go, and =0 if re G—G. 
JT 
On the other hand, if » is Haar measure on A, 
=1 if and =0 if 
JA 


Since a measure on [ is completely determined by its Fourier-Stieltjes 
coefficients, we must have p.(/) —yp(HMA) for each Borel set LH. 

We now define our candidate for a maximal subalgebra of C(I) con- 
taining M. Let 9%, be the subalgebra of C(T) of those functions f for which 


In other words, Mf, is the collection of continuous functions on I whose 
restrictions to A have Fourier transforms that vanish outside the semi- 
group 9, (4.24). When %, is described in this way, one can see easily 


that %, is an algebra, as we have asserted. 
4.5 Lemma. & ts a subalgebra of Ao. 


Proof. Suppose f is in Mf. Then for any z in G—G,, 
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The first condition of (1.21) tells us that 2! is in G,. Then, by (2.41) the 
right integral of (4.51) is 


Thus f belongs to Mo. 

4.6 TurorEM. The space dy, of complex homomorphisms of %, ts 
the set of points £ in A for which either 1) £(x) =1 for all x mm Gy or 
2) mT. 

Proof. Since % C Mo, we know from (3.2) that dy, is homeomorphic 
to the closed subset of A containing the points ¢ for which (see (2.41)) 


(4.61) f(a)me(da) 


defines a multiplicative functional h on %>. Let Cy denote the algebra of 
continuous functions on IT which vanish on A. Its space of maximal ideals 
is Furthermore, Cp C Suppose (4.61) is multiplicative on 
Y,, and let h, denote the restriction of h to C. 

If hy==0, then the carrier of the measure m; lies in A. If 2€ G, and 


a€ A, then <z,a%> —1, so that 


<0, apm,(da) = 2" = £(2). 
Thus 1) holds. 


If hyo 540, then there exists a point y in T—A such that for every f 
in C, 
= h(f) =ho(f) =F). 
Let N be any open set containing y such that NMA is empty. Let gw be 
a non-negative continuous function on I which is identically one on T—N 
and vanishes at y. Then 1—gy belongs to C, and 


(1— gy (a) )m,(d«) =1—gy(y) = 1. 


Since —1, we have gv(«)m,(d«z) Therefore the measure 
e r 


m; is concentrated at the point y. Thus £=y and 2) holds. 
If 2) holds, h (4.61) is obviously multiplicative on %. If 1) holds, 
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¢ defines a multiplicative functional on 9, (4.24) and hence a homomor- 


phism of %)/Co, thus a homomorphism of %. 
Our maximality theorem is as follows. 


TueoreM. The algebra %, is a maximal subalgebra of C(T) 
containing In order that be maximal, t.e. that it is necessary 
and sufficient that G be archimedean-linearly ordered, with G, the semi- 
group of elements not less than the identity. 


Proof. To see that %, is maximal. we assume that 8 is a subalgebra of 
C(T) which contains 2%. We know from (4.6) that po (4.22) defines a 
homomorphism of %. (i) If the po homomorphism extends to %B, it does 


so in the form 


(4.71) bit) = 


Let f be in 8. Then for any z in G—G.,, 


J (a)no(da) — = pole) F(a) 
hy ig 


But z* is an element of G, not in Go, so that p.(a') =0. Consequently, 
for z in G—G,, 


(a) moda) =0. 


Thus, f is in Mo. Therefore @ =. (ii) If the po homomorphism (4. 71) 
does not extend to 8, we shall show that @=C(TL). Let x be an element 
of G,=G,—G,. From part (ii) of (4.3) we know that the only zeros 
of «7 on A are at the points =p a, a in ©. On the other hand, (4.6) 
tells us that the only such point in dy, is po. Consequently, viewing X; 
(2.52) as an element of %, we see that its representing function has no 
zeros On Sy (po having been removed). Therefore x,?1—x,. is in 8%. 
Thus % contains all characters of T and must be all of C(T). 

The condition that %—, is evidently that the subgroup A be all 
of I; for, if this is not the case, 9 must be properly included in 9%, because 
%, contains all functions in C(T) which vanish on A. But, the condition 
that A=T is simply the condition that G, reduces to the identity, i.e., that 
G is isomorphic to the archimedean-linearly ordered group & (see 4.3. 
part (i)). 

An interesting example of the situation which this theorem describes 
is obtained by letting G@ be the additive group of the Gaussian integers, that 
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is, the direct sum of the group of integers with itself. The most natural 
semigroup to consider is the pairs of integers (m,n) for which m=0, n=O. 
However, this semigroup does not satisfy G,UG,1—G. This can be 
remedied by adding to the set the pairs (m,n) with m<0andn>0. Now 
we have a semigroup satisfying the first condition of (1.21). However, 
this is not a maximal semigroup, so we extend it to the set G, of pairs (m,n) 
for which n=O, m arbitrary. Then G, is a maximal semigroup. The 
character group T is then the torus; the subgroup G, of G is the set of pairs 
(m,0); the subgroup A of T is a unit circle on the torus, in fact, T= A X A. 
The algebra % consists of the continuous functions f on the torus such 
that, for every integer m, the function gm on the unit circle defined by 


27 
gm (0) = 4 f (wv, dy has a Fourier transform vanishing on the negative 
0 


integers. The maximal subalgebra 9, is the collection of continuous func- 
tions f for which the function g(6) —f(0,@) is an “analytic” function on 


the unit circle. 


5. The classical case. It would seem worthwhile at this point to see 
how these methods apply to the classical situation, in order that the simplicity 
of the argument in that case should not be lost in the complexities of the 
more general situation. The argument which we present applies with vir- 
tually no change to all cases where G is archimedean-linearly ordered (sub- 
group of the additive group of real numbers) and G, is the semigroup of 


non-negative elements. 


Proof of Theorem 1.1. Suppose that 8 is a subalgebra of C which 
contains The origin, z= 0, defines a homomorphism h of by 


(5.11) h(f) = 2 J. 


(i) Suppose that the homomorphism (5.11) extends to 8. This homo- 
morphism is represented by a measure » on |z|=1, and since any measure 
on the unit circle is completely determined by the Fourier-Stieltjes coeffi- 


cients (d0), n=0,1,2,- - -, the measure » must be (normalized) 


Lebesgue measure. Consequently, for any f in 8 and any positive integer n, 


29 2 
0 


Qn. 


Thus, the Fourier transform of f vanishes on the negative integers, i.e., f 
belongs to M. (ii) If the homomorphism (5.11) does not extend to %, 
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the functions x,(@) =e'"’, n=1,2,- - - belong to no maximal ideal of &, 
as the analytic functions 2" vanish only at 20. Consequently, each x,, is 
invertible in 8. Therefore, 8 contains all characters Xn, nm =0, +1, + 2,- 

so that B=—C. 


6. Concluding remarks. ‘The method of this paper is a special case 
of a general procedure for finding maximal subalgebras Mf, of C(X) which 
separate the points of Y. If %& is a “separating” subalgebra of C(X), then 
its space of maximal ideals dy contains 1. Since the norm of a function 
in % is its sup over XY, XY contains the Silov boundary T of %&. Let A bea 
closed subset of X and let 2%, denote the closure of the restriction of functions 
in YM to the set A, so that %, is a subalgebra of C(A). Let %, be the sub- 
algebra of C(X) consisting of all continuous functions on X whose restriction 
to A lies in Ma. UM and if then C(X). Thus 
cannot be a maximal subalgebra if M,1C(A) and MAW. This is the 
situation in the non-archimedean ordered case of Section 4, where we go 
on to prove that %) is maximal because %, is maximal in ((A). Thus the 
maximal subalgebras 2% of C(X) are of two kinds. Of the first type are 
those for which there exists a closed subset A such that %, is maximal in 
C(A) and % =, [though it is not clear that all such algebras are maximal]; 
of the second type are those for which no such subset exists. For the first 
type, the problem “reduces” to finding the maximal subalgebras of C(A). 

Note further that in order for % to be maximal in C(X), the Silov 
boundary T'=X. For the map: f—f |r is norm preserving and therefore 
gives an isomorphism of with Mr. If (TL), then T= dy, = dy DX, 
so that If Mrs54C((T), then (by maximality of so that 
every function in %, has a unique extension to Y. In particular, the zero 
function on has a unique extension to X, i.e., P= YX. 

So in seeking maximal subalgebras we can assume the Silov boundary 
is X. Suppose 3o54X. Consider the class @ of subalgebras of C(X) with 
the same space of maximal ideals dy. Let %, be an increasing family 
(under inclusion) of algebras in @. Let 8 be the closure of the algebra |} %.. 


a 


One can easily check that BE @. Consequently, Zorn’s lemma applies and 
we conclude that every 9¢€ @ is contained in a maximal BE @. Since 
A~AX, BAC(X). Therefore, in order for to be maximal in 
C(X), then 9 must be maximal in @. 

Suppose, then, that 9 is maximal in @ and ZB CC(X). Then 
333 and by Theorem 3.2 (under the conditions of this theorem) 
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PF The problem now is to show that there are sutliciently many 
functions {f,} in % whose zeros lie entirely in dy— dq (fat€ B), such 
that %, {fa} generate all of C(X), i.e, @—C(X). The proof of the main 
theorem is the verification that 2[ is maximal in @ and enough such functions 


f, exist. 
It was pointed out to us by Wermer and de Leeuw that the sup norm 


is not essential to these arguments. 
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ON THE TOTAL CURVATURE OF IMMERSED MANIFOLDS.* 


By SHIING-SHEN CHERN* and K. LasHor. 


Introduction. In the classical theory of surfaces in the ordinary Euclidean 
space £ an important role is played by the normal mapping of Gauss: Let 
M be an oriented surface which has at every point x a well-defined unit 
normal vector v(z). Then the normal mapping v:3/—S, is the mapping 
of M into the unit sphere S, about the origin of H, which sends x to v(2). 

For differentiably immersed submanifolds in an Euclidean space of higher 
dimension the following is a generalization of the Gauss mapping: We con- 
sider a C*-manifold of dimension n, and a C*-mapping «: 
into the Euclidean spase of dimension N (N21). M®, or rather 
M*" and the mapping z, is called an immersed submanifold, if the induced 
mapping of the tangent space is univalent everywhere, or, what is the same, 
if the Jacobian matrix of x is everywhere of rank n. The submanifold M* 
is said to be imbedded, if x is one-one; that is, if —2(q), 
implies that pq. Let B, be the bundle of unit normal vectors of x(1/"), 
so that a point of B, is a pair (p,v(p)), where v(p) is a unit normal vector 
to «(M") at a(p). Then B, is a bundle of (N—1) dimensional spheres 
over M" and is a (”-manifold of dimension n+ N—1. The mapping 
v:By—> of B, into the unit sphere S,"*¥-? of defined by 
v(p,v(p)) =v(p) is the mapping with which we will be concerned in this 
paper. 

Let dV be the volume element of W/". There is a differential form doy. 
of degree N—1 on B, such that its restriction to a fiber is the volume 
element of the sphere of unit normal vectors at a point pe M"; then 
doy, /\ dV is the volume element of B, (for detail see Section 2). Let 
d3Sn.x-1 be the volume element of The function G(p,v(p)) = 
defined by 


(1) = G(p.v)doy_, A dV, 


where 7* is the dual mapping on differential forms induced by 7, is a fune- 


tion in B,. It generalizes the Gauss-Kronecker curvature and we will call 


* Received January 4, 1957. 
1 Work done when the first-named author is under partial support from a contract 
with the National Science Foundation. 


306 


Mil 
The 
amc 
spa 


pro 


it 
if 
(; 
ov 
at 
if 
wl 
thi 
(3 
(4 
the 
(5, 
the 
iml 
in 
|| 


THE TOTAL CURVATURE OF IMMERSED MANIFOLDS. 307 


it the Lipschitz-Killing curvature at v(p). G(p,v) has a geometrical inter- 
pretation which we will discuss below. It is zero at a point (p,v(p)) € B,, 
if and only if * has a critical value at this point. We call the integral 


K*(p) | G(p,v)| 


over the sphere of unit normal vectors at x(p) the total curvature of M” 


at p, and define as the total curvature of M” itself the integral f K*(p)av, 
M* 


if it converges. 

The main results of this paper are concerned with the conclusions on Mf" 
when its total curvature is “small.” They can be stated as the following 
theorems : 


THEoreM 1. Lel M" be a compact oriented C*-manifold immersed tn 
tolal curvature satisfies the inequality: 
(3) K*(p)dV = 
M*" 


TuroreM 2. Under the hypothesis of Theorem 1, if 


(4) K*(p)dV < 


M® 


then M" is homeomorphic to a sphere of n-dimenstons. 


Tnrorem 3. Under the same hypothesis, if 


K*(p)dV = 


JM 
then belongs to a linear subvariety of dimension n+-1, and 
imbedded as a convex hypersurface in E"*!. The converse of this ts also true. 


These theorems generalize known results of Fenchel, Fary [2], and 
Milnor [3] for curves and sharpen some results of Milnor and one of us [1]. 
Theorem 3 can be interpreted as a characterization of convex hypersurfaces 
among all immersed submanifolds of a given dimension in an Euclidean 
space of arbitrary dimension. A large part of our paper is devoted to a 
proof of this theorem. 


1, Moving frames. Suppose be oriented. By a frame 
in E™*N we mean a point « and an ordered set of mutually perpendicular 


*Cnyw-1 is the area of the unit hypersphere in an Euclidean space of dimension 


n+ N, 


| 
| 
(5) | 
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unit vectors é€;,° * *,@n4v, such that their orientation is coherent with that 
of +’, Unless otherwise stated, we agree on the following ranges of the 
indices: 


(6) lsijksn, 15 4,8,0CSn+N. 


Then we have 


(7) €4€p = Sap, 


where the left-hand side is the scalar product of vectors. Let F'(n,N) be the 
space of all frames in E"*Y, so that dim F(n, NV) = (n+ N) (n+ N +1)/2. 
In F(n, N) we introduce the linear differential forms w’4, w’4z2 by the equations 


(8) de, = w' daz = 
B A 


where 


(9) wap +o pa = 0. 


Their exterior derivatives satisfy the equation of structure: 


(10) = So's o' pa, dw’ ap = 
B C 


As explained in the Introduction, we mean by an immersed submanifold 
in an abstract C*®-manifold and a C®-mapping M"— such 
that the induced mapping 7, on the tangent space is everywhere univalent. 
Analytically, the mapping can be defined by a vector-valued function 2(p), 
p€M". Our assumption implies that the differential dx(p) of xr(p), which 
is a linear differential form in 1/", with value in H'"*’, has as values a linear 
combination of n vectors, ¢,.- - -,¢,, and not less. Since 2, is univalent, 
we can identify the tangent space of M” at p with the vector space spanned 
by t,,: - *,¢,. A linear combination of the latter is called a tangent vector 
and a vector perpendicular to them is called a normal vector. The immer- 
sion of M” in H+’ gives rise to the following fiber bundles over M": 

1) The tangent bundle B,, whose bundle space is the subset otf 
M" x EN, consisting of all points (p,v), such that p€ M and v is a unit 
tangent vector at x(p). 

2) The normal bundle B,, whose bundle space is the subset of 
M" x E+‘, consisting of all points (p,v), such that pé€ M and v is a unit 
normal vector at z(p). 

3) The bundle B, whose bundle space is the subset of WM" & F(n,.V). 
consisting of (p,7(p)e.- € M™ X F(n, N) such that ¢,,- 
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are tangent vectors and @ny1,° **,@nn are normal vectors at z(p). The 
projection B— M” we denote by y. 


The last bundle B is the space in which most of our computations take 


place. We define the mappings 


(11) B— B,, B,, 


We also remark that the Whitney sum B,; @ B, over M™ is equivalent to the 
product bundle M". 

Consider the mappings 
B— M" xX F(n, — F(n,X), 

where i is inclusion and A is the projection into the second factor. Put 
(14) = (At) WOAB = (At) *w’ 4p, 
Then we have. from (9) and (10), 


(15) + wpa = 0, 


(16) dos = Diop / opa, ocr. 
B C 


From our definition of B it follows that o,—0O and that o; are linearly 


independent. Hence the first equation of (16) gives 
> A wir = 9. 
i 

From this it follows that 


(17) 


2. The total curvature. An essential idea of the method of moving 
frames is to consider the bundle space B, and to construct differential forms 

*The bundle 2B can also be defined as follows: Let Qn.y be the group of all 
orientation-preserving motions in H”"**, and Rk, X Ry the subgroup of Q,,, consisting of 
all motions which leave fixed the origin 0 of E"** and a given oriented linear space of 
dimension » through 0. Then Qi,y—> Quix/R, X Ry is a bundle whose structure group 
is RP, X Ry and whose base space is the space of all elements consisting of a point and 
an oriented linear space of dimension n» through it. The bundle B is induced by the 
Mapping which sends p € M to the point z(p) and the oriented tangent space at x(p). 
In particular, the structural group of B is R,X Ry. Similarly, we can define the 
bundles Br and B,. 


by 
on A A rji 
j 
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in B, which are inverse images of differential forms in M" and B,, under 
the mappings y and y, respectively. In particular, the volume element of 


AM” can be written 

(18) dV =o, Aon, 

and the volume element of B, is 

(19) dV doy-y | /\ On+N,n+1 /\ n+ 


doy_, being equal to the product of the last N —1 factors. On the other 


hand, we have 

Using (17), we get 

v*dSnin-1 

(— 1)" det (Ansy,ij) A Wn A\ On+N,n+1 A 

It follows from the definition (1) of the Lipschitz-Killing curvature G@(p, v) 
that 
(20) v) = (—1)" det (Ansy,i;). 


To see how G(p,v) depends on v, we take a local cross-section of M" 
in B, described by the functions @4(q) for q in a neighborhood of p. Then 
for any frame e4(q) in B at x(q), we have e4 = > capén(q) and 


A > Card. rijOi@j, 
i,j 


where 4,i; is the function A,j; restricted to the local cross-section. In_par- 
ticular, if for v= én,y we write v,é, we have at p: 
(21) G(p,v) = (—1)" det(Sv,4,i;(p) ). 

r 
Further we get for the scalar product of vy and the vector-valued second 
differential d*z on B 


~ ~ a ~- 
v = > 1,640; = > vA rijOjO; 
ir rij 


and hence as forms on B, we have: 


(23) — dydx VPA 
Therefore we may interpret G(p,v) as generalizing the determinant of the 


second fundamental form of a surface. 
If N 1, i.e., if M" is an immersed oriented hypersurface in E**', its 


a 
r 
| 
the 
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orientation (and that of #"**) defines a unit normal vector vo(p) at pe AM". 

Then G(p,vo(p)) = G@(p) is called the Gauss-Kronecker curvature of M at p. 

Any other unit normal vector at p is of the form v(p) = + v(p), and 
G(p,v(p)) = G(p, = vo(p)) = (+1)"G(p). 

It follows that, for n even, G(p,v(p)) is independent of the orientation of 

the hypersurface 1/” and of the space H"*?. Naturally. G(p) reduces for 

n= 2 to the classical Gaussian curvature. 

In the general case G(p,v) admits the following geometrical interpre- 
tation in terms of the Gauss-Kronecker curvature: Let L(v) be the linear 
space of dimension n-+1 spanned by the tangent space to 2(M") at z(p) 
and the normal vector r(p). Then G(p,v) is equal to the Gauss-Kronecker 
curvature at p of the orthogonal projection of a(M") into L(v). 

Since the theorem is local, we take a local cross-section @4(q) of J” 
in B in a neighborhood of p, such that v(p) =é@nw(p). We write 


= = 2p. 


If x’(q) denotes the position vector of the projection of x(q) in L(y), 


a’(q) is defined by the equations 
—2(q) = Ener o + (Enea) 05 
a’ (q) —2% =0, mod (é1:)0,° (Ensw)o- 
From this it follows that 
= (27(q) —2(q)) = (To —2(9)) LSASN—1. 


If p is fixed and qg varies on the manifold M", we have 


dv’ = dx dz (Ensr) 0) (Ener) 05 


d?x’ = d?x — (Ensx)o) (Ensr) 05 
so that = This proves our statement. 


3. Proof of Theorem 1. For this proof we will need the following: 


THEOREM (Sard)* Let V and W be two C'-manifolds of the same 
dimension and f a mapping of cass C* of V into W. The image f(E) of 
the set E of critical points of f ts a set of measure zero in W. 


‘Cf. [6], p. 10. 


= 
e 
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We consider the map +: B,— Every point of is covered 
at least twice by 7. In fact, for a fixed unit vector vo, the scalar product 
vy «(p) as a continuous function on M/” has at least one maximum and 
one minimum, at which + »dx(p) =0. If, on the other hand, the maximum 
and minimum points are the same then M” is contained in a hyperplane 
perpendicular to vo, and every point of MJ” has vo as a normal vector. 

The set of critical points of > is the set # of points in B, such that 
G(p,v) =0. Hence 


K*(p)dV — | G(p,v)! 
M* J By 
is the volume of the image in S,"**~* of the set of non-critical points of B,. 
By Sard’s theorem and by the above remark that every point of So"*¥~ is 
covered at least twice by 7, we have immediately 


K*(p)dV = 2enx-1. 


4. Proof of Theorem 2. Suppose that f, K*(p)dV < 3ény-1 3 We wish 


to show that A/" is homeomorphic to a sphere of n dimensions. Our hypothesis 
implies that there exists a set of positive measure on S,"*4-! such that if » 
is a unit vector in this set, vo-2(p) has just two critical points. For if not: 
every point of S,"*‘-1, except for a set of measure zero, would be covered 
at least three times by v and hence as in Section 3 we would have 


( K*(p)dV = 
e” 


Since, by Sard’s theorem, the image of the set of critical points under 
7 is of measure zero, there is a unit vector vo such that v)-x(p) has exactly 
two critical points on VW" and such that vo is the image of non-critical points 
of B, under >. The latter means that G(p,vo) #0 at each critical point 
p€ M of the function »,-7(p), which is equivalent to saying that v,- d*x is 
a quadratic differential form of determinant not zero. In other words, the 
function vo:z(p) on M” has exactly two non-degenerate critical points. 
Now a theorem of Reeb [5] (see also [4], p. 401) asserts that if a compact 
differentiable manifold M has a real-valued differentiable function on it 
with only two critical points which are non-degenerate, then M is homeo- 
morphic to a sphere. It follows from this that 1M" is homeomorphic to 2 
sphere, and our theorem is proved. 


312 
li 
W 
de 
| 
0 
Il 

W 
Si 
Il 
ad 
in 
of 
lie 
T' 
th 
di 
in 
ty 
2c 


THE TOTAL CURVATURE OF IMMERSED MANIFOLDS. 


5. Proof of Theorem 3. We begin with two lemmas: 


Lemma 1. Under the hypothesis of Theorem 3, M" is immersed in a 


linear subvariety of dimension n-+-1 of 


We may assume V = 2, since otherwise there is nothing to prove. We 
will first show that JM is contained in a hyperplane of £"*’. In doing this, 
we show that the hypothesis of Theorem 3 and the assumption that M” 
does not lie in a hyperplane of H”** lead to a contradiction. 

Let (p.vo(p)) € By be such that G(p,1v) AO; such a point exists by 
Theorem 1. Choose a local cross-section of MW” in B; i.e., the vectors é4(q), 
where gq belongs to a neighborhood of p, and that ¢,..(p) vo. Then any 
other unit normal vector at p may be written v=) v,é,(p) and by equation 


(21), Section 3, we have G(p,v) = (—-1)"det (SvwArnj(p)). Holding p 


fixed and restricting ourselves to normal vectors v(@) such that 
== cos 6, Vn4N-1 == sin 6, Vr 0, n +- N 4, N, 


we have G(p,v) =f(@), where f(@) is a polynomial in cos@ and sin@ and 
is hence an analytic function of 6. f(6@) is not identically zero, since 
= G(p, vo) #9. 

Let Hy be the tangent hyperplane at x(p) perpendicular to v==y(@). 
Since «(/") does not belong to a hyperplane, there exist tangent hyperplanes 
Hy, Ho, 0: <0, and points qi,g2 € M, such that r(q,) € € He 
a(qi) ¢H,,, (qz) ¢ Ho, Since f(@) does not vanish identically, there is 
a tangent hyperplane such that f(6;) and that 2(q,) and 
lie on different sides of the tangent hyperplane H,,. The condition f(6;) 40 
implies that the mapping 7 is one-one in a neighborhood W of (p,v(6;)) 
of B, We can choose W so small that for (q’,r)€ W, x(q.) and 2(q:) 
lie on different sides of the tangent hyperplane perpendicular to rv’ at x(q’). 
The function y’-« in JM” has at least three point at which »’-dx 0; namely, 
the maximum, the minimum, and the point q’. The last point q’ is distinct 
from the maximum and the minimum, since, by our construction, there are 
points of z(M”) on different sides of the tangent hyperplane at q’ perpen- 
dicular to v’. It follows that a neighborhood of S,"*\-! is covered by the 
image of 7 at least three times. As every point of S,"*‘-* is covered at least 
twice, we conclude that the total curvature of r(J/") is strictly greater than 
2Cnsn-1- But this is a contradiction. 

It follows from this contradiction that «(M") belongs to a hyperplane 
EN of BN, We wish to show that its total curvature in H"*N~ is equal 
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to 2Cn,v-2. We denote by v the unit vector perpendicular to H"*\~' and by 
S,"*\-2 the unit sphere in H#"*N-1, The sphere So"*¥-? can be imagined as 
the equator of S"*N-! with v as the north pole. Let B,’ be the bundle of 
unit normal vectors of «(J/") in E"*\-*. Then B,’ C B, and v(B,’) C SomN~, 
Denote by 7’ the restriction of > to B,’. It suffices to prove that, with the 
exception of a set of measure zero on S,"*N-?, the points of S,"*-* are 


covered by 7 exactly twice. 

Suppose the contrary be true. There is thus a set A of positive measure 
on S,"*\-?, whose points are covered by 7 more than twice. To any pé€ A 
there are distinct points p,,- -,p,€ M", k=3, for which z(p.),- 
have normal vectors parallel to ». All the unit vectors in the great circle 
spanned by and v are then normal to at +,2(px). It 
follows that all the points of S,"**-' belonging to great circles spanned by 
and the points of A are covered by 7 more than twice. Since A has positive 
measure on S,"*’-?, this set has positive measure on §y"*%-', which is a 
contradiction. 

Therefore belongs to and has, as a submanifold of 
a total curvature equal to 2¢,,.-.. By induction on N we see that r(J/") 
must belong to a linear subvariety #"*’ of dimension n+ 1 and has in £""' 


the total curvature 2c,. 


Lemma 2. Let x: M"— be an immersion of a compact oriented 
mantfold and let v: M"— 8S," be the normal map of Gauss. Let J(p) be the 
Jacobian matriz of v at p, and let Um={p€ M" | rank J (p) =n—m}. Then, 
if Um contains an open set V, its image under x is generated by m-dimen- 
sional planes. Every boundary point of Un, which is at the same time a 


limit point of an m-dimenstonal generating plane, belongs to Um. 


The fact that the image under x of V is generated by m-dimensional 
planes is a classical result; we include a proof for completeness. At any 
interior point p of U,, the assumption on the rank of J implies that we may 
choose coordinates on 3” in the neighborhood of p, say, #t,,- - -,t¢n, such 
that if vy is the unit normal vector at p, then @v/dt, = 0, and @v/dt, are linearly 
independent. Here, and for the remainder of this section, we make the 


following convention concerning indices: 
24,B,y=™m, m+1=a,b,cn, 
We have y-0xr/dt;=0. It follows that 
Ot, = 0, = 0, Ov/Ot,- dx/dt, =. 


Hence 02/@t, are vectors orthogonal to the n—m-4-1 linearly independent 
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vectors v, 0./dl,. The surfaces = = const. are therefore m-dimensional 
planes in Since dv/dt, the tangent hyperplane remains constant 
along an m-dimensional generating plane. 

Consider now the sub-bundle B’ of B consisting of all those frames 
*s@ns1 Such that e, are in the m-dimensional generating planes. Then, 


as in Section 1, we have 


j j 


where 


Oi,n+1 = A Ai Aj. 
j 


The above assumption on the bundle of frames B’ is equivalent to assuming 


i.e., that the matrix (Ajj) takes the form 


0 0 
(5 det(Aq,) = 


which is an (nm X n)-matrix whose elements are zero, except possibly those 
of the (n—m)X(n—~m) block in the lower right-hand corner. Our proof 
depends on studying the behavior of D along the m-dimensional generating 
plane. 

From (24) we have 


0 = Mak Ox, n+1 == z A WBin+1 +- Zz Waa A Wa,n+1+ 
k B a 


Our assumption implies 


OB n+1 0, 
b 


so that Agnwaa A or = 9, or S A [Loe =90. Since det(A,q,) 0, 
a,b a c 


we get waa /\ [[o.- =90. Hence we can put 
(25) aa = ~ 
Now we have J[ oan41—DJ[o,. Exterior differentiation of this equation 
gives ‘ 
But 


dwa.ns1 Wak A Wk,n+1 Wab A Wb,n+15 
k b 


dug Wk A One 2 Wp = Wb A ®ba- 
k a,b b 
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Hence /A ll. D( >, h II Wc), or 
ao 


(26) dD +- D( =9, mod 


To complete the proof let p¢€ M" be a boundary point of U», such that 
x(p) is a limit point of a generating m-dimensional plane L. We choose 
a neighborhood V of p, in which z is one-one, and we suppose that z*(L) C JV. 
Let €:(q),° @nsi(G), G€ V; be a local cross-section of V into B, such 
that, for -.@n(q) span L. Such a cross-section clearly 
exists. If 6;, 6; are the restrictions of w;, wij respectively to this cross-section, 


then ; are linearly independent and we will have 
aa — h aakk- 


The coefficients heavr(4) are equal to the functions hga»(q) introduced above, 
for g€éa1(L). Let y be a curve in 2*(L) abutting at p. We have, along y, 


dD + D( = 0. 
It follows by integration of this differential equation that 
D(q) = Dy exp(—f 


for gq€y—po, Where ),~0 is the value of D at a fixed point of y. Since 
D(q) is a continuous function and since /gqq is bounded, we conclude that 
D(p) ~0. This completes the proof of Lemma 2. 

We now complete the proof of Theorem 3 as follows: 

Let H be the space of hyperplanes of #"*? (with the obvious topology). 
A tangent hyperplane of z(./") is said to be of rank m, if it is tangent to 
a point of (Um) and at no point of 1<m. By the argu- 
ment used in the proof of Theorem 2, a tangent hyperplane of rank zero does 
not separate the set x(1/"). For otherwise there would be a neighborhood 
of S,", whose points are covered at least three times by v, which would be 
contrary to the assumption that J/" has the minimum total curvature 2¢;. 

We will show that in every neighborhood (in the space H) of a tangent 
hyperplane z of z(M") there is a tangent hyperplane of rank zero. In fact, 
let W be such a neighborhood. Suppose z(p), p€ Um, be a point of contact 
of x. Either there is a neighborhood of p in M which belongs completely 
to U,, or there are points of U;, 1 <_m, in every neighborhood of p. In both 
cases we can find a point p, such that the tangent hyperplane z, at x(),) 
belongs to W and such that p, has a neighborhood in 3” which belongs com- 
pletely to U;, lm. The image under r of this neighborhood of ), 3s 
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generated by J/-dimensional planes and the tangent hyperplane to «(J/") 
along the generating /-dimensional plane through z(p,) is m. If 2(pe), 
p.€ M", is a boundary point of this /-plane, p, belongs to U; by Lemma 2 
and is not an interior point of U;. Hence there exists in every neighborhood 
about p. an open set whose points are in U;, k <1, and which contains a 
point p; € U; such that the tangent hyperplane at z(p;) is in W. Continuing 
this process, we see that W contains a tangent hyperplane of rank zero of 
1(M*). 

This means that every neighborhood of z in H contains a tangent hyper- 
plane such that 2(J/”) lies on one side. It follows that the same is true 
for + itself. If y) is any unit vector in Hy"**, vo-x(p) has a maximum and 
a minimum on M”, which must be distinct, since 1" cannot be immersed 
in an m-dimensional hyperplane. Hence the intersection of all the half- 
spaces of H”*? bounded by a tangent hyperplane of 7(M") and containing 
points of z(M”) is a closed convex set with a non-empty interior and with 
t(M") on the boundary. 

Since the induced homomorphism 2, of tangent spaces is one-one, :r is 
a local homeomorphism of J/ into the boundary of the convex set. It follows 
that x(M*") is both open and closed on the boundary; thus z maps JM" onto 
the boundary. But the boundary of the convex set is homeomorphic to a 
sphere S” and by the above M” is a covering space of S" under the map z. 
Hence, if n= 2, x is a homeomorphism. The same is true for n—1, on 
account of the fact that the total curvature is 2c. 

Conversely, let +(M") be a convex hypersurface. It is then locally 
convex. By reversing the orientation of M” if necessary, we can suppose 
that G(p)=0. Then K*(p) —2G(p), because there are two unit normal 
vectors at every point. The degree of y is 


G(p)dV =1. 
M* 


Hence the total curvature of 2(M™") is 2e,. 


6. A further theorem. 


THEOREM 4. Let «:M"— E"" be an immersion of a closed orientable 
manifold and v:M"-—»S8," the normal map. Then the following are equt- 
valent : 

1. degv—=-+ 1 and the Gaussian curvature is of constant sign; 

2. The total curvature is 2¢n; 


3. M” ts imbedded as a convex hypersurface. 
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It suffices to prove the implications 1) > 2) > 38) 31). Since 2) 5 3) 
> 1) are contained in Theorem 3, we only have to prove that 1) implies 2). 

For this purpose it is sufficient to show that no set V of positive measure 
on S,” is covered more than once by J" under ». Suppose the contrary. By 
reversing the orientation of 1/” if necessary, we can suppose that deg y == + 1 
and that the Gaussian curvature is non-negative. By Sard’s theorem, there 
exists a point y€ V such that for any point in v*(y) the curvature is 
strictly positive. There can only be a finite number of points in v*(y). 
For otherwise »*(y) will have a limit point p at which y is not locally one- 
one, while, on the other hand, the Jacobian of v at p€ v*(y), being a non- 
zero multiple of the Gaussian curvature at p, is different from zero. By our 
assumption on V the number of points in v*(y) is 22. At each point of 
v1(y) the Jacobian of vy is strictly positive. It follows that degvy= 2, which 
contradicts our assumption. Hence the theorem is proved. 


Remark. We would like to conjecture that for n=2 the condition 
deg v1 in 1) can be omitted. In other words, it seems likely that a closed 
orientable hypersurface (of dimension = 2) of non-negative Gauss-Kronecker 
curvature is convex. If the curvature is strictly positive, this follows from 
Hadamard’s principle. On the other hand, it is well-known that this con- 


dition is essential for n 1; there are non-convex immersed curves in the 


plane with non-negative curvature. 
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SUR LES REVETEMENTS NON RAMIFIES DES VARIETES 
ALGEBRIQUES.* 


par Serce LanG et JEAN-PIERRE SERRE. 


Introduction. Soit V une variété algébrique normale deéfinie sur le 
corps € des nombres complexes. Munissons V de la topologie “usuelle,” 
déduite de celle de €. Tout revétement algébrique non ramifié de V peut 
étre considéré comme un revétement topologique, et correspond done 4 un 
sous-groupe d’indice fini du groupe fondamental z,(V) de V. Des propriétés 
connues du groupe fondamental résulte alors immédiatement: 


a) Si V et W sont deux variétés, tout revétement de V X W est quotient 
dun revétement de la forme V’X W’, ot V’ et W’ sont des revétements de 
V et de W. 


(C’est une conséquence de Végalité K W) =7,(V) X7(W)). 
b) Le nombre des revétements de V de degré donné est fini. 


(C’est une conséquence du fait que 7,(V) peut étre engendré par un 
nombre fini d’éléments). 

Dans ce qui suit, nous nous proposons de donner des démonstrations 
algébriques de a) et de b), valables en toute caractéristique (cf. th. 1 et 
th. 4) ; nous devons toutefois faire l’hypothése supplémentaire que V est une 
variété compléte. Des contre-exemples simples (dus essentiellement 4 la 
présence de “ramification supérieure”) montrent d’ailleurs que a) et b) 
ne sont pas vrais sans restriction en caractéristique p> 0. 

Comme application de a), nous démontrons que tout revétement non 
ramifié d’une variété abélienne est une isogénie (th. 2), généralisant ainsi 
un résultat bien connu pour les courbes elliptiques. 


1. Conventions et notations. Nous adopterons la définition des revéte- 
ments donnée dans [4] $1, a cela prés que nous ne nous occuperons que de 
revétements géométriques. Par définition, un revétement est donc une appli- 
ration rationnelle partout définie 

f: 


’ Received December 21, 1956. 
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vérifiant les conditions suivantes: 


a) U et V sont des variétés normales (absolument irréductivles) de 


méme dimension. 
B) Pour tout vé V, ensemble f-*(v) est fint. 
y) La variété U est compléte au-dessus de tout point de V. 


5) Si K et L désignent les corps des fonctions rationnelles sur V et 
sur U, l’extension L/K est séparable. 


Si U, V et f sont définis sur un corps &, on dira plus briévement que 
le revétement est défini sur &. 

Les propriétés ci-dessus entrainent que U est la normalisée de V dans 
Vextension L/K (pour tout ce qui concerne l’operation de normalisation, voir 
par exemple [6], Chap. IJ, $5); inversement, si l’on se donne une variété 
normale V ayant K pour corps de fonctions, et si l’on se donne une extension 
finie séparable LZ de K, la normalisée U de V dans L/K est un revétement 
de V. Ainsi, V étant donnée, il y a correspondance bijective entre revéte- 
ments de V et extensions finies s¢parables de K. Le degré de l’exiension 
L/K sera appelé le degré du revétement f: UV, et sera noté [U: JV]. 
De méme, un revétement sera dit galoisien, de groupe de Galois G, si l’exten- 
sion L/K correspondante est galoisienne et de groupe de Galois G; on a 
alors V—U/G, avec les notations de [7], no. 138. 

Soit f: UV un revétement de degré n, défini sur un corps algébrique- 
ment clos k. Si v est un point de V, l’ensemble f-?(v) a au plus n éléments; 
s'il en a exactement n, on dira que U est non ramifié en v. L’ensemble des 
points de ramification est un sous-ensemble k-fermé de V; s’il est vide, on 
dira que U est non ramifié. En fait, pour qu’une application rationnelle 
partout définie f: UV soit un revétement non ramifié, il suffit, d’aprés 
Krull ([2], voir aussi [4], p. 292), que V soit normale, que les conditions 
B) et y) soient remplies, et que pour tout point v€ LZ Vensemble f-*(v) ait 
exactement n points (n désignant comme préccdemment le degré de |’exten- 
sion L/K); la variété U est alors automatiquement normale, et l’extension 
L/K séparable. 

Revenons au cas d’un revétement quelconque f: UV, et soit V’ une 
sous-variété de V. Soit f-*(V’) Vimage réciproque de V’ dans U, et soient 
U les composantes irréductibles de f-*(V’). En appliquant les théoremes 
du type Cohen-Seidenberg, on voit tout de suite que les U;’ ont méme dimen- 
sion que V’; de plus, si l’on note [Ui’: V’] le degré de la projection U/ > V’, 


on a: 


s[U/: V’] S[U: V], ef. [2] ainsi que [4], loc. cit.. 
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Lorsque tous les degrés [U;’: V’] sont égaux @ 1, on dira que le revétement 
U se décompose complétement sur V’. 

En général, les U;’ ne sont pas des variétés normales, et les extensions 
de corps correspondant aux projections U;/—> V’ ne sont pas séparables. On 
a toutefois: 


LEMME 1. Supposons que le revétement f: UV soit non ramifié, et 
soit V’ une sous-variété normale de V. Alors les composantes Uj de f-*(V’) 
sont des variétés normales et disjointes. Chacune d’elles est un revétement 
non ramifié de V’, et Von a Végalité: 


3[U/: V’] =[U: VI]. 


Posons n=[U: V] et n—[Ui: V’]; daprés ce qui a été dit plus 
haut, on a en tout cas 3n;n. D’autre part, soit ve V’, et soit m; le 
norbre des points de U;’ se projetant en v; du fait que V’ est normale, on 
am;=n; Mais d’autre part, puisque f: U— V est non ramifié, il a exacte- 
ment n points de U qui se projettent en v. On a done 3m4;=7n, dot m—n; 
et D/’aprés le résultat de Krull déja cité, Pégalité m;—n; entraine 
que U;’ est un revétement non ramifié de V’, et en particulier que U;’ est 
une variété normale; enfin, si U;’ et Uj avait en commun un point wu, de 
projection v, l'ensemble des points de U se projetant en v aurait au plus 
xm,— 1 = n—1 éléments, ce qui est impossible; les variétés U;’ sont donc 
bien disjointes, ce qui achéve la démonstration. 

(Notons que, si f:Ws V est galoisien, il en est de méme de chacun des 
revétements U;’—> V’; leurs groupes de Galois sont des sous-groupes de ce]ui 


de U—les classiques ‘ 


‘groupes de décomposition ”’). 

Plus généralement, soit «: V’—V une application partout définie d’une 
variété V’ dans V; supposons encore que V’ soit normale. Alors V’  U 
forme de facon naturelle un revétement de V’ x V; si l’on plonge V’ dans 
V’X V au moyen du graphe de @, on peut encore définir f-1(V’) C V’ x U, 
et l’on se retrouve dans la situation envisagée ci-dessus; dans la suite, nous 
noterons «*(U) Vensemble algébrique f-1(V’) ; par définition, ¢c’est ensemble 
des couples (v’,uw)€V’XU tels que a(v’) =f(u). Lorsque U est non 
ramifié, le lemme 1 montre que les composantes irréductibles de a*(U) sont 
des revétements non ramifiés de V’ (les “pull-back” de [4], §4). 


2. Revétements d’un produit de variétés. Soient V et W deux vari- 
étés normales. Dans ce no., nous aurons 4 considérer des revétements du 
produit Vx W. Si f: V-V™ W est un tel revétement, et si w est un 


321 
| 
9 


322 SERGE LANG ET JEAN-PIERRE SERRE. 


point de W, nous noterons U,, l’image réciproque de V X {w} dans U; 
si l’on note %, l’injection de V dans V X W définie par la formule a,(v) 
= (v,w), ensemble algébrique n’est autre que Lorsque U est 
non ramifié, les composantes irréductibles de Uy» sont des revétements non 
ramifiés de V, d’aprés le lemme 1. . 


LEMME 2. Soit k un corps de définition d’un revétement f: U->V X W, 
et soit w un point générique de W sur k. Supposons que U soit compléte- 
ment décomposé sur VX {w}. Alors U est tsomorphe & un revétement 
VX W’ est un revétement de W. 


Soit v un point générique de V, indépendant de w, et soit we U tel 
que f(u) —(v,w); le point wu est alors un point générique de U sur k. 
On voit tout de suite que le lieu de w sur le corps k(w) n’est autre que U,,, 
qui est done irréductible sur k(w). Soit L la fermeture algébrique de k(w) 
dans k(w) ; par hypothése, k(u)/k(v,w) est séparable, et il en est évidemment 
de méme de k(v,w)/k(w); done k(u)/k(w) est séparable, et l’extension 
k(u)/L est réguliére. I] s’ensuit que le lieu de wu sur LZ est lune des com- 
posantes irréductibles de U,; puisque on a supposé U complétement décom- 
posé sur V X {w}, on a done k(u) =L(v). Si Von désigne alors par W’ 
la normalisée de W dans l’extension L/k(w), la variété VX W’ est la 
normalisée de V X W dans k(u)/k(v,w), done est isomorphe 4 U, cqfd. 


Remarque. Le lemme 2 ne s’étend pas aux “revétements inséparables” 
(c’est-a-dire ceux ot l’on supprime Vhypothése 8) du no. 1). Pour le voir, 
il suffit de poser k(w) —=k(2,y) et k(u) =k(v,2,y,0), avec 0? =a -+ 
k désignant un corps algébriquement clos de caractéristique p. 


LeMME 3. Soit f:U->VX W un revélement non ramifié, V étant un 
variété compléte. Supposons qu'il existe ae W tel que U se décompose 
complétement sur V X {a}. Alors U est isomorphe & un revétement V X W’, 
ou W’ est un revétement non ramifié de W. 


Supposons d’abord que V soit une variété projective. Soit k un corps 
de définition du revétement, et soit w un point générique de W par rapport 
& k. D’aprés le théoréme de dégénérescence de Zariski ([8]), le nombre 
de composantes connexes de U,, est au moins égal a celui de sa spécialisation 
Uz; mais, d’aprés le lemme 1, ce dernier nombre est égal 4 celui des com- 
posantes irréductibles de Uy, lequel est égal 4 [U:V] par hypothése. Il 
s’ensuit que le nombre de composantes connexes de Uy» est aussi égal 4 
[U: V]. ce qui signifie que U se décompose complétement sur V X {w}; 
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daprés le lemme 2, il s’ensuit que UV X W’, et on voit immédiatement 
que W’ est non ramifié. 

L’hypothése que V est projective n’a été appliquée que pour pouvoir 
utiliser le théoréme de dégénérescence de Zariski. Le cas général se raméne 
au cas projectif: d’aprés un résultat de Chow (cf. [1]), il existe une variété 
projective normale V, et une application birationnelle partout définie 


V. 


L’application définit une application y: Vix XW; posons U, 
=y*(U); en appliquant la premiére partie de la démonstration & U;, on 
voit que U, = W’. Le corps &(U,) des fonction rationnelles sur U, 
est done un composé &(V,)-&(W’) =k(V)-k(W’); il s’ensuit que &(U) 
=—k(V)-k(W’), do’ U=V XW, cafd. 


Remarque. Le lemme 8 est inexact lorsque l’on ne suppose plus que V 
est compléte: on le voit en prenant pour V et W des droites affines de points 
génériques v et w, et en définissant U par Véquation w—u—vw (si 
fait v-=0 ou w=0, Véquation se décompose, ce qui serait incompatible 
avec le lemme 3). 


THEOREME 1. Soit f: X W un revétement non ramifié, V étant 
une variété complete. Il existe alors deux revétements non ramifiés V’ de 
V et W’ de W tels que U soit un quotient du revétement produit V’ X W’. 


Nous pouvons évidemment supposer que le revétement U est galoisien ; 
soit G son groupe de Galois. Choisissons alors un point a€ W, et soit 
U,=f1(V X {a}); daprés le lemme 1, les composantes irréductibles de Uy 
sont des revétements non ramifiés de V; comme on a supposé U galoisien, 
il en sera de méme pour ces composantes (leurs groupes de Galois étant des 
sous-groupes de (@, les “groupes de décomposition”). Choisissons l’une de 
ces composantes, soit V’, et soit G’ C G son groupe de Galois. La projection 
définit une projection 


h: 


qui fait de V’x W un revétement de V XW de groupe de Galois G’. 
Posons 7 =h*(U), sous-ensemble algébrique de V’X W XU; comme pré- 
cédemment pour U/,,.les composantes irréductibles de U, sont des revétements 
non ramifiés de V’ & W, galoisiens et de groupes de Galois des sous-groupes 
de G. Soit b€ V’ et soit U’ la composante de U; qui contient le point 
(b,a,b) € U,;; comme UV’ est un revétement non ramifié de V’ < W, c’est 
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aussi un revétement non ramifié de V X W; de plus, puisque la projection 
de U’ sur V X W se factorise en U’ > U-> V X W, le revétement U est un 
quotient de U’, et il nous suffira done de prouver que U’ est de la forme 
V’X< W’. Mais U’ se décompose complétement sur V’ X {a}: en effet, U, 
contient la sous-variété de formée des points (v’,a,v’) ot v’ 
parcourt V’; comme cette sous-variété a le point (b,a,b) en commun avee 
U’, elle est contenue dans U’, et constitue une composante de U,’ se projetant 
sur V’ X {a} avec degré 1; du fait que U’ est galoisien, ceci suffit 4 assurer 
que U’ se décompose complétement sur V’ X {a}. En appliquant alors le 
lemme 3, on en déduit bien que U’ est isomorphe & un revétement de la 
forme V’ X W’, ce qui achéve la démonstration. 


CoROLLAIRE 1. Soit G un groupe abélien fini. Les notations élant 
celles de [7%], no. 14, on a (V X W, G) (V, G) X (W, G). 


C’est immédiat. 


CoROLLAIRE 2. Les hypothéses étant celles du théoréme 1, sovent a el 
b deux points de W. II existe alors un isomorphisme de l’ensemble algébrique 
U, sur Vensemble algébrique U, compatible avec les projections Uz V et 
V. 


(On a un énoncé analogue en permutant les rdles de V et de W). 

En effet, d’aprés le théoréme 1, le revétement U est quotient d’un 
revétement g: V’ W’>V XW; on peut supposer V’ et W’ galoisiens de 
groupes de Galois G, et (., respectivement; alors U est isomorphe 
(V’ W’)/H, ot H est un sous-groupe de G, G,. Posons: 


Us =97(V X {a}) et Us X {d}). 


Il est clair que U,’ et U,’ sont tous deux isomorphes a V’ & G., ces isomor- 
phismes commutant avec les opérations de G, K G.; comme U, est isomorphe 
i U,’/H, il est isomorphe 4 (V’ & G.)/H, et de méme pour U», ce que 
démontre le corollaire. 

Lorsque U est galoisien, de groupe de Galois G, on a G= (G, X G2) /H; 
de plus, on peut supposer (quitte 4 changer V’ et W’) que G,M H = {e} et 
G. H={e}. Les groupes G, et G, s’identifient ainsi 4 des sous-groupes 
de G, invariants, commutant entre eux, et engendrant G@. De plus, le 
raisonnement fait ci-dessus montre que, pour tout a€ W, l'ensemble algé- 
brique U, se décompose en composantes irréductibles qui sont isomorphes 
a V’, le groupe G, s’identifiant au groupe de décomposition correspondant; 
on a un résultat analogue pour U, si v€ V. Jin définitive, on a obtenu: 
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CoROLLAIRE 3. Outre les hypothéses du théoréme 1, supposons que U 
soit galoisien de groupe de Galois G. Soit (v,w)€ VX W, et soit V’ (resp. 
W’) une composante de Uy, (resp. Uy); soit G, (resp. G2) son groupe de 
Galois. Les groupes G, et G, sont alors des sous-groupes invariants de G, 
qui commutent entre eu et engendrent G; si H désigne le noyau de ’homo- 
morphisme GX G2—> G, le revétement U est isomorphe & (V’ X W’)/H. 


8. Revétements non ramifiés des variétés abéliennes. Nous nous pro- 
posons de démontrer le résultat suivant: 


THEOREME 2. Toute revétement non ramifié d’une variété abélienne est 
une wsogénie (séparable). 


(Cela montre en particulier qu’un tel revétement est abélien). 


Soit done V une variété abélienne, et soit f: U—V un revétement non 
ramifié de V. On peut évidemment supposer que U est galoisien; soit G 
son groupe de Galois. Il nous faut montrer que l’on peut définir sur U 
une structure de variété abélienne (auquel cas f sera automatiquement une 
isogénie). 

Soit g: VX V-—V Vapplication qui définit la loi de composition de 
V, ie. g(v,v’) =v+v’. Soit U’=g*(U), sous-ensemble algébrique de 
VxXVxXU formé des triples (v,v’,u) tels que f(u) =v-+v’. Le groupe 


G permute les composantes irréductibles de U’; mais si lon pose 
U,’ =U'N({0} KX V XU), 


’ensemble U,’ s’identifie & U, donc est irréductible; a fortiori, il en est 
de méme de U’. Nous noterons f’: U’-V V la projection de U’ sur 
les deux premiers facteurs du produit VXV XU. On a évidemment 
U,’ = f’*({0} & V), et Von vient de voir que U,’ s’indentifie 4 U; de méme 
(V X {0}) s’identifie 4 U. Appliquant alors le corollaire 3 au 
théoréme 1, on voit que. avec les notations de ce corollaire, on a G, = G, = G, 
ce qui montre d’abord que G est abélien, puis que U’ s’identifie 4 (U X U)/H, 
ol H désigne le sous-groupe de G X G@ formé par les éléments (g, 97"), g € G. 
Comme on a une application canonique h: U’—U, on en déduit par com- 
position une application g’: UXKU—-U’->U qui “reléve” Vapplication 
g: VX V—V. Si Von a choisi dans U un point e tel que f(e) =0, on 
peut en outre s’arranger pour que g’(e,e) =e. Il ne nous reste plus qu’é 
démontrer que l’application g’ vérifie les axiomes d’une loi de groupe, ce que 
he présente pas de difficultés: 
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a) Le point e€ U est élément neutre pour la loi de composition g’. 
En effet, soit ¢: UU Vapplication définie par la formule: 
, 
o(u) (e,u). 
On a foo=f, ce qui montre que o est un automorphisme du revétement U, 
i.e. un élément du groupe de Galois G. Mais on a o(e) =e, et comme G 


opére sans points fixes, cela montre que o est l’identité; un raisonnement 
analogue montre que g’(u,e) =wu pour tout we U. 


b) La loi de composition g’ est associative. 


Soient i, et k, les applications de UX U XU dans U définies par les 

formules: 

k,(v, v (v, g’(v’, v )) et v’, v y= ). 
Du fait que g’ reléve g, les projections de k,(v,v’,v”) et de k.(v,v’,v”) dans 
U sont les mémes. On a donc k,(v,0’,v”) =o-k,(v,v’,v”), avec o€ G. 
Appliquons ceci 4 trois points génériques indépendants 1, v’, v” ; en spécialisant 
v,v’ et vu” en e, on voit que o—1, dou k,—k, et g’ est bien une loi de 


composition associative. 
ce) Il existe un inverse u— wu! qui est un automorphisme de U. 


Désignons par f” l’application f xX f: UX UV X V; soit d’autre part 
¢: VXV—>VXV Vapplication définie par (v,v’) (v,v+’), et soit 
de méme y: UX U->U XU Vapplication définie par 


y(u,u’) = (u,g’(u,u’)). 


On a évidemment la relation de commutation f’oy—gof”. En prenant 
les degrés des deux membres, et en tenant compte du fait que ¢ est bi- 
rationnelle, on voit qu’il en est de méme de v. De plus, y est partout définie 
puisque ¢ l’est. L’existence d’un inverse, et le fait que w— u-* est un auto- 
morphisme résultent aussitét de 1a, ce qui achéve la démonstration. 


Remarques. 

1) La démonstration précédente est calquée sur la démonstration clas- 
sique prouvant que tout revétement d’un groupe topologique est un groupe 
topologique (démonstration qui repose elle-méme sur la formule 7,(X X Y) 


=7(X) Xm(Y)). 


2) Le théoréme 2 ne s’étend pas aux groupes algébriques non complets. 
On trouvera des contre-exemples dans [3], relatifs au cas ot V est un groupe 
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non commutatif, défini sur un corps fini. En fait, ou peut méme construire 
des contre-exemples ot V est le groupe additif Ga: si U’ est une courbe 
elliptique d’invariant de Hasse nul, une différentielle de premiére espéce de 
U’ peut s’écrire = df, ou f est une fonction rationnelle; soit U Vouvert de 
U’ obtenu en retirant l’ensemble des pdles de f; il est clair que f: U->G, 
est un revétement non ramifié qui n’est pas une isogénie. 


4, Finitude du nombre des classes de revétements non ramifiés d’une 
variété compléte. Nous démontrerons d’abord le résultat suivant: 


THfoREME 3. Soit V une variélé normale, compléte, définie sur un 
corps algébriquement clos k. Alors tout revétement non ramifié de V est 
isomorphe a un revélement défint sur k. 


(Autrement dit, il n’y a pas de “systémes algébriques” de revétements 
non ramifiés). 

Soit f,: U,— V un revétement non ramifié de V, défini sur une exten- 
sion L/k que l’on peut supposer de type fini. Soient v un point générique 
de V sur Z et w un point de U, tel que f,;(w) =v. Soit d’autre part W’ 
une variété normale, définie sur &, telle que, si w est un point générique 
de W’ sur k, on ait L=k(w). On a L(v) =k(v,w), corps des fonctions 
rationnelles sur V & W’, et le corps L(uw) est une extension finie de k(v,w). 
Soit U’ la normalisée de V & W’ dans l’extension L(u)/k(v,w), et soit f la 
projection canonique de U’ sur V X W’. It est clair que Uy,’ =f*(V X {w}) 
est une variété k(w)-normale, et en correspondance birationnelle, sur k(w), 
avec le revétement donné U,; comme U, est normale, ceci montre que U,,’ 
et U, sont isomorphes. Soit ZC VX W’ V’ensemble des points au-dessus 
desquels le revétement U’ est ramifié; c’est un ensemble algébrique k-fermé, 
qui ne rencontre pas V X {w} puisque par hypothése U,—U,,’ est non 
ramifié. I] est done contenu dans un produit V XZ’, ot Z’ est un sous- 
ensemble algébrique k-fermé de W’; posons W = W’—Z’, et soit U Vimage 
réciproque de V X W dans U’. Le revétement U est non ramifié, et l’on a 
Uy =U,’ =U,; choisissons alors dans W un point a, rationnel sur k. 
D’aprés le corollaire 2 au théoréme 1 les ensembles algébriques Uy et U, 
sont isomorphes. II] s’ensuit que U, est irréductible, et que c’est un revéte- 
ment de V isomorphe 4 U,, cfqd. 


THftorEME 4. Une variété normale et complete ne posséde- qu'un 
nombre fini de revétements non ramifiés de degré donnée. 


Soit V une telle variété. D’aprés Chow [1], V est image d’une variété 
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projective V,, que l’on peut supposer normale, et qui est birationnellement 
équivalente & V. Tout revétement non ramifié de V en définit un de V,, 
et l’on est ainsi ramené 4 démontrer le théoréme pour V,;. Autrement dit, 
nous pouvons supposer que V est une variété projective. Soit & un corps 
de définition de V, et soit C, une courbe générique de V (sur k), au sens 
défini dans [5], §3; on sait (loc. cit.) que si U est un revétement de V, 
défini sur &, la restriction de U 4 C, est un revétement irréductible de C,,. 
Il s’ensuit, par un raisonnement standard, que deux revétements non iso- 
morphes de V, tous deux définis sur k, ont des restrictions 4 C, qui sont 
également non isomorphes. En prenant pour & un “domaine universel,” on 
voit done qu’il suffira de démontrer le théoréme 4 pour C,. 

Nous supposerons donc, a partir de maintenant, que V est une courbe 
C, non singuliére, complete, de genre g. Nous la supposerons plongée dans 
un espace projectif S,, et nous désignerons son degré projectif par d. Si 
f: U-C est un revétement non ramifié de C de degré n, le genre gy de la 
courbe U est donné par la formule classique: 


gv —1=—n(g—1), 


et ne dépend done pas de U. D’aprés le théoreme de Riemann-Roch, on 
peut plonger biréguliérement U dans un espace projectif S, de dimension 


gu (done fixe), le degré projectif de ce plongement étant d,=2gy+-1. Soit 
rcs, XS, le graphe de f. Si H, et Hz sont des hyperplans de 8; et 8,, 


posons : 
H=S8,X 82; 


un calcul immédiat montre que deg(fl!-H) —d,-+ nd, done que ce degré 
ne dépend pas de U. Cela signifie que, si l’on plonge S,; XS, dans un 
espace projectif S; 4 la maniére habituelle (i.e. de telle sorte que H devienne 
une section hyperplane dans ce nouveau plongement), le degré de T dans 
S, sera d,-++ nd, done sera fixe. 

Or, d’aprés la théorie des coordonnées de Chow, il n’existe qu’un nombre 
fini de familles algébriques irréductibles de cycles de C X S, ayant un degré 
donné (dans §;). Il nous suffit done de prouver que, si deux revétements 
U, et U. ont des graphes T, et T, qui appartiennent 4 la méme famille 
algébrique F, ces deux revétements sont isomorphes. 

Pour cela, soit T un élément générique de la famille F'; nous allons 
d’abord montrer que '—C est un revétement non ramifié de degré n. Tout 
d’abord, puisque T admet pour spécialisation Tj, c’est une variété; comme 
la projection sur ( est compatible avec les spécialisations, la relation 
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pr:(fi) = nC entraine pr,(f) done Vapplication TC est de degré 
n. De plus, si Q est un point de C, on peut prolonger la spécialisation 
en une spécialisation et X S2 se spécialise en X S2. 
' Comme le cycle T,- (Q; X Sz) est défini, et se compose de n points distincts, 
il en est de méme du cycle [-Q X Sz). D’aprés ce qu’on a vu au no. 1, il 
| sensuit bien que I est un revétement non ramifié de degré n de la courbe C. 
Nous allons maintenant montrer que les revétements T, et I sont iso- 


morphes; comme le méme argument montrera que TF, et I sont isomorphes, 


il en résultera bien que I’, et T, sont isomorphes, ce qui achévera la démon- 
stration, en vertu de ce qui a été dit plus haut. 

D’aprés le théoréme 3, le revétement T est isomorphe a un revétement 
I’ défini sur le corps de base; on peut supposer I” plongé dans CX 8, 
comme ci-dessus. Désignons par 7’ le graphe de l’isomorphisme T—> I”; c’est 
une sous-variété de IT XI’, lui-méme contenu dans CXS8.XCXS8:. On 
a évidemment pr.;(7') nA, ou A est la diagonale de CXC. Etendons 
maintenant la spécialisation [—T, en une spécialisation T— T,; la variété 
I” reste fixe durant cette spécialisation, puisqu’elle est définie sur le corps 
de base. On a prss(T1) =I” et pris(T1) les deux 
premieres formules montrent que, ou bien 7’, est le graphe d’une correspon- 
dance birationnelle entre T, et I’, ou bien 7, est “dégénérée,” i.e. égale a 
lr, X + {1} XI’; la troisiéme formule exclut cette seconde possibilité. 
On a done obtenu une correspondance birationnelle entre les revétements I, 
et IY, commutant avec les projections sur C. II s’ensuit que T, et I” sont 
isomorphes, done aussi T, et T, ceqfd. 


Remarques. 


1) La démonstration du théoréme 4 que nous venons de donner utilise 
de fagon essentielle les résultats du no. 2. Inversement, si l’on pouvait 
démontrer directement le théoréme 4 (dans le cas d’une courbe), on retrou- 


verait facilement ces résultats comme corollaires. 


2) Soit C une courbe, et soient P,,- - -,P, des points de C en nombre 
fini. Il est vraisemblable qu’il n’existe qu’un nombre fini de revétements 
de C d’un degré n donné, ramifiés seulement aux points P;, et n’y admettant 
pas de ramification supérieure (revétements “tamely ramified”). Une 
démonstration de ce fait permettrait d’étendre notablement nos résultats. 


3) Dans le cas des revétements abéliens, le théoréme 4 peut aussi se 
démontrer en utilisant le théoréme de Néron-Severi (pour les revétements 
Wordre premier 4 la caractéristique), et la finitude du premier groupe de 
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cohomologie (pour les revétements d’ordre une puissance de la caractéristique). 
Cf. [7], nos. 15 et 16. ; 
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LIE GROUPS AND LIE HYPERALGEBRAS OVER A FIELD 
OF CHARACTERISTIC p> 0 (VI).* 


By JEAN DIEUDONNE. 


1. Introduction. In the preceding papers of this series ([8] to [12])? 
our main task had been the study of abelian formal Lie groups, and the 
general theory had not been developed beyond the most elementary theorems. 
On the contrary, this paper is chiefly devoted to noncommutative formal Lie 
groups. There seems to be little hope at present of using the hyperalgebras, 
in that part of the theory, to the same effect as they were used in the study 
of abelian groups [il]. Here the hyperalgebra recedes in the background 
and becomes a mere technical tool, and the method of attack is based on an 
entirely different idea, which consists in considering the homomorphisms of 
a formal Lie group G@ into linear groups. When G has no center, there 
exis; such homomorphisms which are injective; when such homomorphisms 
exist (in which case G is said to be representable), it is possible to define 
an “algebraic hull” of the image of @ by such a homomorphism, following 


i the pattern of the corresponding techniques used by C. Chevalley for Lie 
algebras [6] and by A. Borel for arbitrary (non formal) subgroups of linear 
groups [2]. 1 must record here my indebtedness to these two fundamental 
papers: not only do they suggest, by analogy, the results to be expected for 


* Received November 28, 1956. 

tT take this opportunity to correct a few misprints and minor errors in these 
papers: in [9], p. 237, formula (45), the summation should extend over the range 
0<n<A. In [10], p. 64, in lines 1-2 from top, the condition “et n’ont aucune com- 
posante d’indice <i qui soit non nulle” should be omitted, as well as the statement 
“toutes les composantes d’indice <i sont nulles” in lines 12-13 from top. On the same 
page, the index (or exponent) 7 in G,, G, m, Mt, u™, «a should be replaced by ++ 1. 
On p. 69 of the same paper, equation (39) should read A(Hex(a%,a,,.- -)) 
=c.Hex(a,#,,- - -) where ¢c is a constant, and in line 10 from bottom, y should be 
replaced by x. In [12,] p. 208, line 9 from top, read < instead of <; p. 210, line 9 
from top, read ¢””; p. 211, lines 3 and 6 from bottom, replace r by r+ 1; p. 219, line 
12 from bottom, there should be a bar over the second rm41; p. 221, line 4 from top, 
there should be a bar over Qm.1,73 Pp. 222, line 14 from bottom, replace p’ by p**; p. 238, 
m formula (65), read E(Y,%”) instead of (Y,;“”). In [13], p. 252, formula (3), the 
summation is over the index a; p. 254, line 18 from top, X,, should be replaced by ; 
P, 255, line 3 from bottom, p. 256, line 10 from top, p. 257, line 18 from bottom, replace 
the exponent by 8, —1. 
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formal Lie groups, and sometimes the methods of proof by which they can 
be obtained, but it turns out that a surprisingly large number of the theorems 
of A. Borel for algebraic groups can be used to prove their counterparts for 
formal Lie groups (even when there does not seem to be any possibility of 
extending their method of proof): we mention in particular many of Borel’s 
results on solvable maximal subgroups, maximal tori and Cartan subgroups. 
This is mainly due to a fundamental result (suggested by a similar 
theorem of Chevalley on Lie algebras in characteristic 0) according to which 
the derived group of a representable formal Lie group is essentially algebraic. 
From this it follows also that simple formal Lie groups which are not abelian 
are essentially algebraic, and the latter have recently been determined by C. 
Chevalley [7], who has shown that they are the same as in characteristic 0, 
namely the groups of the Killing-Cartan classification. To sum up, it seems 
that a general formal Lie group is essentially built up out of algebraic groups 
and abelian formal Lie groups; and, contrary to what might have been 
expected, the theory of non-commutative formal Lie groups does not exhibit 
startlingly new features when compared to the classical theory; the radically 
new phenomena (should one say the “pathology” because they have never 
been met before?) occur in the theory of abelian Lie groups (and in the 
general case, are confined to the center of the group). 

There is one additional point, however, which should be duly emphasized: 
in order to develop the method outlined above, it is first necessary to have 
at hand the usual tools of group theory, such as subgroups, quotient groups, 
group of commutators, etc. This might seem at first glance to offer no 
problem at all, but one must remember that the set-theoretic background, 
which is usually taken for granted (and plays an essential part in the 
development of the papers [2] and [6] quoted above), simply does not exist 
in our theory: a “formal Lie group” is not a set, has no “elements” nor 
“subsets ”, and we are thus denied the use of set-theoretic arguments, at least 
until we have been able to find substitutes for them by defining anew all 
the notions which, in the theory of algebraic groups or of Lie algebras, are 
based on the theory of sets. This is the object of the first two parts of the 
paper, part III being devoted to the proof of the main results. It is in the 
definition of these basic notions that the hyperalgebra is particularly useful, 
for there the set-theoretic notions again become available; however there aris 
unexpected difficulties, and actually the hardest theorem to prove is that the 
subgroups of a formal Lie group form a lattice (for a convenient definition 
of “inclusion”), a fact which would hardly need a proof in the classical 


theories. 
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I am much indebted to M. Rosenlicht for useful information on algebraic 
geometry and for many stimulating comments. 


2. Preliminaries. We do not recall here the definitions of a formal 
Lie group G of finite dimension n over a field K, of the hyperalgebra © of 
such a group,” of a homomorphism wu of G into a formal Lie group G, (over 
the same field K) and of the derived homomorphism w’ of © into the hyper- 
algebra G, of G, (see [8]); until no. 14, when we speak of a “group”, a 
formal Lie group will always be meant. It will be convenient, when con- 
sidering a system * = (2%,%,° + +,%,) of n indeterminates which intervene 
in the definition of G, to refer to it as a “generic point” of G; when dealing 
with several “ generic points”, x, y,2,- - -, to say that they are “ independent ” 
will mean that all the indeterminates in these various systems are distinct 
from one another. The notation of these systems by boldface characters will 
prevent any confusion with the usual notion of “ generic point”. We recall that 
or xy is an abbreviation for the system (x, y) = ¥)) 
of n formal power series which defines the group law of G; for any system 
y=(y1°* of n integers 20, x7 is the monomial 2,%- - if 
U= (U1,° Un), Un) are two systems of n power series 
(without constant terms) in certain indeterminates, uv and u7 will then 
designate the system of power series (resp. the power series) obtained by 
substituting wu; for x; and for y, (1 in xy and x7 respectively. 

A formal Lie group G@ over a field K can also be considered as a formal 
Lie group over any extension LZ of K; when we do so, we will write it G1); 
the necessity of distinguishing these two groups arises from the fact that 
the notions of homomorphism and of hyperalgcbra depend on the ground 
field. More precisely, any homomorphism of G@ into G is also a homomorphism 
of Giz) into Giz), but not conversely; and the hyperalgebra of Giz) is (as 
an algebra) obtained by extension to Z of the field of scalars of G, and will 
accordingly be written © z). We will only consider in this paper the case in 
which the ground field K is a perfect field of characteristic p > 0. 

We keep the notations of [8], except that we write 8,, instead of 8, for 
the algebra of left-invariant special semi-derivations of height Sr; 8,. is 
thus the enveloping algebra of the Lie p-algebra gq, of left-invariant semi- 
derivations of height <r—1. We recall that the identity J and the left- 
invariant differential operators Z, (defined by the condition that Z,(e) 
=D,(e)) form a basis for the hyperalgebra & over K, which we will call the 


*T will systematically use the convention by which a German capital represents the 
hyperalgebra of a group represented by the corresponding Latin capital. 
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structural basis of G; we write Z, =I, and we denote by &* the two-sidel 
ideal of © having as a basis the Z, corresponding to indices «40. We write 
as usual e; for the system of indices (0,- - -,0,1,0,---,0) with 1 at the 


i-th place, and we put if and a= > 
h=0 


(p-adic development of the a), X, will denote the product of the 1;;% 
taken in an order which may vary according to the problem which is con- 
sidered (and in particular may be different from the order chosen in [8]); 
once that order is chosen, the X, form a basis for @, and the X, such that 
a basis for 

We recall that there is an injective homomorphism XY — X° (for the struc- 
ture of algebra) of © into the algebra © @G, such that J° is the identity 
I@I and 7,= > Zs@Z.-g for any «0; we will say that this isomor- 


oSfSa 
phism is the mapping of & into 

Finally, for any (positive or negative) integer s, we will denote by G") 
the formal Lie group obtained by raising to the p*-th power the coefficients 
of the series defining the group law of G. The “Frobenius homomorphism” 
p is a homomorphism of G® into G¢*) such that p;(x) = for 1SiSn. 
The derived homomorphism p’ (also called the “ Frobenius homomorphism”) 
can be considered as a semi-linear mapping of the hyperalgebra & into itself, 
corresponding to the automorphism é-—> é” of K, and is such that p’(X;i) 
= for each pair (h,1) (with by convention); the kernel 
p’*(0) is thus the set of all linear combinations of the XY, which contain at 
least one of the XQ. 


3. Pseudo-canonical group laws. In [12], we have defined the notion 
of free Lie hyperalgebra corresponding to formal Lie groups of dimension n; 
such a hyperalgebra §,(K) is not uniquely defined, but we have proved in 
[12, no. 19] that it is always possible to define its structural basis (V4) 
(where the ) correspond to an infinite set of indices 
containing the interval 1=1= 7) such that when = ae; -+ + + ants 
is in N", we have Vanes and moreover that, for each 
(1Sisn) the (a integer =O) are (noncommutative) polynomials 
in the Ux; alone (h=0 variable). The free hyperalgebra §,(K) being fixed 
once for all and satisfying the preceding condition, we will say that the 
group law of a group G of dimension n is pseudo-canonical if there exists 
a homomorphism w’ of §,(K) onto @ such that Z,—=wu’(Vq) for each 
The way in which §,(K) has been defined 
proves that 
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LemMMA 1. If the group law of G@ ts pseudo-canonical, then, for every 
a= + Onen€ N", we have furthermore, tf 
Zac, ws an element of the subalgebra of generated by 
Xo, X14) ° 


Moreover, we have shown in [12, no. 12, th. 2] that any group G of 
dimension n is isomorphic to a group G with pseudo-canonical group law. 
Actually, the proof of that result yields a “standard process” for the con- 
struction of such an isomorphism, which we summarize for future use: 
starting with the group G)—G, one defines a sequence (G,) of groups, and 
for each 7 an isomorphism u, of G, onto G,1, such that the following con- 
ditions are satisfied. Let (Z,) be the structural basis of &,, and let f be 
the algebra homomorphism of §,(K) onto G, such that f(Uni) = Xn: for all 
pairs (h,t) (h20,1S1S7n); then we have f(V.) —Z. for all indices 
ane, of height <r. In general, if we write f(V.) = barZ; 
we thus see that we have bgg=1 and ba,—0 for Aa, for any «€ N such 
that h(a) <rand fora—pe (1Sisn). Now, if x’= is a generic 
point for G,,,, w+, is defined by the formulae 


and the preceding remark shows that, on the right-hand side, we have the 
term 2’;, all the other terms have a height =r, and the monomials 2’?’; have 
coefficient 0 (1S=jn). From which it follows that 


(1) Uri = 


where, in the power series v,; (117), all monomials have a height =r, 
and there are no monomials Having thus defined the 
isomorphism u,, it follows from the preceding remark that the “infinite 
product ” * is meaningful and is an isomorphism of G@ onto 
a group G with pseudo-canonical group law. 


I. Homomorphisms and Subgroups. 


4, Homomorphisms. One of our main tools in this paper will be the 
homomorphism theorem [8, th. 6, p. 107]. We recall that, according to 
that theorem (in which the assumption that K is perfect is an essential one), 


“change variables” 


ii is a homomorphism of G into G’, it is possible to 
in G and G’ (in other words, to replace u by guf, where f and g are iso- 


morphisms) in such a way that 
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rot: 
i> p. 
To these formulae correspond, for the derived homomorphism w’, the 
formulae 
w(Xu) =X’ for 


(Xi) =0 


where we agree to put r, 0 for h >t. The integers r, (some of which may 
be 0), which we will call the partial ranks of u, actually depend only on the 
original homomorphism u and not on the particular isomorphisms f, ¢g which 
yield the formulae (2); p=ro+- ---+1; is the rank of u, and ¢ (greatest 
integer for which r;340) the height of u. We say that the homomorphism u 


is separable if t =0, inseparable if t > 0, trivially inseparable if t > 0, p="; 
in that case, uw can be written vo pt, where v is a separable homomorphism 
of G into @’. We say that uw is injective if p—dimG, surjective if 
p=dim G’; a monomorphism (resp. an epimorphism) is a homomorphism 
which is both injective (resp. surjective) and separable. From (3) we derive 
at once the following criterion: 


Provosition 1. In order that a homomorphism u of G into G’ be 
separable, a necessary and sufficient condition is that the image u’(go) of 
the Lie algebra of G by the derived homomorphism wu’ be a Lie subalgebra 
of dimension p of the Lie algebra of G’. 


Corotuary. If u, v are both monomorphisms (resp. both epimorphisms) 
of G into G’ and of G’ into G” respectively, then vou is also a monomorphism 


(resp. an epimorphism). 


However, we will see later (no. 21) that vow may well be inseparable 
even if uw and wv are separable homomorphisms. 

Following M. Rosenlicht [16], we will say that a homomorphism uw 3 
an isogeny if it is both injective and surjective; an isomorphism is 3 
separable isogeny; an isogeny which is trivially inseparable is obtained by 
composing an isomorphism with an iterate of the Frobenius homomorphism. 
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PRoposITION 2. Jf wu is an isogeny of height t of G onto G’, there is 
aunique isogeny v of G’ onto G® such that vou= pt. 


We can suppose uw is given by (2) with p=n=—dimG=—dim@’. Let 
(¢:) and y=(y;) be the group laws of G and G’ respectively; by 
definition, we have, for two independent generic points x= (2%), y= (yi) 
of G, the following identities: 


(4) 
Raise both sides of 
(4) to the power p*-*, and denote by ¢@ = (¢;) the group law of GM; 
thn if we put for 
)<h St, the resulting identities can be written 


nt Int , , t-h 


frt+: Itfwedefine ;(x’) 
tobe equal to for 
this shows that » = (v;) is an isogeny which satisfies the required conditions, 
ad it is obviously unique. 

We will say that two groups G, G’ are isogenous if there exists an 
iogeny of G onto a group G’), where s is a positive or negative integer. 
This relation is clearly transitive, for if w= (u;) is an isogeny of G onto (’, 
and if w*) denotes the system of series u,“) obtained by raising the coefficients 
of the w; to the power p*, wu) is clearly an isogeny of G) onto G’®. More- 
oer Proposition 2 shows that if G is isogenous to G’, G’ is isogenous to G, 
ior if there is an isogeny of height ¢ of G onto @’), there is an isogeny of G’ 
oto G-s), In other words, isogeny is an equivalence relation between groups 
of same dimension. It is easy to see that that relation can be defined in 
the same terms as those used by M. Rosenlicht [16, p. 147] to define isogeny 
tween algebraic groups: namely, G, and G, are isogenous if and only if 
there exists a group G, and two isogenies of G; on G, and G, respectively. 
For if there is an isogeny u of G, onto G,“), then we can suppose s=0 
(otherwise is an isogeny of G, onto G.), and then take G; = 
the isogenies on G, and G, being p* and u*) respectively. Conversely, if v 
ind w are isogenies of G, on G, and G,, respectively, then by Proposition 2, 
here is an isogeny u of G, onto some G,;“), and wow is an isogeny of G, 
oto G,¢), 
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5. Subgroups and subhyperalgebras. We slightly modify the formu. 
lation of the definition of a subgroup given in [8]: we define a subgroup of 
dimension m of a formal Lie group G of dimension n as a pair (H,f) 
consisting of a formal Lie group H of dimension m and a monomorphism { 
of H into G. That this definition is essentially the same as that of [8] is 
seen by remarking that it follows from the homomorphism theorem that 
there is an isomorphism v of G onto a group G and an isomorphism wu of 3 
group H onto H such that vo fow will have the form (2) with p=1r.=m; 
we may say in that case that the subgroup (H,vofow) of @ is typical, 
and is defined by the equations 0. 

Moreover, we shall identify two subgroups (H,,f.), (He, fe) of G ii 
there is an isomorphism u of H, onto H, such that f, = f.ow*; and we vill 
say that the subgroup (H,,f,) is contained in the subgroup (Ho, fz) if there 
is a monomorphism wu of H, into H, such that f,—f.ou. 


Proposition 3. In order that a subgroup (H,,f,) of G be contained 
in a subgroup (Ho, f.), a necessary and sufficient condition is that tf §,, §, 
and & are the hyperalgebras of H,, H. and G, the subalgebra f’,(§.) of & 
be contained in the subalgebra f'2(G2). 


The condition is obviously necessary. Conversely, suppose it is satisfied, 
and observe that, from the homomorphism theorem, it follows that a mono- 
morphism wu is characterized by the fact that w’ is injective: f’. can therefor 
be considered as an isomorphism of §. onto the subalgebra f’2($2) of &, 
and in addition we know [9, p. 221] that (f/2(Y))°= (f2@f’z) (Y°) fa 
every Y € if s, is the isomorphism of onto inverse to 
we have therefore (s.(Z))°—(s.@s.)(Z°) for every Z€ let 
r=—s,°f,; this is an injective homomorphism of §, into §. such that 
(r(X))°=(r@r)(X°) for every X€§,. But that condition implies thai 
r is the derived homomorphism of a monomorphism wu of H, into H, [10, 
p. 59, prop. 2], and as f/; —/f’.°r by definition, we have f, = f.°u. 

For a subgroup (H,f) of G, we will say that f’() is the subhyper- 
algebra of & corresponding to the subgroup; Proposition 3 shows that the 
subhyperalgebras of & thus correspond in a one-to-one manner to subgroups 
of G. We will now characterize them independently of their origin & 


images of hyperalgebras: 


* For any formal Lie group @’ isomorphic to G and any isomorphism f of G’ onto 
G, the subgroup (G@’,f) is thus identified to the subgroup (G,1) of G@ (where 1 desig 
nates the identity isomorphism, defined by the n series a, (lSix<n)). 
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THEOREM 1. In order that a subalgebra § of the hyperalgebra & be a 
subhyperalgebra, the following conditions are necessary and sufficient: 


1°. For any r= 0 and any X E Grr X°—1 —X@1 belongs to 
(8, §) (8 §). 

2°. For any r= 0, the algebra 8, ts generated by the p-algebra 


3°. For any element X€q,N, there is an element Y € griN such 
that X = p’(Y). 


It is immediate to see that the conditions are necessary, by considering 
a typical subgroup of G. To prove the conditions are sufficient, consider the 
Lie p-algebra go; performing if necessary a linear transformation on 
the indeterminates z;, we can suppose that the structural basis of © is such 
that the X,; of index =m constitute a basis for go §; we denote by J the 
interval 1=i=™m in N. In order to build up a proof by induction, let us 
first suppose that G satisfies the following assumption: 


(A,) The group law of G is pseudo-canonical (no. 3), and the elements 
X, such that a€ NY and h(a) =r form a basis for 8 §. 


Observe that, owing to Lemma 1, the Z, such that a€ N’ and h(a) =r also 
form a basis for 8,M §. 

From assumption 3°, for every index 1€ J, there exists in gr an 
element Y,,;; such that p’(Yri1i) =X, and we can obviously write 
where the summation extends over all indices of 


height h(A) =r. I claim that c,,—0 for all A which are not in N/ and 
are different from the ¢ (l1Sjsn). Indeed, if we form the expression 
1 @ which belongs to (8 N§) @ by 
assumption 1°, we obtain 


@ Z + ¢rr( Zu @ Zy-n) 
O<h<pr*t O<U<A 


and all the terms Z,®2Z5 which intervene in that sum are distinct, hence 
linearly independent. But from assumption (A,) it follows that in the 
preceding sum the only terms Z,@Zs which can have a coefficient 0 are 
those for which both y and 8 belong to N’, whence our assertion. 

We can therefore suppose, by subtracting if necessary from Y,,,; an 
element of 8-9 (and remembering that by definition p’(Z,) =0 for all 


*T have not been able to determine if condition 1° implies condition 2° or not. 
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n 
the Z, which intervene in that + D (1 StS™m). 


Consider now an isomorphism u of G onto a group G’ such that we have 


(writing Z’, and X’,; for the elements of the structural basis of G’) 


u’ (Xm) for and for h—=r4+1,i¢ J; 
5 
(5) =X’ for J. 


This can be achieved by taking for instance 

(6) = Dd ayn”; for 1Sisn 
j=1 


as it is readily verified. By assumption, there is a homomorphism f of $, (I) 
onto & such that f(V,) =Z. for every index; from (5) it follows that we 
have u’(f(V.)) —2Z’q for all indices a of height =r. If we denote by v 
the isomorphism of G’ onto a group G” obtained by the “standard process” 
of no. 3, it follows at once from the description of that process and from 
the preceding remark that we can write 


(7) v(x’) = (1SiSn) 


where in the series w;, all monomials have a height =r-+-1, and there are 
no monomials 2#?""; (1SjSn). Writing Xn for the elements of the 


structural basis of &”, we deduce therefore from (5) that 
(u’'(Xnu)) for and forh=—r+1,i¢J; 


Replacing (for the moment) G by G”, we can therefore suppose from 
now on that in G the group law is pseudo-canonical, and that we have 

Next we remark that g,.,1 § has a basis consisting of the Z, of height 
=r such that «€ N’, and of the m elements X,,14 (t€ J). Indeed, if we 
consider an arbitrary element Y = Of  (summa- 

4=1 
tion extended over all the indices \ of height =r), and if we express that 
Y°—1@Y—Y@1 belongs to (8, §) ® (8, we see at once (using 
assumption (A,)) that the only coefficients which can be ~0 are the b; for 
t€ J and the c, for which A€ NY. As gy... is a Lie p-algebra, the elements 
X? ANd (4,7 in J) are in using now assumption 
2°, we see that the elements Y, of height =r-+1 and such that «€ N/, form 
a basis for 8... §. Due to the fact that the group law is pseudo-canonical, 


E 
7 
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Lemma 1 shows that the Z, such that h(a) =r-+1 and «€ NM also form a 
basis for ©. 

Summing up what we have done, and slightly changing the notations, 
we have proved the following result: if G, is a group, in the hyperalgebra 
&, of which the subalgebra §, verifies the assumptions of Theorem 1 
and the assumptions (A,), then there is an isomorphism g, mapping G, 
onto a group G;,, in such a way that §,1 = g’,(,) now satisfies the assump- 
tions of Theorem 1 and the assumptions (A,,1). Moreover, g, being obtained by 
composing the isomorphisms noted v and wu above, we have gpi(x) = 2; + hri(x) 
(1<i=n), where in the power series h,i, all monomials have a height 
>r-+41. As usual, we can now therefore consider the “infinite product” 
+ 4° Lo, With Go—G; this is an isomorphism g of G onto a group 
G,, such that the group law of G,, is pseudo-canonical, and §,—=g’() now 
satisfies the assumptions of Theorem 1, and assumptions (A,) for every r. 
This shows that we may suppose that, by a suitable isomorphism, the Z, 
such that «€ N/ form a basis for §; but then property 1° shows that these Z, 
constitute the structural basis of a hyperalgebra [10, p. 59, prop. 1] and 
this ends the proof of Theorem 1. 

We may observe here that Theorem 1 obviously implies Theorem 1 of 
[13], of which we thus obtain an alternate proof. 


A similar method enables one to prove 


Prorosition 4. Let H,C be a strictly increasing 
sequence of subgroups® of G, of dimensions << let 
J;, be the interval (1Skss). By applying a suitable tsomor- 
phism to G, it is possible to suppose that the group law of G 1s pseudo- 
canonical and that, for each k (1SksSSs), the subgroup H,, is typical and 
defined by the equations 4,0 for i¢ J. 


We only sketch the proof. First, by a linear isomorphism, one can 
suppose that for each k (1Skss), the Xj; such that 1€ J, form a basis 
for go % ,. Then one builds up an inductive proof by supposing that the group 
law of G is pseudo-canonical and that for each k (1 ks) the elements X, 
such that a€ N’« and h(a@) =r form a basis for 8, Sx. One then defines 
the such that Qo, first for +€ J, by the 


* From now on, we will most of the time omit the mention of the monomorphism f 
in the notation of a subgroup (H,f), and simply write it H; we will refer to f as 
the “natural injection” of H into G. Similarly, when we will speak of the “ restriction 
to H” of a homomorphism y of @ into a group G’, we mean the homomorphism yof 
of H into G’; etc. 
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condition that Vrii€ G., then for t€J,—J, by the condition 
Yrir,t€ Geir G2 ete. We omit the remainder of the proof, which follows 
very closely that of Theorem 1. 

We define the dimension of a subhyperalgebra § of © as the dimension 
of the subgroup of G of which § is the subhyperalgebra (no confusion can 
arise with the dimension of § as a vector space, which is always infinite) ; 
it is equal to the dimension of the Lie algebra g.M § over K. If , $’ are 
two subhyperalgebras of @, such that § C §’, then dim § S dim $’, and the 
relation dim § = dim §’ implies § = §’, as follows from Proposition 3. An 
obvious consequence of these remarks is that the subhyperalgebras of 
verify both chain conditions for the inclusion relation. 

It is natural to ask if the subgroups of a formal Lie group (or the 
corresponding subhyperalgebras) form a lattice for the inclusion relation. 
We will be able to show that such is the case, but only via a very indirect 
argument (no. 17). The difficulties which block a direct approach are the 
following ones: it is very easy to give examples (for a product G of three 
additive groups) of subhyperalgebras $,, $2 of © such that $,M 1s not 
a subhyperalgebra; one may ask if the subalgebra of © generated by $,U 9. 
is a subhyperalgebra; I will prove in no. 9 that such is the case when one of 
the subgroups H,, H, is normal, but the proof will clearly show the obstacles 
to the extension of that result (if true) to the general case. 


As soon as we have proved that the l.u.b. (resp. g.1.b.) of two sub- 
groups H,, H, exists, we will write it H,\y (resp. Hi A and use 
similar notations for the l.u.b. and g.1.b. of subhyperalgebras. 


II. Normal Subgroups and Quotient Groups. 


6. Inner automorphisms and normal subgroups. Let G be a formal 
Lie group of dimension n over K; we know [8, p. 88] that there exists a 
unique system 6 of n formal power series 6(x) (117m) such that 
(x,6(x)) =¢(0(x),x) =e. If we write x for that system of n power 
series,® we can therefore define, for two independent generic points x,z of G, 
zxz+ as the system of m power series ¢;(¢(2,%),0(z)); if y is another 
independent generic point of G, we have (zyz*) =2(xy)z" by the 
usual associativity argument. Let LZ be a perfect field containing the ring 
K[[z]] =K[[«,- - -,2n]] of power series in the 2; with coefficients in K; 


®*The relations x, (xy) = u(x”) = (u(x)) (for a homomor- 
phism 4) are proved by the standard arguments. 
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we can say that the system i.(x) of n power series in %,° *,2n, 
| with coefficients in L, defines an automorphism of the group Giz), which we 
will call an inner automorphism of Giz) (or of G by abuse of language) ; its 
derivative i’, is an automorphism of the hyperalgebra © x). 

More generally, if w is a homomorphism of a group H into G, y a 
generic point of H and L a perfect field containing K[[y]], the system 
(x) = u(y)x(u(y))-? of power series in the 2, with coefficients in 
L, defines an automorphism of G(x). 

Let (H,f) be a subgroup of G, § the corresponding subhyperalgebra 
of G. We say that (H,f) is a normal subgroup of G if the subgroup 
(Hit),is°f) of Giz) is contained in (Hiz),f), in the sense of no. 5; by 
Proposition 3, an equivalent condition is that i’.(9) C Oz). If we suppose 
that (H,f) is a typical subgroup defined by %miy—=* * *==%,—0, then in 
order that such a subgroup be normal, necessary and sufficient conditions are 
that in the system i.(x) = (hi(%),- - of power series in the 27; 
and z;, the n-m last series be 0. 

It is clear that i’:(S 1)) C Sz), and as these two subhyperalgebras have 
same dimension over L, we have i’:(9(z)) =). We also note that if H 
isa normal subgroup of G, then, for any perfect extension FH of K, H,z) is 
anormal subgroup of G(x). 


7. Kernels and normal subgroups. Let wu be a homomorphism of rank 
p of a group G of dimension into a group G’; if wu has the form (2), we 
have defined in [8, p. 114], the kernel of w as the typical subgroup of G,. 
of dimension n— p, defined by the relations 7,0 fori>p. We will first 
see that this notion is an intrinsic one: 


~ 


Proposition 5. The subhyperalgebra N of & corresponding to the: 
kernel of uw is the largest subhyperalgebra § such that w’($) = {0}. 


As u’(9) = {0}, it is equivalent to prove that if w’($) = {0}, then 
§C 9. Let us observe that, from (3), it follows that each X’,; is of the 
form u’(Xj4) for a wnique index k; let us order the factors X’,; in the X’y 
in the same order as the corresponding factors X;; have in the products X,; 
then those of the u’(X,) which are not 0 are distinct elements X’,, hence 
linearly independent. We prove first that §M go C 2M qo; indeed, let us 
suppose there is in $M go an element Se. ‘oi With at least one of the ¢; of 


index i<p being 40. As © is a subhyperalgebra, condition 3° of Theorem 1 


thows that there exists in an element of the form Y 


___ 
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the summation being extended over indices of height <¢ and such that 
p’'(X,) =0. If we now observe that by (3), none of the w’(X) with 
t= p is 0, it follows from the preceding remark that we cannot have w’(Y) =0, 
contradicting the hypothesis. From that result and conditions 2° of Theorem 
1 it follows that §6N 8) CMM8,. Suppose now that we have proved that 
8-NH CAM. From the argument in the beginning of the proof of 
Theorem 1 (based on condition 1°), we see that any element of gy.1M © can 


be written Z+ with ZE MN Grit; then § also contains an element 
i=1 
tT + DdX, with Te and p’*(X,) —O for all indices ) 


in the summation. If one of the c; of index =p was not 0, we would 
then get u’(Y) ~0 as above, contradicting again the hypothesis. Therefore 
Grr C Grar AM, hence C by condition 2° of Theorem |, 
and Proposition 5 is thus proved by induction on r. 


THEorEM 2. Let (N,f) be a subgroup of G, N the corresponding sul- 
hyperalgebra of G. The following properties are equivalent: 


a) (N,f) ts a normal subgroup; 

b) the left (or right) tdeal generated in & by M+ is a two-sided ideal; 
ec) (N,f) ts the kernel of an epimorphism ; 

d) (N,f) «ts the kernel of a homomorphism. 


It is clear that c) implies d) ; condition d) implies a), for if u(f(y)) =e 
for a homomorphism u of G into G’ (y generic point of VV), we also have, fora 
generic point z of G independent of y, u(af(y)s-*) = u(z)u(f(y))(u(z))? =e, 
hence by Proposition 5, the subgroup (N,z),is°f) is contained in (N(z1),f), 
which proves that (N,f) is normal. 

To prove that a) implies b), we can suppose that the group law of 6 
is pseudo-canonical and that NV is a typical subgroup defined by the relations 
2,—=* * *=Zm—=0; we will denote by J the interval 1=i=™m, by J the 
interval Let y= (Ymu,* Yn); then f(y) = (0,: - 
* *> Yn), and if, for simplicity’s sake, we write we 
have by assumption h(y,z) = (0,- By 
definition, ; remembering that (¢(x,z) dapy for 

a, 


two independent generic points x,z of G, we obtain, for any index y 
Qa, 


Now (f(y))*=0 unless «€ N’, and similarly (h(y,%))#—0 unless 


RY 
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w€N’, Let a be an arbitrary index in N/, and @ an arbitrary index in N’, 
and let us identify in (8) the unique monomial dyg,(f(y) )%%® to the sum 
of the monomials of same degrees in the y; and z; on the right hand side. 
It is clear that such terms can only come from products 2\(h(y,2))# such 
that A€ N/; hence, we ean write 


(9) dopy = 


where on the right hand side, the summation extends only over pairs (A, ») 
such that X€ N! and »E N’. But from Lemma 1 it follows that under those 
conditions Z)Z,—=Z).,, hence d)yy=0 except if y=A-+yp, and such a 
decomposition of an index y in a sum of A€ NW! and wE€ N’ is unique, hence 
dopy On the other hand, if in N/, then we must have 
20, otherwise the term 2\ cannot contain any y; We conclude that if 
a€N/, BEN! and a0, then dag, —0 unless y=A+yp with AE we N’ 
and 

Now from Lemma 1 it is clear that the left ideal of © generated hy 
the subalgebra Jt* has as a basis over K the elements Z),, with A€ N!, pe N’ 
and »~0. As ZZg—=>d dagyZ,, the preceding result shows that the right 


ideal generated by the subalgebra 9t* is contained in the left ideal generated 
by that subalgebra, in other words the latter is a two-sided ideal. A similar 
argument, applied to the group opposite to G, proves that the right ideal 
generated by Jt* is the same two-sided ideal as the left ideal generated by %v. 

Finally, to prove that b) implies c), consider (under the same assump- 
tions regarding the group law of G and the typical form of NV) the two- 
sided ideal a generated by 9t*, which has, as we have seen, the Z),, with A€ N!, 
»€ NY and »=0, as a basis over K; the elements Z, such that X€ N! span 
therefore a supplementary subspace to a in &. If s is the natural mapping 
of & onto G/a = W’, the elements Z, s(Z,) with X€ N! thus constitute a 
basis for @’; furthermore, we have 


(s®s)(Z) = 8(Z,) @s(Zr») 


hence (s@s)(Z°,) =0 unless A€ N’. This proves that the image of G’ into 

& by the linear mapping which to each Z, associates 2, = Z,@Z)_, 

(AE N’) is the subalgebra G’° = (s@s)(G°). Moreover, it is clear that 

the Z, with A=<0 constitute a basis for a two-sided ideal of ©’, and the 

Z of height h(A) Sr a basis of a subalgebra of @’. Applying Proposition 1 


of [10, p. 59], we see that (Z\)xenz is a structural basis for a well determined 


a 
), 
e 
or 
98 


346 JEAN DIEUDONNE. 


structure of hyperalgebra on ’. We will say that the corresponding formal 
Lie group of dimension n-m is the quotient group of G by N, and write it 
G/N; s is then the derived mapping of an epimorphism g of G onto G/N, 
having kernel NV, and which we will call the natural mapping of G onto G/N. 
This concludes the proof of Theorem 2. 

We will say that the two-sided ideal a generated by ¥t* (which is also 
the right and the left ideal generated by 9+) is the normal ideal corre- 
sponding to N. 

The following results are immediate consequences of Theorem 2: 


Corotuary 1. If N ts a normal subgroup of G, goN M ws a p-rdeal in 
Go, and go/(GoM M) is isomorphic to the Lie algebra of G/N. 


Corotiary 2. If N is a normal subgroup of G, then, for any perfect 
extension L of K, (G/N) 1) ts tdentified to Gi1r)/Nw). 


Coronary 3. If L is a perfect extension of K, and a a normal ideal 
corresponding to a normal subgroup N of G, then the vector space avr) 
generated by a in Gr) ts the normal ideal corresponding to the normal 


subgroup of Git). 
Let now wu be a homomorphism of G into a group G@”, having N as its 


kernel, and reduced to the form (2); we have w’(Z,) =0 except for Ac NM 
and therefore, for A and » in N/, 


(10) (Zz) =D (Zy) NZ). 


On the other hand, the definition of the Z) yields 


(11) = (vE 


Observe that, from the homomorphism theorem, it follows that w’(®G) = 2 
is a subhyperalgebra of G”. Let # be the linear mapping of &’ into 2 defined 
by £(Z,) =u’(Z)) (A€ then we have, by the preceding definitions 


(t@t) (2) = w'(Z,) Ow = (w’ Ow’) (2) €LOL 
0Sv=hr 


and on the other hand it follows from (10) and (11) that #@ is a homo- 
morphism of @’ into 2; therefore [10, p. 59, prop. 2] # is the derivative of 


7 Strictly speaking, this group is thus only defined when the group law of (7 is 
pseudo-canonical and N is a typical normal subgroup. By abuse of language, we will 
designate by G/N any formal Lie group isomorphic to G’/N’, where @’ is a group with 
pseudo-canonical group law, isomorphic to @ by an isomorphism which transforms V 
into a normal typical subgroup WN’. 
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a homomorphism v of G/N onto a group L of hyperalgebra 2. Moreover, 
there is a monomorphism f of Z into G’ and G/N and L have the same 
jimension, hence v is an isogeny; in other words: 


PROPOSITION 6. Any homomorphism u of G into G”, of kernel N, can 
be decomposed as fovog, where g its the natural epimorphism of G onto 
G/N, v an isogeny of G/N onto a group L, and f a monomorphism of L 
into 


8. Direct and inverse images of subgroups. We have just observed 
that if w is a homomorphism of G into @’, u’(®) is a subhyperalgebra of ©’. 
More generally, it follows that if (H,f) is a subgroup of G, u’(f’(§)) is 
a subhyperalgebra of G’, since wof is a homomorphism of H into G’; we 
will say that the corresponding subgroup of G’ is the direct image of the 
subgroup (H,f) of G by wu, and we will write it u(H) by abuse of language 
when we drop the monomorphism f in the notation of a subgroup of G. 


Proposition 7%. If u is an wogeny of a group G onto a group G’, the 
napping H —>u(HH) is a byection of the set of subgroups (resp. normal sub- 
groups) of G onto the set of subgroups (resp. normal subgroups) of G’. 


Consider first the case in which G’=G and u=p'; then it is clear 
that w(H) =H for any subgroup H of G, as it is immediately seen when 
H is taken as typical subgroup; Proposition 7 is just obvious in that case. 
If now w is any isogeny, there is an isogeny wv of G’ onto some G*) such 
that vow == p’ (Proposition 2), and as uw) oy = pt, the result follows at once. 


Proposition 8. Let wu be a surjective homomorphism of G onto G’. 
For any subgroup H’ of G’, there 1s a largest subgroup H of G such that 
u(H)C H’; H is the unique subgroup of G containing the kernel N of u 
and such that u(H) =H’, and we have dimH =dimN-+ dim WH’. 


It is clear that if there is a largest subgroup H of G such that u(H) C H’, 
it must contain V; for any subgroup F of G such that NCF CH, N is 
then the kernel of the restriction of u to F’, and we have, by the homomorphism 
theorem, dim —dimN-+dimu(F); the proposition will therefore be 
proved as soon as we establish the existence of a subgroup HD WN of G 
such that uw(H) —H’, and the fact that H is the largest of the subgroups 
P for which u(F) C H’. 

By Proposition 6, we can write w—vow, where w is an epimorphism 
and » an isogeny; using Proposition 7, we are immediately reduced to the 
tase in which w is an epimorphism. Suppose dimG—n, dim G@’=—=m<=n, 
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and (using the homomorphism theorem) suppose w is defined by u(x) =z, 
for 1Si=™m, u(x) =0 for m+1S1Sn. We can change variables in 
by an isomorphism -,2’m) (1StSm) so that H’ will be 
transformed into a typical subgroup defined by #,;—0 forlSitS qm. If 
we also change variables in G by for 1 
for m+1i<n, then the epimorphism u corresponding to u will again be 
defined by a(x) for 1 ij(x) =0 form+1S1Sn. We can 
therefore suppose that H’ was already a typical subgroup of G’ defined by 
for 1Sisq. I claim that the relations for 1 Si q define 
a typical subgroup H of G, which then obviously contains N and is such that 
u(H)—dH’. We have to show that 


But by assumption we have 
Now, by definition of a homomorphism, we have 


substituting 0 to the z, and y; of index k Sq in those identities for 1=j Sq 
yields the desired result. 

It remains to prove that if a subhyperalgebra % of © is such that 
then § CH. First we have w’(FN go) C H’Ng’o; as (Xu) 
=X’, for 1Sism, for this shows that 
BAG CHANG, hence ¥N8 CHN8. Suppose we have proved that 
8, C §N8,; by the argument at the beginning of the proof of Theorem 


n 
1, any element of can then be written Z + ¢,X with Z€ ON gra; 
4=1 


n 
as u’(Z) € §’, we must have for 1 StS q, hence H, which 


proves that C HA Gr, hence FN 8r11 C HN 8,4, (by condition 2° of 
Theorem 1), which ends the proof. 

We will write as usual H —w"(H’), and say that H is the inverse 
image of H’ by u. 

Coro.iary 1. If u ts a surjective homomorphism of G onto G’, v4 
surjective homomorphism of G’ onto G” and w=vou, then, for any sub- 
group H” of w(H”) =u(v"(H”)). 

For if H=wu"(v"(H”)) we have w(H) =H” by Proposition 8; 0 
the other hand if N’ is the kernel of v, u-4(N’) is the kernel of w, for the 
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relation v(u(/’)) = {e”} implies u(F’) C N’ by Proposition 5 for a subgroup 
Fof G, hence F C u-*(N’), and conversely v(u(u-*(N’))) =v(N’) = {e”}. 
As NW’ C we have u*(N’) C (H”)), and Proposition 8 shows 
that H 


CornottaRy 2. If L is a perfect extension of K, u*(H’(1)) ts identical 
(w*(H’)) (x). 


For if H=u"(H’), u(H and H,z) contains the kernel 
Viz) of (considered as homomorphism of G,z) onto G’(z)). 

If the homomorphism w is not surjective, we can still prove the existence 
of a largest subgroup H of G such that u(H)C H’ as soon as we have proved 
the g.l.b. H’ A u(G@) exists; for the relation u(H)C H’ is then equivalent 
to u(H) C H’ A u(G@), and considering wu as a surjective homomorphism of 
G onto u(G), we need only take H =u™(H’ A u(G)) 


9. Lattice properties of normal subgroups. 


Proposition 9. Let H bea subgroup of G, N a normal subgroup of G. 
Then there 1s a g.l.b.H A N and al.u.b.H V N of these two subgroups. 
If g 1s the natural epimorphism of G onto G/N, H (A N ts the kernel of the 
nstriction of g to H, and H\/ N=g"(g(f)). 


The fact that the kernel of the restriction of g to H is H A N follows 
fom Proposition 5. On the other hand, if a subgroup F of G@ contains 
bth H and WN, we have g(F’)D g(H), hence g(g(F))D g7(g(H)). But 
ty Proposition 8 F = g-*(g(F)), which proves that g*(g(H)) =H V N. 

CoroLuaRy 1. For any perfect extension L of K, 


Airy) \ Nw = (A AN) and Hy V Nay = (HV N) 


It is clear that (H A NV) 2) is the kernel of the restriction of g to H,1); 
m the other hand, from corollary 2 to Proposition 8 we have (g-*(g(#))) 1) 
=g"((g(H)) (z)), and consideration of the subhyperalgebras shows that 
) (4) =8 


Corotuary 2. If Ni, Nz are two normal subgroups of G, Ni A Nz and 
N. are normal in G. 


Let = be a generic point of G, and ZL a perfect field containing 
K{[z,,- ; then i,((N, A N2) iz(Ni 1) ) = Ni 1) and similarly 
A Nz) C Now), hence 


is((N1 A C A Naty = (M1 A N22) 
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which shows NV, A is normal; on the other hand 
C i.((N, and similarly C is((N1V N2) hence (Ni V 
C i.((N, V Nz) and as these two groups have same dimension, they 
coincide, which proves N, V Nz is normal in G. 

As mentioned above, even if NV, and WN, are normal subgroups, 9, N Mt, 
will not in general be a subhyperalgebra. But we have the surprisingly 


simple : 


TurorEeM 3. If H is a subgroup of G, N a normal subgroup of 6, 
then the subalgebra of & generated by HUM rs the subhyperalgebra corre. 
sponding to HV N. 


We consider, for each r=0, the subalgebra t, of 8, generated by the 
union of 8, § and 8, NN, and the Lie-p-algebra m, generated by the union of 
ti, G- 19 and g-NM. It is clear that t, is the subalgebra generated by 
m,, by condition 2° of Theorem 1. . 

Next, consider the increasing sequence of sub-Lie-p-algebras m,/ . 
It is a stationary sequence, in other words there is a smallest integer ¢ such 
that m1 go=m-N go for r=t. By a linear isomorphism, we can suppos 
that the basis (Xoi)1sisn Of go is such that there is an increasing sequence of 
intervals Cd, C++ having the property 
that the X,; with «€ J form a basis for MN, the Xj such that i€ J, a 
basis for m,-M go for each value of r=0. As goNM is a p-ideal in the Lie 
algebra go, it is immediately verified that mo = (goN MN) + (GN §). 

As a basis for an inductive argument, we will now suppose that 6 
verifies the following conditions: 


(B,) The group law of G is pseudo-canonical and the basis (Xq) of § 
is such that: 

a) The Xq for which h(a) =r and a€N! form a basis for 8,N MN. 

b) The algebra t, has a basis consisting of the Xq of height h(a) Sr 
which satisfy the following conditions: 

(*), If then for i¢d,, a < for 
Sr, and < p™ for 

c) The Lie algebra m, is identical to (g¢¢N MN) + + 


Observe that from Lemma 1 and the fact that 8,9 (resp. t,) is 4 
subalgebra, it follows that the Z, such that h(«) =r and a€ WN! form 3 
basis of 8, 9, and the Z, satisfying (*), and such that h(«) <r a basis 
of t,. We note also that the last remark before (B,) means that @ verifies 
conditions (Bo). 
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Let uy, be the vector space consisting of the elements YX € g,,, such 
that X°—1@X—X@1€t,@t,. Let n be the space having as a basis the 
Of index 1€ the space having as a basis the Of 
index 1€J,—Jz. (OSkSr), r the space having as a basis the XY, for 
i¢ J, Then it is immediate to check that: 


(i) ys. ts the direct sum of t,, n, the q, (OSkSr) and t. 
Next we show that: 
(ii) Jf and TE8,NN, then [X,T] € t,. 


AS Ure C Grr, [X,T]€8,. It is enough of course to take T—Z, with 

h(a) Sr and «€N!; we use induction on |a@|. For |a|—1, we have 

T =X with 1€ J; by definition YU;@V;, with 
j 


V; in t,, and on the other hand X°;—1®@X i+ Xi®1; hence 
[X, Xoi]° = [X°, [X, Xo] + Xai] @1 
+ U;® [V;, Xu] + = [U;j, @ Vj. 


Now, as so are [U;, Xi] and [V;,Xo:], hence we see that [X, Xoi] 
belongs to uy. But on the other hand, [X,X.:] belongs to the normal 
ideal a generated by 9* in G; but from (i) it follows at once (remembering 
that a is also the right ideal generated by 9+) that 8 M uy1M a is contained 
in 

Next assume we have proved that [X,Z)]€4, for A<a; then we have 
by definition 7°, Zp@Za-p; hence 


Za ]° = [X°, =1@ [X,Z.] + 
0<p<a 


o<p<a 7 


But as [X,Z,] € t- for B<«@ by the induction hypothesis, we first conclude 
as above that [X,Z,]€ ur, and then that [X,Z,]¢€t,. Our next step con- 
sists first in defining, by the same process as in Theorem 1, for each 7€ J, an 


n 
element belonging to 9 and such that + oy. 


On the other hand, for 1€J,—Jxy,. (OSkSr) we can write X,x; 
=S+T+U, with Tegan, Veta. Let 
T’E Grr VU’ € 4, be such that p’(S’) =S, p’(T’) =T, p’(U’) =U. By 
definition, + 7’ + U’ is in and if we write that 


n 
= we see at once that we can write + DS + V 
j=1 
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with V € t,; we thus see that, by substracting V from U’, we can find an ele- 


ment in (Grr) + (Greer N) +4, of the form Xp + 
j=1 


It is clear that all the Y,; thus defined are linearly independent modt,; 
if » is the space having these Y; as a basis, b is contained in (Gri 9) 
+ (Gri N)+t,, and u,,, is the direct sum t,-+-b-+ 1; therefore we can 
find a certain number of elements Yo;€ r (1 tq) which form a basis of 
a supplementary subspace of in (Gri NI) + +t. 


(iii) If TE and U€t,, then [T,U] € t,. 


This is trivial if T€ 8, MC t,, and we can thus only consider the case 
T= Voi, AS Yossi € trary —1 belongs to 
t,®t,. We can on the other hand take U=Z, with a satisfying (*),, and 
then prove (iii) by induction on | «|; the proof follows exactly the same 
lines as that of (ii), and we omit it. 


(iv) If Te UE then [T,0] € N) +t. 


Due to (ii), we can suppose T = Y,,,;, 1€ J; then the proof again follows 
the same lines as (ii), using the fact that Y°,.14—1® Yrrs— Yrur1@1 is in 
(8, MN) @ (8 NIM), the results (ii) and (iii), and noting that u,.Na 
C (Grea MN) + 


(v) The Lie-p-algebra m,,1 is identical to (GraiM + H) + te 


By definition of m,, it is enough to prove that m'y4.—= (Gri I) 
+ (Gri) +t, is a Lie-p-algebra. For any two elements X,X’ of mr, 
we have Y¥+-7+U0 € X’+7’ + UV’ E for suitable elements 
T,T’ in GriN MN, U,U’ int, As +T+0,X'+7’ + is in gr N 9, 
X,X’ in uys:, it follows from (ii) and (iv) that [X,X’] belongs to my. 
Similarly + T+ U)?€ but by Jacobson’s formula, (X + T + U)? 
is the sum of X?-+- T?-+- U? and of alternants formed with XY, T and U; we 
have just seen that the latter are in m’,,.:, and as U?€t, and T?€ gM, 
we have again X?€m’,,,, which concludes the proof of (v). 

This shows that q is the number of elements of J,,.—J,, and that 
the Y,; are linear combinations of the X,; of index j€J,,,—Jd,, let 


Yo= >  dyXoj3 let (ci) be the inverse matrix to (bj). Consider the 
isomorphism u of G onto a group G’ defined by 


u(x) aa) (taking J-..—@) 


k=-1 jf 
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where hy(x) if and hi(x)= cya; if t€ 


Then it follows readily from the definitions [9, p. 221] that 


u’(Z,) = Z’, for indices « verifying (*), 
(12) = for 1€ — k = r+ 1 
wu’ (Xvi) = for i¢ 


The group law of G’ is now not pseudo-canonical any more, and we have to 
apply to G’ the isomorphism v onto a group G” obtained by the “standard 
process” of no. 3. Now, if f is the homomorphism of §,(K) onto G such 
that f(V.) = Za for every index a, it follows from (12) that w’(f(Va)) =2’c 
for all « verifying (*),. As explained in no. 3, v is obtained as an “ infinite 
product ” - - -®j-1° * ‘Vo; using the preceding remark and the recursive 
definition of the v,, it is easily verified by induction that for any h, 
= Z, for all satisfying (*), and in addition 


= XO for 1€ —1SkSr+1, 


as well as = for 1 [i= n (with self-explanatory notations). 
We suppress the somewhat tedious detail, which involves not the slightest 
difficulty, the main point being the following one: if, in an arbitrary power 
series without constant term, we substitute for the indeterminates power 
series in the 2 (1 itn), in which there is no monomial in x* with «@ 
satisfying (*),, or (—1SkSr+1), or a—«@ 
(117) then there is also no monomial of any of these types in the 
power series which results from the substitution. The same remark shows 
that if we consider the isomorphism w—vou of G onto G”, there are no 
monomials in x* with a satisfying (*), in any of the series w;(x) — 2%. 
Replacing for a moment G by G@”, we have obtained as a basis for 
M4, the X, which satisfy (*), and the X,2.:,, such that 1€J,—Ji. 
(—1S=k=r-+1). As m,, is a Lie-p-algebra, it is immediate to see that 
the associative algebra t,,, it generates has as a basis the Y, which satisfy 
(*),41.. In other words, we have obtained a group for which (B,,,) holds. 
Summing up what we have done, and changing the notations, we have 
proved the following result: if G, is a group, H, a subgroup and WN, a normal 
subgroup of G, for which assumptions (B,) are satisfied, then there is an 
isomorphism g, of G, onto a group G,,, such that H,..—g,(H,) and 
N,.4=g,(N,) now satisfy assumptions (B,,,). Moreover, as soon as r> tf, 
in the power series g,4(“) —2; (1it<n) there are no monomials of height 
<r—t. We conclude as usual (see end of proof of Theorem 1), obtaining 


11 
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an isomorphism g of G onto a group G such that if H =g(H) and N—g(N) 
H and N now satisfy assumptions (B,) for every r. The subalgebra of 6G 
generated by § U § is then the algebra having as a basis the Z, such that 
a€ N’:, and it is clear that it is a typical subhyperalgebra; the proof of 
Theorem 3 is thus complete. | 

From Corollary 2 to Proposition 9 and the chain conditions, it follows 
that the normal subgroups of G form a complete lattice. There is a corres- 
ponding result for the normal ideals of ©: 


Proposition 10. The normal ideals of © form a complete lattice; 
more precisely, the mapping %—a(M) which, to every subhyperalgebra NR 
corresponding to a normal subgroup of G, associates the normal tdeal it 
generates, is a lattice isomorphism, such that a(%i V Nz) +a(M:). 


Indeed, by Theorem 3, a(Jt:) + a(%z) is the ideal generated by the sub- 
algebra of © generated by 93, UN», hence by 9, V Me. It is clear that the 
condition 9, C MN, implies a(V,) C a(t.) ; conversely, if that last inclusion 
holds, then a(9, V =a(MN-). If we had V the dimension 
of VN, V N. would be strictly greater than that of N.; but the dimension of 
a normal subgroup W is equal to dim(q. a(9)), hence our conclusion. 


10. The isomorphism theorems and the Jordan-Holder theorem. For 
convenience, we collect the properties corresponding to the classical “isomor- 
phism theorems” of ordinary group theory: 


Proposition 11. Let u be a homomorphism of G onto a group @. 
having kernel Then: 


a) The mapping H—u(H) is a bijection of the set of subgroups of G 
containing N, onto the set of subgroups of G’, the inverse bijection being 
H’—>u(H’). 

b) In the preceding one-to-one correspondence, to normal subgroups 
correspond normal subgroups, and the correspondence is a lattice isomorphism. 
Moreover, if HD N is normal in G, and H’=u(H), there ts an tsogeny 
of G/H onto G’/H’, and both groups are isomorphic when wu ts an 
epimorphism. 

c) If F is an arbitrary subgroup of G, FV N=w"(u(F)), there 
exist isogenies of F/(F \ N) onto (FV N)/N and of (FV N)/N onto 
u(F). Moreover, dimF + dimN =—dim(F V N)+dim(F AN). 


Most of this has already been proved (Propositions 8 and 9). The fact 
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that if H is normal in G, u(H) is normal in G’ follows from the charac- 
terization of the subhyperalgebras of normal subgroups given in Theorem 2, 
remembering that u’(G) =’. Conversely, if H’ is normal in G@’, and 
v is the natural epimorphism of G’ onto G’/H’, vow is a homomorphism of 
G onto G’/H’, of kernel H u™'(H’), hence H is normal in G and there is 
an isogeny of G/H onto G’/H’ (Proposition 6); this isogeny is an iso- 
morphism when wu is an epimorphism, since then vow is an epimorphism 
(Corollary to Proposition 1). The isogenies of (F V N)/N and F/(F A N) 
onto u(#’) stem from application of Proposition 6 to the restrictions of u 
to F V N and F respectively. If we replace uw by the natural epimorphism 
of G onto G/N, it follows from Proposition 1 that the restriction of u to 
F\V N is an epimorphism onto u(/F); in that case u(F) and (F V N)/N 
are isomorphic, hence the existence of an isogeny of F/(F A N) onto 
(FV N)/N (cf. no. 21). 


CoroLttary. Under the same assumptions as in Proposition 11, the 
mapping a($)—-u’(a(S)) ts a lattice isomorphism of the set of normal 
ideals a(S) corresponding to normal subgroups H of G containing N, onto the 
set of all normal ideals of &’, the inverse mapping being a(’) > u’*(a(h’) ). 


It is now possible to develop the sequence of propositions and definitions 
corresponding to the one which, for abstract groups (or Lie groups over 
fields of characteristic 0), leads to the Jordan-Hélder theorem: namely the 
Zassenhaus lemma, the definition of simple groups™ and the Schreier refine- 
ment theorem. The only difference is that throughout “isomorphic groups” 
are to be replaced by “isogenous groups”; “equivalent” composition series 
are those in which the quotient groups can be paired so as to be isogenous; 
and the Jordan-Hélder theorem states then that two Jordan-Hoélder series 
are equivalent. We suppress the details, which are straightforward adapta- 
tions of the classical proofs (see e.g. [3, pp. 84-87], and [16, pp. 422-423], 
where the same thing is done for algebraic groups); as we have not yet 
established the lattice property of subgroups, the only point where a little care 
is needed is in proving the existence of the g.l.b.G; A H; when (G4) ozicn 
and (H;)o<jcem are two composition series of G. This is done for instance 
by induction on j, remarking that H;,, is normal in H;, hence that (G; A Hj) 
A H;,, is defined by Proposition 9. It should be observed that this is the 
best possible statement, in other words that the Jordan-Hélder theorem in 
its usual form does not hold for formal Lie groups over a field of characteristic 
p>O (see no. 21). 


7° One must beware of the fact that if G is a simple Lie group over a field K, and 


La perfect extension of K, @,,, is not necessarily simple. 


) 
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11. Commuting subgroups and center. Let (H,f) and (H’,g) be 


two subgroups of @; we say they commute (“elementwise”*) or that they [ 


centralize each other if f(y)g(y’) =g(y’)f(y) for any independent generic 
points y,y of H,H’ respectively. 


Proposition 12. In order that two subgroups of G commute, it is 
necessary and sufficient that their subhyperalgebras commute elementwise 


in 6. 
Let (Y,), (¥’,) and (Z,) be the structural bases of §, 9’, © respec- 
tively. If we put (g(y’))F the relation 


fly)g(y’) =g(y)f(y) is by definition equivalent to the relations 
for any index y. This yields = for all But 
a,B a,B 


we have f’(Y,) =D and g’(Y’,) => hence the preceding rela- 
a a 


tions are equivalent to (VY), q.e.d. 

Proposition 12 and Theorem 2 show immediately that any subgroup of 
G which centralizes G is a normal subgroup of G; if Z,,Z, are any such 
subgroups, Z; V Z. is therefore defined and a normal subgroup of G; and 
it follows from Proposition 12 and Theorem 8 that Z, V Z, again centralizes 
G. There is therefore a largest subgroup centralizing G, the center Z (or 
Z(G@)) of G, which is an abelian normal subgroup. It follows from Proposi- 
tion 12 that the subhyperalgebra 8 of the center Z is the largest subhyper- 
algebra contained in the center of the algebra ©. 


12. Quasi-direct products. We say that a group G is the quast-direct 
product of two of its subgroups H;, Ho, if there exists an isogeny u of a 
direct product G, X G, onto G such that u(G,) = H,, u(G.) = H.. 


PROPOSITION 13. In order that a group G be quasi-direct product of 
two subgroups H,,H>, necessary and sufficient conditions are that H, and 
H, be normal subgroups such that H, \ H.=e and H, V H2—=G; when 
these conditions are satisfied, H, and H, commute. 


The necessity of the conditions follows at once from Proposition 7. 
Conversely, suppose these conditions are satified; it follows from Propositions 


®I have not been able to find, for formal Lie groups, the notion corresponding to 
“ set-theoretic ” commutation of two subgroups in the classical theory (i.e. the relation 
HH’ = 
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11 and 2 that there is a homomorphism v, (resp. v.) of G onto a group G, 
(resp. G2) isogenous to H, (resp. Hz), with kernel H, (resp. H,). Consider the 
homomorphism v= (v,,v2) of G into G, X G2; we have v(H,) =G, and 
v(H.) = hence v(G@) contains G, V G.=G, X G2; v is thus surjective, 
and as G and G, xX G, have same dimension by Proposition 11, v is an 


| isogeny. Let w be an isogeny of G, X G, onto some group G) (prop. 2), 


such that wovu=—p‘; is then an isogeny of G,“) onto G, 
mapping G,‘@ onto H, and G, onto H2. The last statement of the proposi- 
tion is obvious from the definition of a quasi-direct product. 

The preceding definition and proof can of course be extended in an 
obvious way to any finite number of factors. For an example of a quasi- 
direct product which is not a direct product, see no. 21. 


13. Subgroup of commutators; ascending and descending central series. 
Let V,,N.2 be two normal subgroups of G, uw a homomorphism of G@ into 
a group H,P the kernel of u. In order that the subgroups u(NV,) and u(N,) 
commute in H, the corresponding subhyperalgebras of § must commute 
elementwise (prop. 12). Using Propositions 6 and 7%, we have an equiva- 
lent condition by restricting ourselves to the case in which w is the natural 
epimorphism g of G onto G/P. But then the subhyperalgebra corresponding 
to g(N;) (resp. g(N-)) consists of the classes of the elements of Jt, (resp. 
modulo the normal ideal a($8) (th. 2); hence, for T,€ T2€ M2, 
[T:,7'2] must belong to a($$), and conversely. 


PROPOSITION 14. If Ni,N2 are two normal subgroups® of G, there 
exists a smallest normal subgroup P=[N,,N.] of G such that the natural 
images of N, and N2 in G/P commute; [N.,N-] is contained in N, A Nz, 
and a(§8) ws the smallest normal ideal containing the alternants [T,,T2] 
where T,€ MN, and T.€ No. 


Once the existence of a smallest P is proved, the characterization of 
a($) becomes obvious. As N, and N, are normal subgroups, [7, T2] belongs 
both to a(9.) and a(t), hence P C N, A Nz by Proposition 10. Finally, 
owing to the chain conditions, all we have to prove is that if P,, P, are kernels 
of homomorphisms g,,g. of @ into groups H,,H», such that g,;(N,) and 
gi(V.) commute (i=1,2), then P, A P, has the same property. But 
P, A P, is the kernel of the homomorphism g = (g;, g.) of @ into H, X Ho, 
and it is clear that g(N,) and g(N.) commute in //, X Ap. 


*There does not seem to be any obvious definition of [H,,H,] when H,,H, are 
arbitrary subgroups of a formal Lie group G. 
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We will denote by [9t:,9t.] the hyperalgebra of [Ni,N2]. If g is the 
natural epimorphism of G onto G/[N:,N2], then g(%,x.x7,«"'.) =e for 
any two (independent) generic points x, of Ni, x, of N2; if [Ni, Ne] is 
brought into typical form, being defined by the annulation of all coordinates 
of index i> m, then the coordinates of such indices of x,%.x71,x"', are 0. 

In particular, for any normal subgroup N of G, [N,N] is the smallest 
normal subgroup in G such that V/[N,N] be abelian. We call [G,G@] the 
commutator subgroup or derived subgroup of G, and write it D{G) (and its 
subhyperalgebra D(@) ). 


Proposition 15. For any normal subgroup N of G, [N,N] =—D(N). 


All we have to show is that D(N) is a normal subgroup in G. Now, 
if z is a generic point of G, and LZ a perfect extension of K[[]], is is an 
automorphism of N,z), hence H =i,(D(N,z))) is a normal subgroup of 
Nz) such that N,z)/H is abelian. By definition, this implies H D D(N,z))), 
and as the two groups have same dimension, they are equal. 

We can define as usual the derived series of successive commutator 
subgroups D"(G) = D(D""(G)) for n>1, and the descending central series 
= D(G), C*(G) =[4,C*"(G4)] for n>1. 

Proposition 16. If u is a surjective homomorphism of G onto G’, and 
N,,N. two normal subgroups of G, then [u(N,),u(N-2)] =u([Ni, Nel). 

Indeed, if a—a([9,92]) the image w’(a) is a normal ideal in GW’ 
containing all the for Ti€%,, T.€ 
Conversely, if a’ C @ is a normal ideal containing these elements, u’-'(a’) 
is a normal ideal in & containing the [7,, T.], hence contains a by definition, 
and therefore u’(a) is the smallest normal ideal in ©’ containing the 

Corotuary. If u ts a surjective homomorphism of G onto G’, then 
u(D"(G)) =D"(G"), u(C"(G)) =C"(G"). 

Proposition 17. Let M,,M. be two normal subgroups of G, H a 
subgroup of G, N,N. two normal subgroups of H such that N,C M,, 
N.C M,. Then [N,,N2] C Me}. 

Indeed, if g is the natural mapping of G onto G/[M,, M2], g(M,) and 
g(M.) commute, hence also g(NV,) C g(M,) and g(N.) C g(M,_) ; the kernel 
H A [M,,M_.] of the restriction of g to H thus contains [N,, V2]. 


CoroLitary. For any subgroup H of G, 
C D*(@) and C"(H) CC(G@). 
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A group @ will be called solvable (resp. nilpotent) if D"(G) =e (resp. 
("(G@) =e) for sufficiently large n. From Propositions 16 and 17 it follows 
that subgroups and quotient groups of solvable (resp. nilpotent) groups are 
solvable (resp. nilpotent). The usual arguments show that solvable groups 
are characterized as those having a composition series with abelian quotient 
groups, and that if H is solvable and normal in G, and G/H solvable, then 
G is solvable. 

The ascending central series is also defined as usual: Z*(G) is the center 
of G and Z"(G@) the inverse image of the center of G/Z"*(G@). As, by 
definition, C"*(G@)/C"(G@) is contained in the center of G/C"(G), the 
classical argument shows that nilpotent groups are also those for which the 
ascending central series terminates at G. 


III. Representable Groups. 


14. Formal Lie groups associated to algebraic groups.?° The words 
“algebraic group” will be taken with the meaning given to them in [16]. 
The process outlined in [8, p. 116], associating a formal Lie group to an 
algebraic group which is an affine variety, can be generalized in an obvious 
way to arbitrary algebraic groups. We rapidly sketch it in this section. 

We first recall known properties of local rings at simple points of 
algebraic varieties. Let U,V be two algebraic varieties, F an everywhere 
defined rational map of U into V, K a common field of definition of U, V, F, «. 
a simple point of U rational over K, b a simple point of V rational over K,. 
and suppose b=/F(a). Let z,y be generic points of U,V over K, and 
consider an element ¢(y)€ K(y) of the local ring ox(b,V) of V at the 
point 6. As the specialization y—b transforms ¢(y) into a finite element 
t(b) and the specialization z—>a transforms F(z) into 6, the specialization 
y—> F(z) transforms ¢(y) into a finite ¢(F(x)), which is an element of 
the local ring ox (a,U), and the mapping t(y) >¢(F(z)) is a homomorphism 
of o«(b, V) into ox(a,U), which can be extended by continuity to a homo- 
morphism F of the completed local ring Ox(b,V) into the completed local 
ting Ox(a,U). If dimU =m, dim V =n, then Ox(a,U) (resp. Ox(b, V)) 
can be identified to the ring of power series K[[Xi,---,Xm]] (resp. 


*°The assumption that the characteristic is ~ 0 is not used in this part until no. 
19 (Lemma 3 and its consequences). Taking into account the one-to-one correspon- 
dence between formal Lie groups and Lie algebras in characteristic 0, the theorems 
Proved in nos. 14-18 yield new proofs of the corresponding theorems on Lie algebras 
proved by Chevalley in [6]. 
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sends a system (5;),<ism (resp. (¢;):<jen) of uniformizing parameters in ox(a, U) 


(resp. 0x(b,V)) onto the system (X;) (resp. (Y;)); the elements F(¢;) of 


Ox(a,U) are then identified to n power series $;(X1,: - -,Xm); if ¢ is an 
element of Ox«(b,V), identified to a power series f(¥1,---,¥n), F(t) is 
identified to the power series obtained by replacing each Y; by $;(X:,---, Xm) 
in the power series - -, Yn). 

If W is a third algebraic variety, G an everywhere defined rational map 
of V into W, W and G being defined over K, c a simple point of W, rational 
over K, such that G(b) —c, then it is readily verified that GoF=FoG, 

In particular, suppose F is generically surjective, i.e. that F(z) is a 
generic point of V over K [16]; then it is obvious that the restriction of F 
to ox(b, V) is injective, and it can be proved [17, p. 64, th. 3] that F itself 
is injective. 

Consider now the product U X V, in which (a,6) is a simple point; to 
the projections pry and pry correspond natural injections of ox(a,U) and 
ox(b,V) into ox((a,b),U the images - -,5m,t/1,° of the 
s; and t; by these injections form a system of m-+-n uniformizing parameters 
of U X V at the point (a,b), which we will say corresponds naturally to the 
systems (s;) and (¢;). 

Finally, suppose U is a subvariety of V, ba, F being the natural 
injection of U into V. Then # is a homomorphism of Ox(a, V) onto Ox(a, U); 
and it can be shown that uniformizing parameters ¢; in ox(a,V) may be 
chosen so that the kernel of F is the ideal generated by tm,1,- - -,¢n, and 
the F(t;) for 1=ism form a system of uniformizing parameters of 
ox(a,U) [4, p. 705, prop. 9]. 

Let now G be an algebraic group of dimension n defined over K, G, the 
connected component of the identity e in G. Applying the process described 
above to the rational mapping f: (z,y) > zy of GX G into Go, we obtain 
a homomorphism f of Ox(e, Go) into Or((e, e), Go Go); let (ti)rsien be a sys- 
tem of uniformizing parameters in ox(e, Go), and let 
be the system of uniformizing parameters corresponding naturally to (¢;) in 
Go); then, if and are identified to two systems 
x= (2x;), y= (yi) of n indeterminates, each element f(t;) is identified to a 
power series ¢;(%,y) in these 2 indeterminates. Consideration of the 
composed mappings (2, y,2)—> (xy,z)—-> xyz, (2, y,2) > (x, yz) > xyz of 
Go xX GX G into G, and of the composed mappings (z,e) 
«—> (e,x)—> ex of G, into itself proves at once that the power series ¢i 
define a group law over K. Let us for the moment denote by G*((t;)) the 


-,¥,]]) in m (resp. n) indeterminates, by an isomorphism which | 
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formal Lie group thus associated to G, K and (¢;); it is immediate that 
when K is replaced by a larger field of definition L of G, the power series ¢; 
are not changed, in other words G*((t;)) is replaced by (G*((&))) (zx). 

Let now H be a second algebraic group of dimension m, e’ the identity 
in H, H, its connected component, wu a rational homomorphism of G into H, 
K a field of definition for G,H and u*'; it is known that wu, restricted to Go, 
is a rational homomorphism of G, into the connected component Hy of H. 
It gives rise therefore to a homomorphism @ of Ox«(e’,H,) into Ox(e, Go). 
Let (5;)1<jsm be a system of uniformizing parameters in ox(e’,Ho); then, if 
(t;) is identified to a system «= (2;) of n indeterminates, each element @(s;) 
is identified to a power series u;(x) in these n indeterminates; and con- 
sideration of the composed mappings (u(xz),u(y)) >~u(z)u(y) 
and (t,y) > zy—u(ay) of Go X G into Hy shows that the system u = 
of m power series is a homomorphism of G*((t)) into H*((s;)). Ifwisa 
rational homomorphism of G into G’, v a rational homomorphism of G’ into 
G”’, then (with self-explanatory notations) if we consider the rational homo- 
morphism w—vow of G into G”’, the corresponding homomorphisms uw, v, w 
of G*((t:)) into G’*((t’;)), of G@’*((;)) into G’*((t%)) and of G*((&)) 
into are such that w—vouw. If we take in particular G=— (@’ 
=”, u,v being the identity, and ¢”;=4+;, we see that the various formal 
Lie groups G*((¢;)) corresponding to different systems of uniformizing 
parameters, are isomorphic. We will therefore usually write from now on 
G* to denote one of these groups. 

Suppose H is a closed subgroup of dimension m <n of the algebraic 
group G, and take a system (¢;) of uniformizing parameters of ox(e, Go) 
such that, if w is the natural injection of H into G, the kernel of @ is 
generated by the ¢; of index > m, and the elements a(t) for 1m form a 
system of uniformizing parameters of ox(e,H,). With that choice of uni- 
formizing parameters, it is clear that the formal Lie group H* will be the 
typical subgroup of G* defined by the equations z;—0 for 1>m. 


Proposition 18. Jf w is a rational homomorphism of an algebraic 
group G into an algebraic group H, having kernel N, then, tf wu is the 


71 From now on, we will assume (unless the contrary is explicitly stated) that 
whenever the field K is mentioned in connection with algebraic groups or rational homo- 
morphisms, it is a common field of definition of all points, algebraic groups and rational 
homomorphisms concerned. We recall that no fields other than perfect fields are ever 
considered in this paper, which suppresses the distinction between field of definition 
and “field of quasi-definition ” [2, p. 25]. 
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corresponding homomorphism** of G* into H*, N* 1s the kernel of u, 
u(G*) = (u(G))* and the rank of u is equal to the rank of u. 


Let K be a common field of definition of G, H and u. As u can be 
considered as composed of the natural injection of u(G@) into H and of a 
surjective homomorphism defined over K [16, p. 415, cor. 1 to th. 4], we can 
immediately restrict ourselves to the case in which wu is surjective. If v is 
the natural injection of N into G, v the corresponding monomorphism of 
N* into G*, then from u(v(N)) = {e’} follows u(v(N*)) =e’, in other 
words N* is contained in the kernel N’ of u. Suppose N’ ~N*; then, if 
dim G =n, dim H = m, we would have dim NW’ > n—™m [2, prop. 5.2, p. 37]; 
by a change of variables, we may suppose WN’ is a typical subgroup of G%*, 
and then the definition of u shows that the image of Ox«(e’,H,) by a would 
be a ring of power series in less than m indeterminates; but this contradicts 
the fact that @ is an isomorphism of Ox(e’,H,) onto its image in Ox(e, Go). 
Then the dimensions of u(G*) and (u(G@))* are equal, and this ends the 
proof. 

This result implies immediately that, for any algebraic subgroup F of 
G, u(F*) = (u(F))*, and, for any algebraic subgroup F” C u(G@), uw? (F’*) 
= (u1(F’))*,28 the latter relation being again due to the fact that the 
dimensions of both groups are the same, and that the first contains the 
second by definition. 

If H,,H. are two algebraic subgroups of G which commute (element- 
wise), it is immediately verified that H*, and H*, commute in G*. 


Prorosition 19. If Ni,N2 are two connected normal algebraic sub- 
groups of G, then [N,, N.]* = [N*,, N*,]. 


If w is the natural homomorphism of G onto G/[N;,N2], u(N;) and 
u(N.) commute, hence u(N*,) and u(N*,) commute in u(G*) ; as [N;, N.]* 
is the kernel of u, we have [N*,,N*,] C [N:,N2]* by definition (no. 13). 
Let dim[NV*,, V*,] =m, dim[N,,N.] We can suppose the uniformizing 
parameters t; (1Si<n) of ox(e,G,.) have been taken so that, if v is the 
natural injection of [Ni,N.] into G, the constitute 
a system of uniformizing parameters of ox(e,[Ni,N2]o). We identify the 
t; (1Sisn) with a system x= of nm indeterminates, the 


12] will systematically use the convention by which a boldface letter represents the 
homomorphism of formal Lie groups corresponding to a rational homomorphism of 
algebraic groups, denoted by the corresponding italic letter. 

181f U is the graph of u, which is an algebraic subgroup of G x G’, u-*(F”’) is the 
projection on @ of the subgroup UM (@ x F’) of Gx @’. 
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(1S1q) with a system y= - Yq) of indeterminates. We know 
| it is possible to “change variables” in G* so as to transform [N*,, N*,] 
} into a typical subgroup: this means there is a system of mn power series 


| with non vanishing jacobian such that [N*,,N*,] is 
defined by the relations #7,;—0 for m+1SiSn. 

Consider now r generic points n’; (resp. n”;) of N, (resp. N2) over K, 

» all these points being independent; let f (resp. g) be the natural injection 

| of VN, (resp. NV.) into G, and consider the rational map F of N,N", 

| into G, defined by 


F( (05), (05) ) = (F(x) ) (9 (02) ) (F (02) (9 (0) 
(f(r) ) (9 (nr) (g (ns) 


by definition, one can write F—voF,, where F, is a rational map of 
N', X into [N;,N2]. Take in ox(e, (N1)o) (resp. ox(e, (N2)o)) a system 
+, W’a,) (resp. (ws,- -,w%a,)) of uniformizing parameters, and 
in ox((e,- -,e),(N1 the system of uniformizing parameters 


W 315° W 1d;; W 21, > T1ls 9 W rays 


” ” ” ” 


which corresponds naturally to the w’, and w”,. If we identify these para- 
meters with 2r systems == (2’jn)1sn<a,) = (2 jn) Of indeterminates 
(lSjsr), then for g+1SisSn, and F(t) =F,(s,) for 
1S1t=q is a power series w;((%;),(%’;)) in the and 2’. But it 
follows from the definitions that this system of n power series is the one 
which we have agreed to denote by 


and from the definition of [N*,,N*.] (no. 13) it follows that we have 


(18) Wi ( (25), (2’;)),° Wq( (25), 0,° *,0) =0 
for m+1Si=n. 


Now it is known [2, pp. 34-35] that for r large enough, F',((n’;), (n”;) ) 
is a generic point of [N;,N-.]. But then F, is an tsomorphism of 
Ox(e,[N1,N.],) onto its image; and for m-+1i=n, the left hand side 
of (13) is the image by F, of the element of Ox(e,[N1,N2]o) identified to 
the power series Therefore we have Yq 
0---.0)=—0 for m+1St=n; but by definition, this means that 
o((NV,, N.]*) C [N*,, N*.], q.e.d. 
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Corotuary. In order that a connected algebraic group G be solvable 
(resp. nilpotent, commutative), it is necessary and sufficient that G* be 
solvable (resp. nilpotent, commutative). 


15. Representable groups. Dy general linear group GL(n), we will 
always mean the algebraic group consisting of all n Xn invertible matrices 
with elements in the “universal domain” Q; it is connected and defined 
over the prime field F,. If (t,;) are the elements of a generic matrix 
T € GL(n) over Fy, then we can take the ¢;;——8,; as uniformizing parameters 
of o¢,(e,GL(n)), which we call the coordinates of T. The corresponding 
formal Lie group over F, will be denoted GL*(n) ; its group law is defined 
by the power series ¢i;(x,y) (with x= (aij), y= (yy), Sn) 


(14) ty — (Sin + ix) Yrs): 


A homomorphism wu of a formal Lie group G@ (over a field K) into 
GL*(n) is therefore a system (ui) of n® power series (with coefficients in K) 
verifying the identities 


Suppose G = G’*, where G’ is an algebraic group, and let wu be a rational 
homomorphism of G’ into GZ(n). Then, if ¢ is a generic point of G’, over 
K, u(t) is a matrix (8; -+ uij(t)) where the w(t) are elements of the local 
ring ox(e, G’)); taking uniformizing parameters and identifying Ox(e, G’o) 
with a ring of power series, the u;;(¢) are identified to power series %;(x), 
and u= (i;;(x)) is the homomorphism of G into GLZ*(n), corresponding 


to u. 


Lemma 2. Let u be a homomorphism of a formal Lie group G (over 
a field K) into GL*(n), and let H be an algebraic subgroup of GL(n), 
defined over K. Suppose that H is the set of matrices of coordinates 2; 
such that P)(211,° * *;%nn) =0, where (Py) is a family of polynomials in 
+,Xnn]. Then, in order that u(G) C H*, it ts necessary and 
sufficient that the power series Unn(%)) for each X. 


Let c be the ideal generated by the P,, bc the ideal of H. We first 
observe that the condition is equivalent to saying that P(u1,(%),- - -,Unn(x)) 
=0 for every P€ bh, since P™€ c for m large enough and the ring of power 
series has no divisors of 0. Next, if b) Db is the ideal of the connected 
component H, of H, it is also equivalent to say that P(u,,(x),° - -,Unn(x)) 
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=( for every P€ bo. Indeed, the polynomials P€ bh, are characterized by 
the property that PQ,.€b6, where Q» is a polynomial with nonvanishing 
constant term [6, p. 86, th. 2], and as the u;;(*) have no constant term, it 
is clear that the power series Qo(t11(%),° * *,Unn(%)) has a nonvanishing 
constant term, i.e. is invertible. We can therefore suppose H is connected. 

The condition is necessary, for if ¢ == (8;-+ 4;) is a generic point of H 
over K, the belong to ox(e,H), and P(t,° tan) =0 for any P€b; 
let (Sx)isxem be a system of uniformizing parameters of ox(e,H); then u 
is defined by a system of m power series v;,(x), and w(x) is the series 
obtained by substituting v,(x) to s, in the expression of tj; as power series 
in the sy, hence P(t1(%),° Unn(x)) =0. 

To prove the converse, note that K(t) is the field of fractions of the 
quotient ring K[X.1,---,Xnn]/b—=R; let Xi; be the class modb of Xi; 
P, and Q, are polynomials of K[X1u1,--+,Xnn] such that P,(0) —0, 
Q.(0) 40, the polynomials P,, Q; being only determined mod}. From the 
assumption on the wi;(x), the elements 


(x) == Py, (U11(%),° Unn(%))/Qi * (%) ) 


are well determined power series without constant terms. On the other hand, 
if w is the natural injection of H into GL(n), there exists a system of 
uniformizing parameters (t’;,)1<x<n2 Of ox(e,GLZ(n)), such that s,— (tx) 
for 1=k=™m, and that @(t;,) =0 for k>™m, in other words the ¢; for 
k>m are in the ideal generated by b in the local ring ox(e,GL(n)). The 
?, are power series in the coordinates of a generic matrix of GZ(n) (which 
form, as we have seen, a system of uniformizing parameters of ox(e, GL(n))); 
substituting the u;;(x) to these coordinates in these power series, we obtain 
0 for k>m and v(x) for 1=k=™m, which shows that the v;,(*) define 
a homomorphism of G into H* such that u=wov. 

We will say that a formal Lie group G is representable if it is 1so- 
genous to a subgroup of a group GL*(n). As we will chiefly be interested 
in properties invariant under isogeny, we will mainly consider subgroups 
of GL*(n). 


Proposition 20. For any formal Lie group G, the center Z(G) ts 
such that G/Z(G) is representable. 


PROPOSITION 21. For any algebraic group G’, Z(G’*) = (Z(G’))*. 


Both propositions will be proved by the method used by M. Rosenlicht 
to show that if G’ is an algebraic group, G’/Z(G’) is isogenous to an algebraic 
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matrix group ([16, p. 432, th. 13]; see also [18]). Let x—(q,,- - -, 2), 
% = °,2n) be independent generic points of the formal Lie group G, 
L a perfect field containing the ring K[[#.,- --,2,]], and o the ring of 
power series L[[2,,- - -,%,]]; if m is the maximal ideal of o (power series 
without constant terms) then, for any h >0, m* is the ideal of power series 
having only terms of total degree =h. If to each f€ m we associate the 
power series f,(x) —f(z it is clear that maps into hence 
defines, for each h, a homomorphism 7, of m/m" into itself, such that = 1; 
jz is therefore an automorphism of the L-vector space m/m"*. The classes 
x* of the monomials x* such that |a|<h form a basis for m/m*, hence 
we may write j,(%*) = 2 Cap(%)x® for |a|<h. It is then clear that 
l<h 


3—> (Cug(z) —Sag) is a homomorphism wu, of the group G into GL*(n,), 
where n,—dimim/m". Let Z, be the kernel of u,; then we have obviously 
and therefore there is a smallest h such that Z, Z, for all k=h. 
If » is the natural injection of Z, into G, y a generic point of Z,, we have 
therefore f —f € m* for any kZh, i.e. for all f€ m, and this 
shows by definition that Z, C Z(G). On the other hand, if w is the natural 
injection of Z(G) into G, and # a generic point of Z(G), we have fs) =f 
for all f€m, hence Z(G) C Z, for any &, and therefore Z(G) and 
G/Z(G) is isogenous to a subgroup of GL*(n,) by Proposition 11, which 
proves Proposition 20. 

Suppose now G=—G’*; we define in a similar way (M. Rosenlicht, loc. 
cit.) for any h=1 a rational homomorphism —8ag) of 
into GL(n,); and if we take a system of uniformizing parameters in ox(e, G's) 
and identify it with z, then it follows from the definitions that cyg(s) is the 
power series identified to c’4g(s) (when s is a generic point of G’, over K). 
In other words, u, is the homomorphism corresponding to u,; hence, by 
Proposition 18, if Z’, is the kernel of u,, Z,—=Z’*,. But (loc. cit.) 2’, is 
equal to the center Z(G’) for sufficiently large h; hence this proves Proposi- 
tion 21. 


16. Algebraic hull of a subgroup of GL*(n). In what follows, an 
algebraic set in GL(n) will have the same meaning as in [2]. If MM is an 
algebraic set in GL (n), defined over K, 6 its ideal in K[Xy1,- - -,XnnJ], GA 
formal Lie group over K and u a homomorphism of G into GL*(n), we say 
that u(G@) is contained in M if, for any polynomial P€ b, the power series 
P(uy:("),° +,Unn(x)) =0. It is clear that if H is a subgroup of ¢ 
(as defined in no. 5), then u(H) C M. The same argument as in Lemma ? 
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shows that in order that u(G)C M it is sufficient that P)(uyj(x)) =0 for 
a family of polynomials P,€ K[X1u:,---,Xnn] such that M is the set of 
matrices for which all P, are 0. 


PROPOSITION 22. For any homomorphism u of a formal Ine group G 
over K into GL*(n), the smallest algebraic set A(G,u) of GL(n) con- 
taining u(G) is a connected subgroup of GL(n), defined over K, and u(G) 
is contained in the formal Lie group (A(G,u) )*. 


Let 6 be the ideal of @(G,u) in K[X11,- - -,Xnn]; we prove that if 
s,t are in @(G,u) then so is st, which will prove @(G,w) is a group 
[6, p. 82, prop. 2]. For any polynomial P€ K[Xu,:--,Xnnj, and any 
s€GL(n), let .P be the polynomial with coefficients in K[s] obtained by 
substituting in P to the Xj; the coordinates of the matrix, product of s and 
of the matrix (8; -+ Xi;). We can then write 


(16) sP (Ui (¥),° Unn(¥) ) = 2 Snn)¥® 


where the Q, are polynomials of K[X1:1,- - -,Xnn] (since a term in y* can 
only come from terms of degree =| «| in the wi(y)), and the s, the coordi- 
nates of s. Suppose P€b; then we have 


P(t: (xy),° Unn (XY) ) =0 
which, as w is a homomorphism, is equivalent to 


~ Qa(Ui1(%),° (2) )y* = 0 


and implies therefore *,;Unn(%)) for each But by 
definition, this means that Q,¢€ 6 for each a; hence, if s€ @(G,u), we have 
*;Snn) =0 for each a, and therefore, by (16), ,P€ (ideal 
generated by b in K(s)[X11,° - -;Xnn]); hence P(st) =0 for any ¢€ A(G, w), 
which proves our assertion. The argument in Lemma ~ shows moreover that 
@(G,u) is connected, and it also follows from Lemma 2 that u(G) 
C (A(G, u))*. 

We shall simply write @(u(@)) instead of @(G,u), @*(u(G)) instead 
of (2(G,u))*; when uw is a monomorphism (i.e. (G,u) a subgroup of 
GL*(n)) we will simply write @(G) and @*(G@). We say that Z(G) is the 
algebraic hull** of u(G) in GL(n). It is clear that if G’ is a connected 
algebraic subgroup of GL(n), @(G’*) and @*(G’*) = @"*. 


14 Here is an example of a formal Lie group G C GL*(2) which is distinct from its 
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Note that Proposition 22 is also valid when GL(n) is replaced by an 
algebraic group @’ which is an open subset of an affine space, the origin of 
the space being the neutral element of G’; the only modification in the proof 
is that the Q, are replaced by rational functions R,/Sa with Sa(0) 0. We 
shall make use of that remark when @’ is a product of several groups GL(n;,). 


Proposition 23. If G is a formal Lie subgroup of GL*(n) and N a 
normal subgroup in G, then A(N) is a normal subgroup in A(G). 


Let 6 be the ideal of @(N) in K[Xi1,- - -,Xnn|3; we can suppose that 
the subgroup WN is typical, and then, if x is a generic point of N, za 
generic point of G, uw the natural injection of G into GL*(n), we have 
P(u(z)u(x)(u(z))*) =0 for any P€b. For any PE K[Xu,- 
and any s€GZ(n), let *P be the polynomial with coefficients in K(s) 
obtained by substituting to the X;; (coordinates of the matrix X = (6; + Xi)) 
the coordinates of the matrix s+; we have then *P(u(x)) =P (su(x)s"*) 
= > Ra(S11,° * *;Snn)*%*, where the R, are rational functions defined at the 


origin. If P€ 6, we have then as in Proposition 22, Rg (ti1(%),° tnn()) 
= 0, in other words, the numerators of the R, belong to the ideal c of A(@). 
This proves that if s€ @(@), *P belongs to bX), hence that sts*¢€ @(N) 


for any t€ 


ProrositTion 24. Let G’,G” be two connected algebraic groups which 
are open subsets of affine spaces, and f an everywhere defined rational map 
of G’ into G”; suppose u is a homomorphism of a formal Lie group G into 
G’*, M an algebraic subset of G”’, and that for any polynomial P of the 
ideal 6 of M, P(f(u(x))=0. Then GA(u(G)) Cf?(M). 

For any generic point s¢€G’, and any polynomial P¢€b, we have 
P(f(s)) =Q(s)/R(s) with Q,P polynomials in K[s], and R(0) #0, and 
f*(M) is the set of matrices for which all the polynomials Q vanish. The 
remark preceding Proposition 22 then shows that w(G)C f*(JZ), hence 
the result. 


ProposiITIOn 25. a) If G is a subgroup of GL*(n), G’ a subgroup 
algebraic hull @(@). We take G@ as the image of the multiplicative group J, by the 


homomorphism 
+2 0 ) 
0 (1+a)5 


where ¢ is a p-adic integer which is not a rational number [9, p. 241]. @ has therefore 
dimension 1, whereas from the characterization of the tori in GL(n) [2, §7, pp. 42-46] 
and the choice of ¢, it follows at once that @(@) has dimension 2. 
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of GL*(n’), then A(G X G(G’). 

b) If M,N are two subgroups of GL*(n), and if M centralizes N, then 
centralizes A(N). 

c) If M,N are two normal subgroups of a subgroup of GL*(n), then 
[a(M), a(N)] =a ([4,N)). 

d) For any subgroup G of GL*(n), G(D*(G)) =D*(A(G)) and 
a(C*(G)) =C*(A(G)). 

e) In order that a subgroup G of GL*(n) be commutative (resp. solv- 
able, nilpotent), it is necessary and sufficient that A(G) be commutative 
(resp. solvable, nilpotent). 

f) Let G be a subgroup of GL*(n), N a normal subgroup of G, M a 
subgroup of G containing N. Then if M/N is commutative (resp. solvable, 
nilpotent), @(If)/A(N) is commutative (resp. solvable, nilpotent). 


These results are the counterparts of (3.2), (3.4), (4.5), (4.6), (4.7) 
and (4.8) in [2, pp. 33-35]; it will be observed that the proofs of these 
last results are purely formal consequences of the propositions corresponding 
to Propositions 22, 23 and 24 above, and of (4.3) in [2, p. 34]; the only 
point which needs some comment is the inclusion [M,N] C [@(M), G(N) ]* 
(which is obvious in the context of [2]); this follows here from Proposition 19, 
which yields [M,N] C [@*(M), @*(N)| Q(N) ]*, using Proposi- 
tion 17 and Proposition 23. We omit the rest of the proofs. 


TueroreM 4. For any subgroup G of GL*(n), D(G) =€@*(D(G@)) 
= (D(A(G@)))*, and any normal subgroup of G is also a normal subgroup 
of A*(G). 


This corresponds to Theorems 13 and 15 of [6, pp. 173 and 177] (and 
implies them when the characteristic is 01°) ; in non rigorous language, we 
can say that the group of commutators of any representable formal Lie 
group “ts algebraic”, and is “equal” to the commutator subgroup of the 
algebraic hull of G. 

The proof is an adaptation of Chevalley’s proof of his Theorem 13 
(loc. cit.). We start with the group law of GL*(n) defined by (14). 
By Proposition 4, for any normal subgroup N of G, it is possible to 
“change variables” in GL*(n), in other words to find n? power series 
=f (2115° with nonvanishing jacobian, such that the subgroups 
G*(@), G and N of GL*(n) be “defined” respectively by the equations 
for k>m, for k>q, for k>r (rSqsm). Tet 
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= 2’n2) be the “inverse” system of power series. Let 
y= *,Yr) be a generic point of N; denote by g(y) the matrix whose 
coordinates are the gj in which z’, has been replaced by y, for kr, by 0 
for k>r, and consider, for a matrix s of coordinates sj, the power series 
fx(sg(y)s*) obtained by replacing in f, the xj by the coordinates of the 
matrix sg(y)s"!; it is clear that we have f,(sg(y)s*) => Snn)y¥% 


where the are rational functions of K(Xi:,- +,Xnn) such 
that Qie(0) 40. Now let (2,- - -,2,) be a generic point of G, g(z) 
the matrix whose coordinates are the gi in which 2’; is replaced by 2, for 
k=q, by 0 for k>q. From the assumption that N is normal in G, it 
follows that for k > 1, the power series f,(g(z)g(y)g(z)~*) are 0, in other 
words that Ria(g(z)) =0 for all &>r and all «. But by definition, this 
implies that * =O if s€A(G); if t—(t, --,tm) is a 
generic point of @*(G), g(t) the matrix whose coordinates are the gi; in 
which 2’, is replaced by ¢, for km, by 0 for k >™m, we have therefore 
Rra(g(t)) =0 for all k>~r and all a, hence f;.(g(t)g(y)g(t)*) =0 for 
k > vr, which means of course that N is a normal subgroup of @*(@). 

Take now N = D(G), which is therefore a normal subgroup of @*(G). 
With the same conventions as above, consider the power series 


Ska (S11; San) B*, 
a 
where the S;, are again rational functions. By assumption, 


(2 =0 for k>r, 


when 2 = (z’,,- - -,2,) is a second generic point of G; this means that 
Sra(g(z’)) =0 for all k>~r and all «, and we conclude as above that 
=0 for k>r and s€ A(G@), hence 


(t)g (2) 8 (t)"g(2)*) =O for k >r. 
Consider finally the power series = Tra(Si1,° 
a 


with rational 7;,,; the same argument proves that 


=0 for k >r, 


when #’ = (t’;,- - -,tm) is a second generic point of @*(G@). As we know 
that D(G) is a normal subgroup of @*(@), we conclude that D((*(G)) 
C D(G) ; but clearly D(G) C D(G*(G@)), hence D(G) = D(A*(G)). Now 
from Proposition 19 it follows that D(@*(G)) = (D(Q@(G)))*, and from 
Proposition 25 d), D(@(G)) = €@(D(G)), whence D(G) = A*(D(G)). 
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17. Normalizers and centralizers. 


Proprosition 26. Let G be a formal Lie group over K, M,N two sub- 
groups of G. Then there is a largest subgroup P of M such that, if u ts the 
natural injection of P into G, iucz)(Niz)) C Nu), where @ ts a generic 
point of P and L a perfect field containing K[[z]]. 


Let x= (2,,°--,2,) be a generic point of G, and suppose WN is a 
typical subgroup defined by for i>g. Let +, Ym) be a 
generic point of I, # a perfect field containing K[[y]], o the ring of power 
series E[[x]], m the maximal ideal of 9. As in Proposition 20, we define 
an automorphism j, of the H-vector space m/m" by associating to each f€ m 
the power series f,(x) =f(v(y)*xv(y)) (wv natural mapping of M into G), 
and taking classes mod im"; and with the same notations as in Proposition 20, 
we may write j,(x*) — 2 Cag(y)x®, thus obtaining a homomorphism w,: 

<h 


y—> (Cap(y) —8as) of M into GL*(n,). Let J be the interval 1SiSq, 
and let V;, be the subspace of m/m* having as a basis the x* such that a€ N’. 
It is clear that the set of matrices s€ GL(m,) such that s(V,) C Vy is an 
algebraic subgroup S, of GL(n,). Let Q, be the connected component of 
the identity in the algebraic group 8, C(w,(J1)) ; in the formal Lie group 
(l*(w,(M)), w,(IZ) is a normal subgroup by Theorem 4, hence the g.1.b. 
Q*,/A\ w,(Mf) is defined (Proposition 9), and therefore we can also define 
the inverse image P,—=w,(Q*,) in M (see remark at the end of no. 8). 
These definitions imply that P, is the largest subgroup of M such that 
int) (Vn) C Va, if € is a generic point of P, and f the natural mapping of 
P, into M. Furthermore, from that definition it follows that Pn. C Pa, 
hence there is an integer r such that P, =P, for h =r, and P = P, obviously 
satisfies the requirements of Proposition 26. 

When M—G, the subgroup P obviously contains NV, and is the largest 
subgroup of G such that NV is a normal subgroup of P; we say, as usual, 
that P is the normalizer of N in G. Proposition 26 then expresses the fact 
that for any subgroup M of G, the g.1.b.P A M exists. This enables us to 
prove the result announced in no. 5, namely: 


THEOREM 5. The subgroups of a formal Lie group G form a complete 
lattice. 


Owing to the chain conditions, all we need to do is to prove that 
H; \ H, exists for any pair of subgroups of G. Consider the normalizer 
NY, of H, in G; any subgroup contained in H, and H, is contained in H, 


et 
se 
0) 
es 
ne 
h 
or 
it 
er 
is 
a 
in 
Te 
or 
). 
at 
at 
)) 


372 JEAN DIEUDONNE. 


and N., hence in H, A N2, which is defined as we have seen above. More- 
over, in the group N., H, is a normal subgroup, hence Hz A (H; A Nz) is 
defined (Proposition 9), and is obviously the g.1.b. of H, and H2. 


CoroLtary 1. Let u be a surjective homomorphism of G onto a formal 
Lie group G’, H,,H, two subgroups of G, H’;,H’, two subgroups of G’; then 


(17) u(H, V H.) =u(H,) V 
u(H’, V H’.) uw" 


(18) 
u*(H’, A = u-'(H’;) A 


Formulae (18) follow at once from the fact that H’ > u-'(H’) is a one- 
to-one inclusion preserving correspondence between subgroups of G’ and 
subgroups of G containing the kernel N of wu (Proposition 11); the same 
argument proves (17), when we observe that 


H,V H.V N=(H,VN)V(H.V N), 


and that u(H) =u(H V WV) for any subgroup H of G. 


CoroLttary 2. Let H,, H. be two algebraic subgroups of GL(n), 
H,\V H, (resp. Hi A Hz) the smallest algebraic subgroup of GL(n) con- 
taining H, and H, (resp. the largest algebraic subgroup of GL(n) contained 
in H, and H.). Then (H, A H.)* =H*, (A H*:, and, tf H, and H, are 
connected, (H, V H.)*=—H*, V 


Note that H, A Hz is the set theoretic intersection H,M H., and is 
defined over K if both H, and H. are. We have obviously (H, A H:)* 
C H*, A H*.; on the other hand @(H*, A H*.) is contained in_ both 
d(H*,) and @(H*.), which are respectively the connected components of ¢ 
in H, and H,; hence H*, A H*, is contained in the connected component 
of H, A H., which ‘proves that H*, A H*, C (H, A H2)* by definition. 
On the other hand, we have obviously H*, V H*. C (H, V H.)*. To prove 
the converse inclusion, we remark that if x (1St=m) are independent 
generic points of H,, y, (11m) independent generic points of H2, over 
a common field of definition K, then, if m is large enough, 
is a generic point of H, V H, over K; this is easily proved as the Lemmas 
3.1 and 4.3 of [2]. The rest of the argument is then practically identical 
to that in Proposition 19, and we accordingly suppress it. 


Proposition 27%. For any subgroup H of a formal Lie group G, there 
is a largest subgroup H’ which commutes with H (no. 11). That subgroup 
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H’ (called the centralizer of H in G) is a normal subgroup of the normalizer 
of H. 


With the notations of Proposition 26 (H replacing NV and G replacing 
M), we consider the algebraic subgroup 7; of GL(m,) consisting of the 
matrices s such that the restriction of s to V; is the identity, and the inverse 
image w?,(7*,) in G. These subgroups form a decreasing sequence of sub- 
groups of G, and their intersection is the group H’. If N is the normalizer 
of H in G, it is clear that H’ C N. To prove H’ is normal in N, we may 
suppose NG. Then, if s is a generic point of G, is(H’(1)) commutes with 
perfect field containing K[[]]), and as the latter is equal to 
we have by definition i,(H’(z)) C 

For representable groups, we have additional results. For any s€ GL(n), 
let ag be the rational map t— sts of GL(n) onto itself, defined over the 
field F,(s); it gives rise to an automorphism a, of the formal Lie group 
(GL* (1) ) 


Proposition 28. Let G be a subgroup (over a field K) of GL*(n); 
the set of elements s€ GL(n) such that a.(Gcr(s))) C Gurcs)) (resp. such 
that the restriction of a, to Gxis)) is the identity mapping) ts an algebraic 
subgroup N(G) (resp. 9(G)) of GL(n), defined over K and such that 


N*(G) = (N(G))* (resp. J*(G) = (F(G))*) ts the normalizer (resp. 
centralizer) of G in GL*(n). 

First, for reasons of dimension, if x(s))) C both groups 
are equal, from which it follows that if s¢eN(G), then s?€N(G); if 
teN(G) and L—K(s,t), we have a,(Giz)) = Giz) and = Gin); 
aS Ay a@,°a;, we have ag(Gi1)) = Giz), hence ste N(G), and N(G) is 
therefore a group. On the other hand, taking G to be a typical subgroup of 
GL*(n) by a suitable “change of variables,” the same argument as in 
Theorem 4 proves that the elements s€1(G@) are characterized as the 
matrices satisfying a family of equations San) == 0, where the 
Ry, are rational functions of K(X1,,- --,Xnn). Lastly, if H is a subgroup 
of GL*(n), = a generic point of H and wu the natural mapping of H into 
GL*(n), then the condition iu¢s)(Gisz)) C Giz) (for a perfect field FE con- 
taining K[[z]]|) is equivalent to the relations =0 
for all indices, and the fact that N*(G@) is the normalizer of G in GL*(n) 
then follows from Lemma 2. A similar proof applies to the centralizer. 


CoroLLaRy 1. For any normal subgroup N of G, A(G) is contained 
nm N(N). 


This follows from the first part of the proof of Theorem 4. 
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CoroLLary 2. N(G) is contained in the normalizer of the algebraic 
hull A(G) in GL(n), and 9(G@) is equal to the centralizer of A(G) 
in GL(n). 


The first statement follows from Proposition 23, applied to the normal 
subgroup G of *(G) ; the second follows likewise from Proposition 25 b) 
and from the fact that 9(G@) is a decreasing function of G. 


18. Solvable representable groups. Let G be a solvable subgroup of 
GL*(n) ; then by Proposition 25¢), @(G) is solvable. We denote by J (n) 
the subgroup of triangular matrices s= (sj) (with s;,—0 for 1> 7), by 
U(n) the normal subgroup of J(n) consisting of unipotent triangular 
matrices (i.e. with diagonal elements 1). Applying the preceding remark 
and the Lie-Kolchin theorem [2, th. 10.4], we have the corresponding 
result for representable groups: 


Proposition 29. If G is a solvable subgroup of GL*(n) defined over 
an algebraically closed field K, there is an element s€ GL(n), rational over 
K, such that a,(G) C J*(n). 


In other words, if w is the natural mapping of G into GL*(n), and 
v—a,°u, then the matrix 1+ v(z) = (vi (%) +4) is triangular (2 being 
a generic point of G). 


Proposition 30. For any solvable formal Lie group G, the derived 
group D(G) ts nilpotent. 


This follows immediately from Proposition 29 if G@ is a subgroup of 
GL*(n), for we can then suppose that G C J*(n), and D(G) C D(J*(n)) 
CU*(n); as U(n) is a nilpotent algebraic group, U*(n) is nilpotent by 
the corollary to Proposition 19. In general, if G is solvable, G/Z(G@) is 
solvable and representable, hence D(G/Z(G)) is nilpotent; but D(G/Z(G)) 
is isogenous to D(G)/(Z(G@) A D(G)) by Propositions 16 and 11, hence 
a fortiori D(G)/Z(D(G)), which is isogenous to a quotient group of 
D(G)/(Z(G) A D(G)), is nilpotent. But this implies that C*(D(G)) 
C Z(D(G)) for some & (corollary to Proposition 16); by definition, we 
have C*1(D(G@)) =e, hence D(G) is nilpotent. 

We next prove the result corresponding to A. Borel’s conjugation 
theorem for maximal solvable subgroups: 


ProposiTIon 31. Let G be a subgroup of GL*(n), over an algebraically 
closed field K. Then: 
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a) If 8,,S. are any two maximal solvable subgroups of G, there ts an 


s€ A(G), rational over K, such that a,(S,) = 82. 


b) Any maximal solvable subgroup of G has the form R* A G, where 
R is a maximal connected solvable subgroup of A(G); and conversely. 


a) @(S,) and G@(S.) are solvable connected subgroups of @(@) by 
Proposition 25e), defined over K, hence contained in maximal solvable 
connected subgroups RF, and R, defined over K. By the conjugation theorem 
(2, Th. 16.5, p. 66, and Prop. 16.10, p. 68], there is an s€ @(@), rational 
over K, such that sR,s*=—R.; replacing 8, by a,(S,) (and using cor. 1 to 
Prop. 28), we can suppose that R,—R., and therefore S, and S2 are con- 
tained in the solvable subgroup R*, (cor. to Prop. 19). As both are maximal 
in G, if they were distinct, neither would be contained in the other, hence 
8,V S. would be distinct from S, and S,; but as 8,\V is contained in 
the solvable group R*,, it would be solvable, contrary to definition. 

b) If S is a maximal solvable subgroup of G, it follows as in a) that 
it is contained in R*, where R is a maximal connected solvable subgroup 
of G(G); as R* A G@ is solvable, it must be 8. Conversely, let R be a 
maximal connected solvable subgroup of @(G@) ; if R* A G were not maximal, 
it would be properly contained in a maximal solvable subgroup S, of G, 
which in turn would be of the form R*,A G where R, is a maximal con- 
nected solvable subgroup of @(G@). Then there is s€ @(@), rational over 
K, such that R = sR,s"1, hence a,(S,) C R*; as dim > dim S, S V a,(8;), 
which is contained in R*, would be a solvable subgroup of G properly con- 
taining S, contrary to the assumption that S = R* A G. 

I have not been able to determine if the algebraic hull @(S) of S im 
G is a maximal solvable connected subgroup of @(G).*° 

If G is an arbitrary formal Lie group, S a maximal solvable subgroup 
of G, then S contains the center Z(@); for if f is the natural epimorphism 
of G onto G’=G/Z(G), S’=f(S) is solvable, and 8” =f *(8’) is such 
that S’”/Z(G), isogenous to 98’, is solvable; hence 8” is solvable, and as. 
8” > 8, it must be equal to S. The same argument proves that 9’ is a. 
maximal solvable subgroup of G/Z(@) and that conversely the inverse image: 
of a maximal solvable subgroup of G/Z(G) is a maximal solvable subgroup 
of G. I do not know if the l.u.b. of all maximal solvable subgroups of ¢ 
is equal to G; however, the derived group D(G’) is isogenous to a group H*, 
where H is a connected algebraic matrix group (Theorem 4), and the 1.u.b. 


1° This is related to another unsolved question: is the center Z(S) equal to the 
center Z(G) for a maximal solvable subgroup 8 (cf. [2, p. 72, prop. 18.5])? 
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of the maximal solvable connected subgroups of H is H itself [2, Th. 17.4, 
p. 71]; hence the maximal solvable subgroups of G@’ have a l.u.b. which 
contains D(G’) (cor. 2 to Th. 5), from which it follows that the l.u.b. of 
the maximal solvable subgroups of G contains D(G)V Z(G). A question 
which remains unsettled for general forma] Lie groups is whether any two 
maximal solvable subgroups are isomorphic; all which follows from Proposi- 
tion 31 and the preceding remarks is that their quotients by Z(G) are 
isomorphic, and therefore they have same dimension. 


Proposition 32. If S is a maximal solvable subgroup of a formal Lie 
group G, S is equal to tts normalizer in G. 


Let N be the normalizer of S in G; if N’—WN/S is commutative, then 
N is solvable, which implies VN =S by definition. If not, as D(N’) <e, 
there are solvable subgroups S’ C N’ not reduced to e, and the inverse image 
S, of 8’ in WN is then solvable, since $,/S and S are solvable; this is a 
contradiction, hence NV = 8. 


19. Maximal tori. We will say a formal Lie group G is a torus if 
it is isomorphic to a direct product I,” of multiplicative groups. It follows 
immediately from [9, p. 236, Th. 3] that any subgroup and any quotient 
group of a torus is a torus. 


Lemma 3.16 Let N be a normal subgroup of a formal Lie group G, 
containing the center Z(G) =Z and such that N/Z is a torus. Then N=Z. 


Using Proposition 4, we can suppose that the group law of G is pseudo; 
canonical, and that both subgroups Z and WN are typical; more precisely, 
if m, g and n are the dimensions of Z, N and G, and if we denote by J, J 
and H the intervals 1 1 SiSm, the X, or Z, of the 
structural basis of @ such that «€ NY (resp. «€ N¥) form the structural 
basis of the subhyperalgebra 8 (resp. 3t) of the group Z (resp. NV). We 
first prove that if 1¢ H—J, then Xj commutes with any element Y of qo. 
As N is a normal subgroup, we have [Xoi,¥]€ goN RM (cor. 1 to Th. 2) ; on 
the other hand, the class Xj; of Xo; modulo the normal ideal a() is in the 
Lie algebra of the torus V/Z, hence we may assume it is such that XP), = Koi 
[9, p. 233, prop. 5]; this means that ¥2,,—X ; belongs to the intersection 
of a(8) and gp, i.e. to go M 8, which is contained in the center of the Lie 
algebra go. Hence we have [X%;— Xo, Y] =0, or 


[Xo = (Xow [Xow - «(Xo - 


1® emma 3 and its corollary are not true for formal Lie groups over a field of 
characteristic 0. 
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by Jacobson’s formula. Now, N/Z being commutative, we see as above that 
(U,V]€g.18 for any two elements of the Lie algebra g.M ¥t; the pre- 
vious formula then proves, first that [1oi,¥Y] is in goN 3, and then that 
it is 0. 

As a basis for induction, suppose now we have proved that all elements 
X, such that h <r and 1€ H—J are in the center of the algebra 5,1; 
the same is true therefore for all X, of height h(«) <7, such that a€ N#, 
and also (by Lemma 1) for the Z, of corresponding indices. We now 
proceed in several steps. 

(i) We first prove that VY] for 1¢ H—J, Y € $4. 
The difference X?,;— X,; belongs to the Lie-p-algebra g,M It, and applying 
to it the iterated homomorphism p’ shows that X?,,— Y,,;—S-+T, where 
S€gr-N 3 and T€8,,NMN; the result follows from the fact that [S, Y] —0 
by definition and [7,Y]—0 by the inductive hypothesis. 

(ii) Next we show that [X,;,Xo;] for 1¢ H—J and for any € I. 
The inductive hypothesis first proves, as in the proof of Theorem 3, that 
Xoj]° —1 — [Xr Xoj] O1 —0, i.e. that ts in go; 
on the other hand, [X,i,Xo;] is in the normal ideal a(Jt), hence in goN M. 
But then [X?,;,Xo;| is in the normal ideal a(8) by Jacobson’s formula and 
the commutativity of N/Z, and on the other hand it is in go by (i) and by 
what has just been proved; therefore [1,i:,Xoj] € go M3, and then Jacobson’s 
formula yields [1%,:;,Xo;] 0, which proves our contention by (i). 

(iii) We can now prove that [X,,,Y]—0 for1¢e H—J, We 
can of course suppose Y = Z, with h(a) <7, and we use induction on | «|, 
the result being proved in (ii) for |a|=1. As in (ii), the induction 
hypothesis first shows that [Xn,Z.] — [Xri, Za] 1 —0, 
hence [Xn,Za]€ go. Then by (ii) and Jacobson’s formula, 
and we conclude by (i). 

(iv) The next step is to show that [Xo,X,;]=0 for 1¢ H—J and 
any j€I, As we have € B, [Xoi, ] [X%oi, on the other 
hand, the inductive hypothesis proves as above that [Xo:, X+;] € go; Jacobson’s 
formula then yields the result. 

(v) Now we prove by induction on h<r, that [Xni,X,;]—0 for 
1€¢ H—J and any j€ I. From Lemma 1 and the inductive hypothesis, it 
follows that [Z,, X,;]=0 for a€ N¥ and h(a) <h. As before, this implies 
that X,;] € go. But as in (i) we remark that X?,;— X,;—S + T, where 
and the inductive hypothesis then proves that 
= X,;], and the conclusion follows as usual from Jacobson’s 


formula. 
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(vi) We can now take the final step and prove that [X,:,X,;| 0 for 
1€ H—ZJ and any j€ 1. From (ii) and (v) it follows that X,; commutes 
with all elements of 8,, and X,; with all elements of 8,, M Jt; the usual argu- 
ment implies that [X 4, X,;] € go. On the other hand, as X?,;— X,,=—S +7, 
with S€g,N3 and TE8,,NMN, we have X15] by (v), 
and (ii) and Jacobson’s formula end the proof. The induction on r is thus 
completed, and shows that every element of the hyperalgebra Jt commutes 
with every element of &, which concludes the proof of Lemma 3. 


Corottary. A torus N which is a normal subgroup of G is contained 


in the center. 


For (N V Z)/Z is isogenous to a quotient group of NV (Proposition 11), 
hence a torus, and N \V Z is a normal subgroup of G, so that we can apply 
Lemma 3. 


Proposition 33. If Gis a torus in GL*(n) over an algebraically closed 
field, then A(G) is a torus in GL(n). 


From Proposition 25e), we know that @(G) is commutative and con- 
nected, and by [2, p. 58, Th. 11.1] @(@) is the direct product of a torus (, 
and a unipotent abelian group C,. Let v be the (rational) projection of 
@(G) onto C,, with kernel C,; then the corresponding homomorphism v 
of @*(G) onto C*, has kernel C*, (Proposition 18), and as C*, is unipotent, 
v(G) =e [9, p. 240, Th. 4], which proves that GC C*,, in other words 
=C,, q.e.d. 


ProposiT10on 34. Let G be a subgroup of GL*(n), over an algebraically 
closed field K. Then: 

a) If T;,T. are any two maaimal tori of G, there is an s€ A(() 
rational over K, such that a,(T,) =T>. 

b) Any maximal torus of G has the form R* A G, where R is a maximal 
torus in ; and conversely. 


ce) Any maximal torus in a maximal solvable subgroup of G is a maximal 


torus in G. 


The proofs of a) and b) run exactly parallel to the proofs in Proposition 
31, using Proposition 33 and [2, cor. 16.6, p. 67%] instead of [2, Th. 16.5]; 
they can therefore be omitted. Statement c) follows at once from b) and 
from the corresponding statement in [2, cor. 16.6]. 

Here again, it remains to be seen if, for a maximal torus T of G, A(T) 
is a maximal torus in @(@) (cf. cor. to Proposition 38). For a general 


378 

| 
| 

l 


LIE GROUPS OVER A FIELD OF CHARACTERISTIC p>0O (VI). 379 
formal Lie group G, let T be a maximal torus of G/Z(G@); if we apply 
Lemma 3 to the group f-?(7'), where f is the natural epimorphism of G onto 
G/Z(G), we see that f*(T) is commutative, hence is the product of a unique 
torus 7'y, its core [9, p. 236, Th. 3], and of its p-radical U; moreover, U is 
contained in Z(G) by [9, p. 240, Th. 4], and T—f(T,). Conversely, if 
T’, is any maximal torus in G, f(7"o) is a torus in G/Z(G@), and if it was 
properly contained in a torus 7 in G/Z(G@), the preceding argument would 
show that 7’, is properly contained in a torus in f*(7T). We therefore 
deduce from Proposition 34 that all maximal tori in a formal Lie group G 
over an algebraically closed field are tsomorphic. Furthermore: 


Proposition 35. Ina formal Lie group G over an algebraically closed 
field, the intersection of all maximal tort of G is the core of the center of G. 


From the preceding remarks, and Proposition 34b), we see that the 
intersection C of the maximal tori of G is contained in f-*(D* A G’), where 
f is a homomorphism of G into a group GL*(n), with kernel Z(G), and 
D the intersection of all maximal tori of the group @(Q@’). But, by [2, 
p. 71, Prop. 18.1], D is a torus contained in the center of @(G’), hence 
D*A @’ is a torus contained in the center of G’, and by Lemma 3, 
f*(D* A G’) is contained in the center of G, q.e.d. 


20. Nilpotent groups and Cartan subgroups. We say that a formal 
Lie group G is wnipotent if there exists a power p* of the characteristic such 
that x?*—e (which means ¢")(x) =e, if we define, by induction on h, 
the system (x) of n power series as equal to (x, 6") (x))). 


PROPOSITION 36. Any unipotent formal Ine group G is nilpotent. 


It is clear that the representable group G’—G/Z(G@) is unipotent. If 
u is a monomorphism of G’ into a group GL*(m), and 2 a generic point 
for G’, the matrix u(z) is unipotent. As the set of unipotent matrices in 
GL(m) is defined by a system of algebraic equations, we conclude that @(G’) 
is a group of unipotent matrices, hence is nilpotent [2, p. 74, Th. 19.4]. 
Therefore G’ is nilpotent, and so is of course G. 


PROPOSITION 37. A representable nilpotent group G over an algebrai- 
cally closed field is quast-direct product of its unique mazimal torus and of 
its unique maximal unipotent subgroup. 


We can suppose @ is a subgroup of a group GL*(n). Then @(@) is 
nilpotent, hence [2, p. 58, Th. 11.1] the direct product of its unique maximal 
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torus C and its unique maximal unipotent subgroup U. It is clear that 
D(a(G)) =D(U). The group D*(U) is equal to D(G@) (Theorem 4), and 
the abelian group G/D(G) is thus contained in the group C* k (U*/D(U*)). 
Now G/D(G) is the direct product of its core H and its p-radical R, and as 
C* is a torus and U*/D(U*) a unipotent abelian group, we have H C (* 
and R C U*/D(U*) [9, p. 240, Th. 4], which shows in particular that FP is 
a unipotent group. The inverse image V of F# in G contains D(G) = D(U*), 
and as R and D(U*) are unipotent, so is V, and therefore, by the same 
argument as in Proposition 36, we have V C U*; moreover V = G A U*, since 
V CGA U*, and if this was a proper inclusion, the dimension of the p- 
radical of G/D(G) would be strictly greater than that of R. A similar 
argument shows that if f is the projection of @(G) onto U, f(@) = V, hence 
G is contained in the direct product V x C*, and as it contains V, it is equal 
to V X(G A C*); as G A C* =T is the maximal torus of G (Proposition 
34b)), the proof is complete. 

Proposition 37 applies in particular to abelian representable groups; it 
shows at once that (in contrast with Ado’s theorem for formal Lie groups 
over a field of characteristic 0) there exist non representable abelian groups. 
This is for instance the case for all one-dimensional groups J, (0 << r<-+«) 
[9, p. 229, Th. 2], for I, is the only one-dimensional torus and W, =I, 
(the additive group) the only unipotent one-dimensional group. Similarly, 
all simple abelian groups of dimension > 1 [11, pp. 450-451] are non-repre- 
sentable, by Propositions 36 and 37; this shows incidentally that if a simple 
abelian group S of dimension > 1 is contained in a formal Lie group 4G, 
it is contained in the center of G. It is clear that if two subgroups H,, H, 
of a formal Lie group G are such that there is no homomorphism of H, nor 
of H, into a group GL*(n) which is not trivial (such groups may be called 
totally nonrepresentable groups, and the previous examples are of that kind), 
then H,\V H. has the same property. There is therefore a largest totally non- 
representable group N, contained of course in the center of G. It would be 
interesting to know the structure of N and if N is a quasi-direct factor of G. 


THEOREM 6. In order that a formal Lie group G over an algebraically 
closed field K be nilpotent, it ts necessary and sufficient that it contain a 
unique maximal torus, which is then in the center of G. 


a) The necessity of the condition follows from Proposition 37 if G is 
representable. In general, G/Z(G) is nilpotent with G, hence contains a 
unique maximal torus T which is in its center. But as 7 is normal in 
G/Z(G), its inverse image f*(7) by the natural mapping f of G onto 
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G/Z(G@) is a normal subgroup of G containing Z(G) and whose quotient 
by Z(G) is a torus; hence f*(7') =Z(G) by Lemma 3, which means T is 
reduced to e, and the unique maximal torus of G is the core of Z(G). 

b) To prove sufficiency, let us first assume G is a subgroup of a group 
GL*(n), and let 7 be the unique maximal torus of G. Then, by Proposition 
34a), for any s€ @(G@), rational over K, a,(7’) as the points of 
which are rational over K are dense in Z(G), we see that @(G) is contained 
in N(T), and therefore T is a normal subgroup in @*(G) (and of course 
in G). From the corollary to Lemma 3, we conclude that T is in the center 
of @*(G), hence @(7) is in the center of @(G) by Proposition 25b). 
Furthermore, from Proposition 34b), any maximal torus S of @(G@) is such 
that S*/\ G=Ty, and this implies that S D @(T), otherwise the connected 
component of SM A(T) would have strictly smaller dimension than @(T) 
and contain 7’, contrary to the definition of @(Z). There is a rational 
homomorphism g of @(G@) into a group GL(m), with kernel @(T) [2, p. 40, 
Lemma 5.10.2], and the maximal tori of the algebraic group H = g(@(G@)) 
are the images g(S) where S is a maximal torus of @(G@) [2, p. 80, Th. 22.1]. 
If G’=g(G), H is equal to @(G’), otherwise the inverse image of ((G’) 
by g would contain G and be properly contained in @(G), contrary to 
definition. Furthermore, we have G’/A g(S*) =e; indeed G’ V g(S*) 
=g(G\V S*) and as G \V S* contains the kernel @*(T) of g, we have 
dim(G’ V g(S*)) =dim(G@ V 8*)—dim@*(T). But as GA S*=T, 
dim(G V S*) = dim G+ dim S* —dim T by Proposition 11 (@ being normal 
in 2@*(G)), hence 


dim(@’ V g(S*)) = (dim G—dim T) + (dim —dim Q@*(T)) 
— dim @’ + dim g(8*), 


which proves by Proposition 11 that dim(G@’ A g(S*)) =0 (@ being normal 
in H). Now it is enough to prove that @’ is nilpotent, since T is in the 
center of G; the preceding argument thus allows us to restrict ourselves to 
the case in which 7 ~e. 

We are actually going to prove that in such a case @(@) (hence also 
G) is a unipotent group. First there is no maximal torus in D(@), which 
by Theorem 4 is equal to (D(A(@))*; by [2, p. 67, cor. 16.7], the algebraic 
group D(A(G)) is unipotent. Let f be a rational homomorphism of (@(@) 
into a group GL(m), with kernel D(A(G)) [2, p. 40, Lemma 5.10.2]; it 
will be enough to prove that the algebraic abelian group H=f(Q@(G)) is 
unipotent. Suppose the contrary: then, by [2, p. 53, Th. 11.1], HT is the 
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direct product of its unique maximal torus C and its unique maximal uni- 


potent subgroup U, and by assumption CA {e}. Furthermore, the abelian 
formal Lie group f(G) is a subgroup of H*, and a direct product of its 
core Q C C* and its p-radical R C U* [9, p. 240, Th. 4]. If we had Q =e, 
f(G) would be contained in U*, hence G would be contained in the algebraic 
group f-*(U), which is properly contained in @(G), contrary to the definition 
of Gd(G). We have therefore dimQ>0. Consider now the algebraic 
subgroup Co—f7(C) of G@(G@), which is such that C,* contains the 
normal subgroup Qo>=f'(Q) of G. If S is a maximal torus of H, 
f(S) is a maximal torus of H [2, p. 80, Th. 22.1] hence equal of C, 
which proves that S C Cy. We are going to show that S* A Q, is not reduced 
to e, which is a contradiction by the assumption and by Proposition 34h). 
As we have f(S* V Q)) =C* V Q=C*, we have dim C* = dim(S* V Q,) 
—dim D(G) =dim S*, since S* A D(G@)=e. This, by Proposition 11, 
yields dim(S* A Qo) =dimQ,—dim D(G) =dimQ>0, and we _ have 
reached the desired conclusion. 

Suppose now G@ is an arbitrary formal Lie group having a unique 
maximal torus 7’; then, if w is the natural epimorphism of G onto G/Z(G), 
u(7’) is the unique maximal torus 7, of G/Z(G@), and by the preceding 
argument, G/Z(G@) is nilpotent, hence also G. Furthermore, u*(T7,) is 
normal in G and its quotient by Z(G) is a torus; therefore Lemma 3 proves 
that actually T, =e, T C Z(G) and G/Z(G) is unipotent. I do not know 
if T is then a quasi-direct factor of G. 


Proposition 38. Let G be a representable solvable formal Lie group 
over an algebraically closed field. Then there is a largest unipotent sub- 
group G, of G, which ts normal in G, and for any mazimal torus T of G, 
G=T G, and G, AT 


We suppose G C GL*(n). Consider the derived group D(G@), which is 
nilpotent (Proposition 30) and equal to (D(@(G@))* (Theorem 4). There is 
a rational homomorphism f of @(G@) into a group GL(m), with kernel 
D(@(G@)), and f(@) is an abelian representable group, which is therefore 
direct product of its core C and its p-radical R, which is unipotent 
(Proposition 37). Let N—f*(R) D D(G); this is a solvable normal sub- 
group of G. Moreover, if S is a maximal torus in N, we have f(S) =e, 
and SC D(G@). But as D(G) is nilpotent, it has a unique maximal torus, 
and so therefore has N, which proves, by Theorem 6, that WN is nilpotent. 
N is therefore, by Proposition 37, quasi-direct product of its largest unipotent 
subgroup G, and its unique maximal torus 8. Furthermore, if V is 8 
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unipotent subgroup of G, and g the natural homomorphism of G onto G/N 
(which is isogenous to C, hence a torus), we have g(V)C G/N, hence as 
g(V) is unipotent, g(V) =e, V CN, and finally V C G,; and as G, is the 
largest unipotent subgroup of G, it is normal in G. Let now T be any 
maximal torus of G; T/A N is a torus in N, hence contained in S; on the 
other hand, S being the largest torus in the normal subgroup JN, is a normal 
subgroup of G. In the group 7 V S, S is a normal subgroup such that 
(TV S)/S is a torus (isogenous to T/(7A S)), and Lemma 3 and its 
corollary prove that TV § is a torus, hence S C T by definition. Further- 
more we have 7/\ N=S and TA G,—e; finally f(T) is contained in C, 
hence equal to C for reasons of dimension, hence g(T) = G/N, T V G,=G. 


Corottary. The algebraic group A(T) is a maximal torus in A(G@), 
and A(G,) is the largest unipotent subgroup of A(G). 


Indeed, @(G,) is a normal unipotent subgroup of @(G), G(T) a torus 
in @(G), hence @(T)-A(Gy) is an algebraic subgroup of @(G) which 
obviously contains G, hence Z(G) = @(T)-€(G,) ; as the intersection of a 
torus and a unipotent subgroup only contains the identity, this proves our 
assertion. 

Note that if R is a maximal solvable subgroup of a representable formal 
Lie group G, then the largest unipotent subgroup of F# is also a maximal 
unipotent subgroup of G, as follows from the conjugation theorem (Proposi- 
tion 31). 


Proposition 39. In a formal Lie group G over an algebraically closed 
field, let T be a maximal torus. The normalizer C of T is also the centralizer 
of T, and it is a maximal nilpotent subgroup of G, equal to its normalizer 
in G; moreover, any maximal solvable subgroup of G containing T contains C. 
Conversely, any nilpotent subgroup H of G which is equal to its normalizer 
in G ts the centralizer of a maximal torus of G. 


We closely follow the proofs of the corresponding results of A. Borel 
[2, p. 67, cor. 16.8 and p. 76, Lemma 20.6]. It follows at once from the 
corollary to Lemma 3 that C is also the centralizer of J in G@; moreover, 
if N is the normalizer of C in G, T being the unique maximal torus of the 
normal subgroup C of WN, is a normal subgroup of NV, hence NC. From 
the uniqueness of the maximal torus in C it follows (Theorem 6) that C is 


nilpotent. C is contained in a maximal solvable subgroup R of G; if @ is 
representable, it follows from that remark and from the conjugation theorems 
(Propositions 31 and 34) that any maximal solvable subgroup of G con- 


= | 
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taining T contains C. That result is easily extended to the general case, 
remembering the one-to-one correspondence between maximal solvable sub- 
groups (resp. maximal tori) of G and of G/Z(G@). Finally, if Q is a nil- 
potent subgroup containing C, 7 is the unique maximal torus of Q, hence 
in the center of Q, which proves that 9 =C. 

To prove the converse, let us first suppose G is a subgroup of GL*(n), 
Then H is direct product of its unique maximal torus S and its largest 
unipotent subgroup H, (Proposition 37). Consider a maximal solvable sub- 
group FR of G containing H, and let Q be a maximal torus of RF containing 8. 
Let M be the centralizer of S in R, which contains H and Q; the largest uni- 
potent subgroup 1, of the solvable group M then contains H, and we have 
M = M,\/Q by Proposition 38. If we had H,~ M,, the normalizer N of H, 
in M, would be different from H,; this is seen by the same argument as in 

2, p. 75, Lemma 20.3], which we suppress. But then, if f is the natural 
mapping of MW onto M/S, f(H,) would be normal in f(N) and distinct from 
f(N) for reasons of dimension, since S ( N ~e; hence, by Proposition 11, 
H =S\ H, would be normal in S\ V and distinct from that group, contrary 
to assumption. Therefore H, = M,, and as M/M, is abelian (Proposition 38), 
H contains the derived group D(J), hence is normal in M; but the hypothesis 
then implies H = M, hence Q=S, and S is equal to a maximal torus of f, 
hence of G (Proposition 34c)). If now C is the centralizer of S in G, it is 
the direct product of S by its largest unipotent subgroup C, > H,. If we 
had H,+C,, it would follow as above that H would be distinct from its 
normalizer in G, hence H —C, and the proof is complete in that case. 

Finally, if G is not representable, it is clear that a subgroup of & 
equal to its normalizer must contain the center Z(G) ; but in the one-to-one 
correspondence between subgroups of G/Z(G) and subgroups of G@ con- 
taining Z(G), nilpotent groups correspond to nilpotent groups and normalizers 
to normalizers: the image of H in G/Z(G) is thus the normalizer (or cen- 
tralizer) of a maximal torus T of G/Z(G@), and as we know that T is the 
image of a maximal torus 7, of G, H is the normalizer of 75. 

We say that the centralizers of maximal tori in G are the Cartan sub- 
groups of G. 


Corottary. Let G be a subgroup of GL*(n), over an algebraically 
closed field K. Then, tf C,,C. are any two Cartan subgroups of G, there 
an s€Q(G@), rational over K, such that a,(C,) 


This follows immediately from Proposition 34a). 
If G is a subgroup of GL*(n), over an algebraically closed field, the 
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| relation between the algebraic hull @(C) of a Cartan subgroup C of G and 
| the Cartan subgroups of @(@) is not clear; nor do we know if the l.u.b. of 
F all Cartan subgroups of G is equal to G. 


21. Semisimple and simple formal Lie groups. We say that a formal 
| Lie group @ is semisimple if it contains no abelian normal subgroup distinct 
' from the identity. A simple Lie group is obviously semisimple if it is not 


abelian. 


THEOREM 7. If Gis a semisimple (resp. non abelian simple) Lie group 
| over a field K, then G is tsogenous to a group G’*, where G’ is a semisimple 
(resp. non abelian simple) algebraic group of matrices defined over K. 
| Conversely, if G’ is a semisimple (resp. non abelian simple) algebraic group 
| of matrices, G’* is a semisimple (resp. non abelian simple) formal Ine group. 


If G is a semisimple Lie group, Z(G) —e by definition, hence G is 
| representable. Among all isogenies u of G into groups GL*(n), consider 
| one for which the dimension of G(u(G)) is minimum. If @ is semisimple, 
((u(G)) cannot have an algebraic abelian normal subgroup WN of dimension 
' >0 defined over K; for there would then be a rational homomorphism f 
of @(u(G)) into a group GL(m), defined over K, with kernel N [2, p. 40, 

Lemma 5.10.2]; as N*A u(G@) is an abelian normal subgroup of u(G), 
it must be reduced to e, hence the restriction of f to u(G@) is an isogeny, 
and fou would be an isogeny of G into GL*(m), such that the dimension 
of A(f(u(G@))) would be at most dim @(u(G)) —dimN < dim@(u(G)), 
which contradicts our choice of u. The same argument proves that if G 
| is simple and non abelian, @(u(G@)) has no algebraic normal subgroup of 
dimension > 0, defined over K, other than itself. Moreover, in this last case, 
D(a(G)) = @(G), hence, by Theorem 4, u(G) = (@*(G@). The same argu- 
_ ment holds also in the case of a semisimple group G, as it follows from 
| results of Chevalley [7%] that an algebraic connected semisimple group is 
; equal to its derived subgroup. 

Suppose conversely G’ is a semisimple connected algebraic group of 
matrices. If G’* contained an abelian normal subgroup WN of dimension > 0, 
@(N) would be an abelian normal subgroup of G’ of dimension > 0 
(Proposition 23), hence Ne, G’* is semisimple. Similarly, if G@’ is 
| simple, and G’* contains a normal subgroup W of dimension >0, @(N) is 
| anormal subgroup of G’ of dimension > 0, hence equal to G’. But, by 
Theorem 4, D(N) is then equal to (D(G@’))*, hence to G’*, and this proves 
that W — G’*, in other words G’* is a simple formal Lie group. 
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C. Chevalley has recently succeeded in determining all algebraic semi- 
simple groups of matrices over an algebraically closed field [7]; in particular, 
it follows from his results that the simple algebraic groups over such a field 
are those of the Cartan-Killing classification. This fundamental theorem, 
joined to Theorem 7, shows that all simple nonabelian formal Lie groups over 
an algebraically closed field are known up to an isogeny. It remains to 
determine what are the possible isogenies between simple groups; when the 
Lie algebra is simple, only the trivial isogenies p* exist [8, p. 115, Theorem 
7]; but it is known that some of the Lie algebras of the simple algebraic 
groups are not simple for certain values of the characteristic [14], and it 
seems likely that this phenomenon corresponds to the existence of non- 
trivial isogenies. I am not at present in a position to prove this conjecture 
in every case (actually, the structure of the Lie algebras of the groups of 
types E,, H,, Fs; and F, is not even yet determined over a field of arbitrary 
characteristic), and all I will do here is to show that it is substantiated *’ in 
the case of the groups of type An. 

Let us consider the Lie algebra gl(n) of the group GL*(n), and write 
Xj; its basis elements, instead of Xoi; (11,75). We have on one hand 
in GL*(n) the unimodular group SZ*(n), which is the kernel of the homo- 
morphism f, defined by f( (xij) ) =det(8;+ —1 of GL*(n) into the 
multiplicative group J); it is readily verified that the Lie algebra ${(n) of 
SL*(n) is the subalgebra of gl(m) consisting of the elements 2X uy such 

i, 
that Sanu. On the other hand, the center Z of GL*(n) is the image 
4=1 
of I, by the homomorphism g such that gij(x) (1S14,j7 Sn) (Pro- 
position 21); its Lie algebra 3 is the subalgebra of gl(n) generated by the 
element X,,+:--:-:+ Xn. Now it is clear that Z is not contained in 
SL*(n), hence ZA SL*(n) =e since Z is one-dimensional, and from 
Proposition 11 it follows that ZV SL*(n) =G@L*(n); therefore GL*(n) 
is the quasi-direct product of its normal subgroups Z and SL*(n) (Proposi- 
tion 13). If nm is not a multiple of the characteristic p, gl(n) is the direct 
sum of 3 and 8I(n), hence (Propositions 1 and 13) GZ*(n) is the direct 
product of Z and SL*(n). But if n is a multiple of p, we have 3 C 8I(n), 
and the restriction to SL*(n) of the natural mapping of GL*(n) onto the 
quotient group PGL*(n) =GL*(n)/Z is a non trivial isogeny u. More 
precisely, 3 is the kernel of w’ in 8I(n), and it is known [14] that the 
quotient Lie-p-algebra 8[(n)/3 is simple unless p—=n—2. From the homo- 


17 This example has been pointed out to me by J. P. Serre. 
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morphism theorem it then follows that the Lie algebra of PGL*(n) has an 
(n? —2)-dimensional ideal isomorphic to 8I(n)/g [8, p. 116]. This shows 
that the Lie algebras of SL*(n) and PGL*(n) are not tsomorphic when p 
divides n and n=>42; direct computation leads to the same conclusion when 

This provides examples to some situations discussed earlier: u 
is composed of the natural epimorphism of GL*(n) onto PGL*(n) and of 
the natural monomorphism of SZ*(n) into GL*(n), but fails to be separable 
(cf. no. 4); the example F—SL*(n), N=Z shows that F/(FAN) is 
not always isomorphic to (F V N)/N (no. 10); and the two Jordan-Hélder 
sequences GL*(n) D SL*(n) De, GL*(n)D ZDe have quotient groups 
which are not isomorphic (no. 10). 

As a last remark, let us observe that it follows from Chevalley’s result 
mentioned above that the simple Lie-p-algebras over an algebraically closed 
field, discovered and studied in recent years by several authors (see e.g. [1] 
and [15]), which are not isomorphic to Lie algebras of the groups of the 
Cartan-Killing classification, cannot correspond to formal Lie groups. For 
some of these algebras it is possible to see this directly without using 
Chevalley’s deep results. For instance, consider the Witt algebra w (the first 
one to be discovered) over an algebraically closed field K of characteristic 
p> 0: it is defined as the algebra of derivations of the associative algebra 
Y= K[X]/(X”) over K and has dimension p. It is known [15] that w is 
simple if p > 2, and that its group of automorphisms is solvable if p= 5, 
But if was the Lie algebra of a formal Lie group G, G would be simple and 
non abelian [8, p. 115, Theorem 7], hence of the form G’* by Theorem 7, 
where (7 is an algebraic simple connected group of matrices. Consider now the 
automorphisms a, of G, where s ranges over the rational points of G’ over K; 
the restriction f, of a’, to the Lie algebra got of G would be an auto- 
morphism of tw, and s— f, a rational homomorphism (over K) of the group T 
of all elements of G’ rational over K, into the group ZL of all automorphisms 
of w. Now JL is an algebraic matrix K-group, and so is T; the homo- 
morphism s— f, gives rise to a homomorphism of the Lie algebra w of T 
into the Lie algebra [ of Z, and the same argument as in [5, p. 122] shows 
that this is identical to the usual “adjoint mapping” Y—ad(X) of w 
into {. with ad(X)-Y—[X,Y]. As w is simple, the kernel of the mapping 
Y—ad(X) is reduced to 0, hence, by the homomorphism theorem, the kernel 
N of sf, is a finite normal subgroup of I; therefore, for p=5, T'/N 
would be a solvable group. As G@ is isomorphic to (f/N)*, G would be 
solvable, which is absurd. 
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ON MEAN MOTION.* 


By Raour Doss. 


N 
Introduction. Let p(t) = exp(tAnt) be a trigonometric polynomial. 
1 


The Lagrange mean motion problem is to prove that the argument ¢(¢) of 
p(t) has a mean value c¢, i.e., that there exists a limit 


c—=lim[$(8) —¢(y)]/(8— y) as (8—y) > @. 

The existence of the limit ¢ has been stated in Jessen [4] and proved 
by Jessen and Tornehave in their paper [5]. We refer to this important 
paper for a full treatment of the Lagrange and allied problems and for 
bibliography. 

Since arg p(t) is not determined at a zero of p(t), we shall denote by 
arg” p(t), viz. arg* p(t) any branch of arg p(t) which is continuous, except 
at a zero of p(t), and discontinuous with a jump —pz or pa respectively 
when ¢ is a zero of order p. In describing the ¢-axis this comes to avoid 
the zeros of p(t) by means of small semi-circles in the negative or positive 
sense respectively. In a discontinuity point ¢) we define arg- p(t.) or arg* p(to) 
as the mean value of the limits from the two sides of fo. 

Put now a*(t) =arg* p(t+ 1) —arg* p(t), i.e., a*(¢) is the variation 
of arg* p(t) along a segment of length 1; similarly define a-(¢). Our main 
result (Theorem I) is that the function at(t), (respectively a-(t)), 1s almost 
periodic in the sense of Riemann-Stepanoff. (The R.S.a.p. functions form 
a subclass of the S.a.p. functions; see [3] or below). 

As a consequence of this theorem we prove (Theorem II) that arg* p(t) 
may be written in the form 


t 
arg’ p(t) —=ct-+ f a(u)du + y(t), 


where c is a constant, a(t) a Bohr a.p. function with mean-value zero and 
v(t) a (bounded) R.S.a.p. function. The first result of this type is due 
to Wintner [6]. 

It is useless to try to prove that the remainder arg* p(t) —ct is bounded. 
For, as shown by Bernstein [1], even in the case N =3, the remainder is 


generally unbounded. 


* Received September 7, 1956; revised February 5, 1957. 
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In our proofs we use a deep result given by Jessen and Tornehave in 
[5]; but instead of applying the Kronecker-Weyl theorem (as Jessen and 
Torenhave) or the ergodic theorem (as Wintner) we use the theory of 
Riemann-Stepanoff a. p. functions. 

We add that our theorems may be proved in a more general setting: 
p(t) may be replaced by a function f(s), almost periodic in a strip, having 
a finite integral base and an analytic spatial extension. 


Notations and definitions. Let FH be a measurable set and let its charac- 
teristic function be c(z). We define the S-measure of FE as 


S(£) = sup c(u) du. 


The complement of / with respect to the set R of all real numbers will be 
denoted by E*. 

A function f(z) is said to be almost periodic in the sense of Riemann- 
Stepanoff (R.S.a.p.) if to every 86> 0 there corresponds two trigonometric 
polynomials p(x), q(x) such that p(x) =f(x) =q(z) and Ds(p,q) <6 
Here Ds(p,q) is the usual Stepanoff distance between the two functions 
p(x), q(2). 

In order that the bounded function f(z) be R.S.a.p. it is necessary 
and ‘sufficient that to every 65> 0 there corresponds a measurable set 
and numbers k>0, wi,°**,;pm such that S(#H*) <8, and such that 
| f(x) —f(a2’)| <8 provided and provided that | pst—prr’| <k 
(mod 27), (n=1,---,m). See [3]. 

Let the exponents A;.- - -,Aw belong to the modul 


M = {hips + 


where the numbers p,: --,mm are linearly independent and the set of 
coefficients h1,- - -, 4m runs through all sets of integers. Denoting the inner 
product of two vectors h=(h,) and r= (z,) by hz, 
and allowing terms with the coefficient 0 we may write p(t) in the form 
p(t) = Sa,exp(thyt). The function P(x) = Sa,exp(ihz) is called the 
spatial extension of p(t). Clearly P(ut) p(t). Spatial extension may 
also be defined for any almost periodic function f(t) with a finite integral 


base 


Proofs of the theorems. We shall need the following lemmas: 


LemMA I. Let D(a,,- -,%m) =D(an) be a function of 2m, 
of period 2m in each zy, analytic in the domain | 2,—7,°| (n=1, 
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-+,m), and not identically zero. Let y,-* *,pm be linearly independent 
numbers. Denote by T(h) the set of points t at which | pat—a2,°|Sh 
(mod 27), (n=1,:--,m). Then to every 8>0 we can associate an «> 0 
such that the set T(h,e) of the points t€ T(h) at which | D(pat)| <e has 


an S-measure less than 8. 


Proof. Let | yn—2n°| <h (mod 27), (n=1,---,m). We first show 
that the function of 0, D(yn0-+ yn), analytic in the domain | p»0| < 2h 
(mod 27), (n—1,- - -,m), does not vanish identically. In fact, due to the 
linear independence of the pn», the points (jn4-+ yn) are everywhere dense, 
mod 2z, in the set of points (a,). Hence the set of points (vn9-+ yn) for 
which | + Yyn—Yn |S 2h (mod 27), (n=1,- -,m) is everywhere dense, 
mod 27, in the set of points (2,) for which | << 2h (n=1,- -+,m). 
Suppose therefore that the analytic function D(jn4-+ yn) vanishes at every 9 
for which | 2h (mod 2z), (n=1,---,m), then the function D(2,) 
vanishes at every point (2,) at which | z,—y,| < 2h (n=1,---,m), and 
hence everywhere, against the hypothesis. Thus D(y,@-+ yn) does not vanish 
identically. 

Suppose now that the lemma is false. Then there exists a 5>0, a 
sequence of points ¢, and a sequence of positive numbers «-—>0 such that, 


for the Lebesgue measure p: 
(te-— 4, te 4)} 

Hence, choosing an arbitrary 6,€ T(h,e-) N (t-—4, tr +4) we have 
er) (0-—1,6-+1)} 28. 

Let T(h,e-) (6-—1,0,+1). Put 6=t—6,. Since 


(1) | Sh (mod 2z), | pnt —a,°| Sh (mod 2z), 


then @ belongs to the domain © defined by the inequalities |6|<1 and 
|S 2h (mod2r), (n=1,---,m). Moreover | D( + | < 
Thus: 


(2) the set of points for which | + < has a measure > 8. 


Put 
Tn” =pn0,, mod 2z, (n=—1,---,m), 


and let y= (yn) be a limiting point of the (a,"). By (1), | Yn—an°| Sh 
(mod 2x), (n—=1,---,m). Now the function of 0, D(yn0+ yn) does not 
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vanish identically. It is analytic in the domain ® and this domain consists 
of a finite number of intervals. Hence, we can find an e >0 such that 


(2’) the set of points 6¢€ ® for which | D(y.6 + yn)| << has a measure <5. 
On the other hand, we can find an r such that e, < «/2 and such that 


| D (nO — D (und + yn) | < €/2, 


for @€@. If @ is such that | D(pnO + then | D(pn0 + yn)| 
so that, by (2), the set of points 0€ © at which | D(p.0+ yn) <e has a 
measure = 6: but this contradicts (2’), and the hypothesis that the lemma 


is false is untenable. 


N 
Corotuary. Let p(t) =D adnexp(trAnt) be a trigonometric polynomial. 
1 


Then, to every 8>0 we can associate an e>0 such that the set of points t 
at which | p(t)| <« has an S-measure <8. 


We just apply the lemma to the analytic spatial extension 
P = P(x) = Sanexp(thz). 


Remark. We shall use this corollary in the proof of Theorems I and II. 
To prove these theorems, not for a polynomial p(t), but for a function f(s), 
almost periodic in a strip and having a finite integral base and an analytic 
spatial extension, one should replace the corollary by the following state- 
ment whose direct proof presents no difficulty: “To every o in the strip 
and to every 6 > 0 we can associate an « > 0 such that the set of points ¢ at 
which | f(o-+ it)| <« has an S-measure less than 8.” 


THEOREM I. Let p(t) exp(ta,t) be a trigonometric polynomul. 
If at(t) =arg* p(t+1) p(t), then at(t) ts an R.8S.a.p. function. 
Proof. Using the notations above we put 
P(a,t) => a, exp(thz) exp (thpt). 


Denote by a*(2n,0) or a*(z,0) the variation of arg* P(z,t) on the segment 
(0,1) of the t-axis (so that a*(pn»t,0) = a*(t)). Let z(z,0) be the number 
of zeros of P(x,t) on the same segment, a zero at an end point being counted 
with only half its multiplicity. We use the following result proved by 
Jessen and Tornehave ([5], p. 264): 

“To every 2° we can associate a neighbourhood I(2°,3h°): | &,—2n°! 
= 3h° (n=—1,---,m), and a finite number of functions not identically 
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wero Dy *,Di(an), of period 27 in each 2%, analytic 
in the domain J(x°,3h°) and such that z(z,0) is a continuous function of xz 
at every point I(x°,3h°) at which D, (an) ~0,- - Di(tn) 40.” 

Replacing the functions D,(,),- --,Di(an) by their product D°(zn), 
we see that z(z,0) is a continuous function of x at every point 2€ I(2°, 3h°) 
at which D°(z,) ~0. 

It is however obvious that for a point z at which P(2z,0) 0 and 
P(a,1) 0 the continuity of z(z,0) implies the continuity of a*(z,0). 


The points x for which 02,27 (n=1,:--,m) form a compact 
set K. The covering of K by the sets I(7°,h°) contains a finite covering, 
say, - -,I(a7,h"). Let «>0 be arbitrary; let I(2/,hj,e) be the 


set of points of I(a/,h4) at which Di(a,)| =e and let P, be the set of x for 
which | P(z,0)|=e«, |P(a,1)|2e«. Then a*(z,0) is continuous at every 
point of the set 


(J 1(2!,hi,e). 
1 


kK, being compact, we prove in a standard manner that to every 5 >0 we 
can associate an h such that | at(z,0) —a*(2’,0)| <8, provided K, 
and provided | 2%,—2,’|<h (mod2r), 

We now go back to the variable ¢ and put (mod 27) 0S 2, 2z, 
(n==1,---,m). Let T, be the set of points ¢ for which t€ K,. Then 
|a*(t) —a*(t’)| <8, provided T, and provided | pnt — pnt’ | << h (mod 2z), 
(n= 1,---,m). Also the function a*(t) is bounded (see e.g., [5], p. 179). 

To prove that a*(¢) is an R.S.a.p. function there remains to show that 
we can find an e > 0 for which S(7,*) <8. 

Now if ¢€ T.* then either x€ P.* or for some j—1,- - -,r, x€ 
t¢I(ai,hi,e), i.e., t belongs to the set of points ¢ for which | Dj(pat)| <.«, 
and | pnt—2a,i|<hi (mod2zx), (n=1,---,m). By Lemma I, we can 
always choose « > 0 such that each of these r sets has an S-measure less than 
8/(r-+-1). By the Corollary, the set of points ¢ for which x€ P.* may also 
be given an S-measure less than 6/(r-+1). This gives S8(T.*) <8, and the 


theorem is proved. 


Remark. In the same way we prove that for any 6>0 the function 
[argt p(¢ + 8) —arg* p(t)] is an R.S.a.p. function. 


Lemma II. If b(t) ts an S.a.p. function and if B(t) —{ b(u)du 
is bounded, then B(t) is a Bohr a. p. function. 


The proof is identical with the classical proof of Bohr’s theorem stating 
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that if an indefinite integral of a Bohr a.p. function is bounded, then it is 
also a Bohr a. p. function (see e.g., [2], p. 7). 


N 
Lemma III. Let p(t) = Sa, exp (tAgt) be a trigonometric polynomial. 
1 


Then there exists a Bohr a. p. function A(t) such that 


arg* p(t) A(u)du + 0(1). 


Proof. We have 


(3) “arg: — arg’ pln) + 0(1), 


since the variation of arg* p(t) along any segment of length 1 is bounded. 


Put now 
t+1 
t 0 


Since a*(w) is an S.a.p. function then A(¢) is a Bohr a.p. function. But 
we have 


fw (nat, Hence 
This gives, by (3), arg* p(n) — {"4(at+oa), and finally 
arg’ p(t) = f A(u)du O(1), 


N 
THEOREM II. Let p(t) = Sanexp (tAnt) be a trigonometric polynomial. 
Then 


arg’ p(t) ct + a(u)du+y(t), 


where c is a constant, a(t) a Bohr a. p. function with mean value zero and 
y(t) a (bounded) R.8.a. p. function. 
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Proof. If c is the mean value of A(t), then, by Lemma III, we can 
write 


arg’ p(t) + fa(u)du+y(t), 


where a(t) is a Bohr a. p. function with mean-value zero and y(¢) is bounded. 
We shall prove that y(t) is an R.S.a.p. function. Put 


Since y(¢-+1)—vy(t) is an S.a.p. function, we see, by Lemma II, that 
B(t) is a Bohr a. p. function, so that the function 


* 
is also a Bohr a.p. function. 


In the same way, using the fact that argt p(t{-+ y) —arg* p(t) is an 
R.S.a.p. function we prove that 


t+ 
v(t) —r'f du 


is a Bohr a. p. function for any y > 0. 


Let now > 0 be arbitrary. By the Corollary of Lemma I we can find 
an e > 0 such that, for the set H., of points ¢ at which | p(t)| = 2, we have 


(4) <6. 
Now « being fixed, we can find an hy > 0 such that 

| arg’ p(t +h) —arg* p(t)| < 3/6, 
provided ¢€ T, and |h| <ho. But 


—y() ch — a(u)du + ang’ p(t +b) p(t). 


Therefore we may find an h, >0 such that |y(¢+h) —y/(t)| <8/3 for 
t€T, and |h| <h,. This shows that 

(5) | ¥y(t) —y(t)| < 8/3 

for ¢€ T, and | y| < hy. 


Take now a fixed positive y<h,. Since y(t) is a Bohr a.p. function 
we can find an >0 and numbers such that 


(6) | + —yy(t)| < 6/3, 
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if only | | < he (mod2x) (n=1,:--,m’). Also we can find an >0 
such that 

(7) | p(t+7) —p(t)| <6 

provided that | pnt | <h; (mod2r), Now let t€ #2 
and let 


| nt | <2, mod 2x, (n=1,-- -,m’); | <hs, mod 2x, (n—1,- - -,m). 
Then, by (7), | p(¢+7)|2e so that t+7r¢€T7,.. Therefore, by (5), 
(8) —Yy(t+7)) < 8/3. 


Relations (8), (6) and (5) now give |y(t+7r)—y(t)| <8. This shows, 
by (4), that y(t) is an R.S.a.p. function and completes the proof of 
Theorem II. 


Cairo UNIVERSITY, EGyPT. 
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ON DIFFERENTIAL EQUATIONS ON THE TORUS.* 


By SHLOMO STERNBERG. 


1. The study of differential equations on the torus was initiated by 
Poincaré in [3]. It was conjectured there, that for non-singular systems 
under suitable smoothness assumptions, either there exists a periodic solution 
or every solution path is dense on the torus. This result was first proved by 
Denjoy [1], cf. also Siegel [5]. More recently, it was shown by Saito [4] 
that if the flow generated by the differential equations is assumed to be 
measure preserving, then either every solution is periodic or the flow is 
ergodic, depending on the rationality or irrationality of a certain ratio. Thus 
all measure preserving flows on the torus behave qualitatively like a recti- 
linear flow on the Euclidean torus. We shall improve upon this result by 
showing that any flow on the torus with an invariant integral actually is 
rectilinear in the sense that by suitable choice of coordinates on the torus 
one can arrange that all the trajectories are straight lines. However the 
linearization of the time dependence depends intimately upon the arith- 
metical properties of the flow and becomes an issue of small divisors. It may 
be remarked that since Hamiltonian flows have an invariant integral, the 
following results are valid for a Hamiltonian system on the torus.* 


2 We now state our principal theorem. 


THEOREM 1. Let the system of differential equations 
(1) dx/dt=f(x,y),  dy/dt=g(z,y) 


be of class C" and defined on the torus, i.e. let f and g be periodic of period 
one in both variables. Furthermore assume that the differential equations 
(1) possess an integral invariant U(2,y) of class CO" defined on the torus. 
Then there exists a change of coordinates 


X=X(z,y), Y =Y(z,y) 


* Received October 4, 1956. 
*The results of this paper were obtained during participation in a seminar con- 
ducted by Professor Wintner. 
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such that in the new coordinate system the differential equations (1) have 


the form 
(3) dX /di—F(X,Y), dY /dt=yF(X,y). 


Thus in these new coordinates the trajectories are all straight lines. 


In the proof of this theorem, essential use will be made of the non- 
bounding cycle without contact introduced by Siegel in [5]. We remark 
that in the present case, this cycle can be chosen to be of class C"**. This 
follows immediately from Siegel’s construction. In fact, the cycle without 
contact is constructed by considering the orthogonal trajectories to (1). 
If the orthogonal system has a periodic solution, this provides the desired 
cycle. ‘It is clearly of class ("*? since the differential equations are of class 
C", In the complementary case one closes up an orthogonal trajectory in 
the neighborhood of a limit point where the vector field is approximately 
constant; and this can be done in a smooth manner. For the details the 


reader is referred to [5]. 


3. Let T be the cycle without contact. We wish to construct a family 
of such cycles filling up the torus. The natural thing to do, would be to 
allow the points of T to follow the flow generated by the differential equa- 
tions. However, this procedure, as it stands, would lead to difficulties since 
the points flow with different speeds along different trajectories, thus leading 
to the situation where one point on T will have returned to T at a given 
time, whereas another point might not have. This difficulty can be avoided 
simply by speeding up the flow on the slow trajectories and slowing down 
the flow on the fast ones: if we denote by ¢(s) the length of time it takes 
for a point on the cycle (parametrized by s) to return to T under the flow, 
then ¢(s) is a function of class C™**. Denote by I'(s;7) the image of the 
point: T'(s) under the flow corresponding to the time t= ¢(s)-7. The family 
of curves ['(-;7) provides us with the desired family of cycles without 
contact. We can now introduce the function 7(z,y) which tells what cycle 
['(-;r) the point (z,y) is on. This function essentially tells us how far 
the point (x,y) is along a trajectory; we now wish to introduce a parameter 
which tells us which trajectory the point (z,y) is on. For this purpose we 
make use of the integral invariant. Now the fact that U is an integral 


invariant can be expressed analytically as 


(4) (Uf) 2+ (Ug)y=0. 
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This, in turn, implies the existence of a function H(z,y) satisfying 


(5) H,=Uf, H,=—Uq. 
Thus 
(6) dH /dt = H.f + Hyg =0. 


i.e., H is an integral of the flow. The function H is not defined on the torus 
but in the plane, i.e., it is not necessarily periodic. However, by virtue of 
(5), the partial derivatives of H are periodic and we may write 


(7) H (x,y) =ax + by+h(z,y), 


where h is a function of class C”** on the torus. Since the system (1) is 


non-singular, the function H cannot assume the same value for two distinct 


trajectories in the plane. We now set 

(8) Y—=ar(x,y) + BH (2,y), 

where a and 8 are chosen so that 
a(r(x,y) —r(e@+1,y)) +B(A(2,y) —H(x+1,y) =m, 
a(r(x.y) —7(#,y+1)) + B(H(2,y) —H(z,y +1) =n, 


where m and n are integers. It is clear that the change of coordinates (8) 


(9) 


transforms (1) to the form (3) with y=«a. 


4. In order to obtain an explicit formula for y we first show that by 
proper linear area preserving changes of coordinates we can arrange that 
the cycles without contact are homotopic to the cycle r=0. This is a well 
known result that we include here for completeness. 


LemMaA 1. Let K be a non-bounding non-self-intersecting cycle defined 
on the torus T. Then there exists a linear area preserving homeomorphism 
of T onto a torus T’ such that image K’ of K is homotopic to the cycle 


It is clear from the structure of the fundamental group of the torus 
that we can find a linear automorphism of the torus of the form a2’ = az + by, 
y =cx+dy with integral a, b, c, d and ad—be—-+1 and is therefore 
area preserving such that K is homotopic to some multiple m of the cycle 
*=(. We now show that m1. In fact, let K denote the curve in the 
plane which covers K. If m=-+1 then the translate of K by the vector 


* The following proof of the lemma was obtained jointly with Harry Furstenberg. 
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(0,1) does not intersect K and so must lie entirely in one of the two domains 
in the plane bounded by K. Repeating this procedure m times leads to a 


contradiction. 
In these new coordinates the function 7 satisfies the equations 


=0; 


we may thus choose a and @ in (10) as —a/b and 1/b respectively. Here 
it is to be remarked that a, b, f and g are all to be caiculated in the new 
coordinate system (and that f and g transform as vectors). 

By (5) and (7) we have 


(10) a=H(2+1,y) = H,(2, y)du 
70 


al 1 
— | Ugdzrdy. 
0 
Similarly, 


Combining (10), (11) and (9), we obtain 


(12) y= ff Ufdzdy/ Sf Ugdxdy. 
T 


This formula was obtained in the new coordinate system. However since 
both sides of (12) transform in the same manner under linear change of 
coordinates, (12) holds in the original coordinate system. 


5. The results of paragraph 2 may be summed up by saying that given 
any system (2) with a smooth invariant measure, we can find a smooth 
change of coordinates which makes all the trajectories of (2) linear. In 
these new coordinates the dependence on the time, is still, however, non-linear. 
The question of whether or not we can linearize the time dependence, depends 
on the arithmetic nature of the invariant 7. The following result is due to 
Kolmorgoroff [2]. It is essentially equivalent to a previous result of 
Wintner [6]. 


THEoreM. Let F(X,Y) be an analytic function on the torus. A 
sufficient condition for the existence of an analytic change of coordinates 
sending the system (3) into the system 


(13) dt/dt=A,  dy/dt=B; A/B=y. 
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is that there exists two constants K >0 and h>0, such that for all integers 
mand n, 
(14) | m — ny | > Kh*. 

Remark. If condition (14) is not satisfied, then there exists a y and 


an F such that (3) can be transformed into the form (13) by a change of 
coordinates which is of class C® or of class C* but not C*** for any k. 


It is clear that any two coordinate systems in which (3) has the form 
(14) can differ only by a linear transformation, so that as far as smooth- 
ness considerations are concerned, the change of coordinates is essentially 
unique. Now if we were operating in the plane, the change of coordinates 


— kT (X,Y) =i f (1/F (2, ¥ +-(2—2)))ds, 


y* +y(a*—Z), 
would have the desired effect. In fact all we have to check is dx*/dt. But 


x x 
(1/F(X,Y) +k f (1/F) ydz:(—y), =k (1/F) ydz, 


so that da*/dt = F(X, Y)dx*/0X + yF(X, Y)dx*/0Y =k. 

We now have to modify z* so that it becomes periodic. We may do 
this without affecting the form (13) by adding a suitable function of Y + yX. 
Setting G—1/F we have (since G@ is periodic), 


X+1 x 
T(X +1, Y) G(z, ¥ + ff G(z, Y —yX + y(z—1))ds. 


Thus T(X +1, Y) —T(X,Y) — G(s, ¥ + (s—X))ds— —yX), 


where 


S(Z)— 


Setting S(Z)dZ = (1/F)dady, we see that if R(Z) is a 


solution of the functional equation 
(15) R(s-+y) —R(s) =S(s) —1/k, 
then the change of coordinates 


(16) y=¥Y+y(r—X), 


14 
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has the desired properties. But (15) is a difference equation in angular 
variables so that the results of [6] are applicable. 
Expanding 8 into a Fourier series 


S(w) =1/k + > 


equation (15) has the formal solution 


R(w) => — 1), 


Since S(w) is analytic, condition (14) assures the analyticity of R. As we 
can choose § arbitrarily by proper choice of F, this proves the remark 
following the theorem. 


THE JOHNS HOPKINS UNIVERSITY. 
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ON THE IMBEDDING OF V-MANIFOLDS IN PROJECTIVE 
SPACE.* * 


By W. L. Batty. 


1. Introduction. In a previous paper [2], we defined what is meant 
by a V-bundle over a V-manifold UY and proved analogs of the usual regu- 
larity and decomposition theorems, which, in fact, contain the usual theorems 
as special cases. In concluding that paper, we remarked that Kodaira’s 
results for Hodge varieties [15], of which a generalization was announced 
in [1], could be extended to V-manifolds. In this paper, we prove an 
analog of Dolbeault-Kodaira’s theorem [13] and use this together with 
properties of the quadratic transformation to prove our main result which 
states that, if UY is a compact, complex analytic V-manifold, and if there 
exists a complex line bundle over Y whose characteristic class contains a 
closed positive definite form of type (1,1), then VY is an algebraic variety. 
In terms to be defined later, there then exists a biregular complex analytic 
mapping ® of Y into some complex projective space G™ such that ® is a 
homeomorphism of Y onto some algebraic variety, and ® induces an iso- 
morphism of the ring of local holomorphic functions at x€ Y with the local 
ting of 6(Y) at B(z). 

Examples readily dealt with by our result are the following two: (1) If 
9 is a bounded domain in C” and G a discontinuous group of complex 
analytic transformations of D such that D/G is compact, then D/G is an 
algebraic variety, even when non-trivial elements of G have fixed points in 
%. (2) If X is a non-singular algebraic variety and if G is a finite group 
of complex analytic transformations of X, then X/G is an algebraic variety. 

It also turns out that an example of a V-manifold recently given by 
Satake, in connection with Siegel’s modular functions [18], is algebraic. 
The proof is somewhat more difficult, depending on the construction of a 
complex line bundle whose characteristic class contains a positive definite 
form, and will be given in a later paper. 


* Received July 26, 1956; revised February 26, 1957. 

1 The author would like to acknowledge that he was associated with a project sup- 
ported by a grant from the National Science Foundation during the preparation of the 
manuscript for this paper. 
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2. DeRham’s theorem and Dolbeault’s theorem. We let UV be a C* F 
V-manifold. If B is a V-bundle over YU with a vector space as fibre, it is § 
clear that the sections of B over an open subset @ of Y form an additive F 
group. We let A? denote the bundle of differential p-forms for Y and let F 
F? denote the sheaf of germs of C® sections of A?. It is clear that F? is a 
fine sheaf, since there exists a C* partition of unity subordinate to any 
locally finite covering of Y, and therefore (see [21]) H2(V, #?) =0 if 
q=1, while, as always, H°(V, = Mt? is the module of sections of 
A», We let D? denote the subsheaf of ¥? consisting of germs of forms ¢ > 
such that df 0 (i.e., such that ¢ is closed). Then since d* —0, d induces 
a homomorphism, also denoted by d, of ¥? into D?'. We now show that d 
maps #? onto Let V, let be a closed differential (p-+1)- 
form (i.e., a C® section of in a neighborhood W of z and let 
be a lus. for Y such that c¢ UC W. Then in U,¢ is represented by a § 
G-invariant differential (p-+1)-form such that d¢éy=0. Let § 
y€uv(z). By the Poincaré lemma there exists a C®@ differential p-form y 
in a small neighborhood WN of y such that df = dy, and we may assume that 
gN ON is empty unless g belongs to the subgroup G, of G leaving | 
fixed, while gV—=WN if g€G,. We put = (1/ord G,) where 
Wo(n) (gn), N, and g* is the mapping of differential forms dual 
to g. Then since d commutes with the mapping of differential forms dual 
to a differentiable mapping of one manifold into another, it follows that 
dyy* =—¢y. Since is invariant under Gy, induces a C® differential 
p-form y* in a small neighborhood of xz on UV such that dy*—¢. Hence 
d: J?» Dr is onto. Therefore the sequence of sheaves 


0— Fr — D130 


is exact. From the associated exact cohomology sequence we obtain by 4 
well-known inductive process, using the fact that H7(V, #?) =0 if q21, 
that H2(Y, D°) = 39/dMs1, g=1, where 8 is the module of C@ closed 
forms of degree g, and since D® is just the constant sheaf of real numbers, 
H2(U, R) = 8%/dM" ; thus we have obtained another proof (see Satake [17]) 
of de Rham’s theorem which is analogous to that given by Weil for C* mani- 
folds [24]. Let UV be supplied with a Riemann metric. Coupling the above 
result with Theorem H of [2] we have H2(¥V,R) = M4, where H2 is the 
finite dimensional module of real harmonic differential forms of degree 4 


on 


*In this paper we denote a l.u.s. by {U,G,v} instead of by {U,G,¢} as in [2]. 
Furthermore, 9 and 9 of [2] have been replaced by d’ and d” respectively. 
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Now let UV be a compact, complex analytic V-manifold and let B be a 
complex line bundle over YU. We let A”* denote the bundle of forms of 
type (r,s) on Y. Then we denote by #"*(B) the sheaf of germs of C@ 
sections of B@A”*. It is clear that ¥"*(B) is a fine sheaf so that 
| =0 if q=1, while, if M(B)"* is the module of C* forms 
| of type (r,s) with coefficients in B, H°(V, #"*(B)) =M(B)"*. We let 
| D*(B) denote the subsheaf of ¥"*(B) consisting of germs of C* sections 
| ¢ of BOA” such that Since it follows that d” induces 

a homomorphism of #"*(B) into D™**1(B). We may then use Dolbeault’s 
lemma (see [11]) in the same role as we previously used Poincaré’s lemma, 
| together with the fact that d” commutes with complex analytic mappings 
and multiplication by a holomorphic function, to prove, by use of an obvious 


local averaging process, that d”: #"*(B) D”**1(B) is onto. Therefore the 


| sequence of sheaves 
0— Dr8(B) > ¥"8(B) (B) 30 


| is exact. From the associated exact cohomology sequence we again obtain, 
by an inductive process, that 


H*(Y, Dr°(B)) 


| where 8”*(B) is the module of d’-closed forms of type (r,s) with coefficients 


in B; and since D™°(B) is just the sheaf of germs of holomorphic r-forms 
with coefficients in B, which we denote by 0’(B), we obtain 


H*(Y, (B)) = sZ1, 


which is Dolbeault’s theorem. If Y is supplied with a Hermitian metric 
and B is supplied with a C® metric, we may couple the above result with 
Theorem K of [2] to obtain 


TueroreM D-K. = #(B)", 


which we will refer to as Dolbeault-Kodaira’s theorem. 


3. Certain definitions for V-manifolds. Let UY be a compact C* V- 
manifold. Let {U,G,v} be a l.u.s. for VU, let x€ U, and let G, be the 
subgroup of leaving fixed. We say that 2* v(x) €U is a regular 
point on UY if G, consists of the identity alone; otherwise we say that z* 
is singular. We let m,—ordG, and call mz the order of z. We define 
M—=1.¢.M.,*<y Mz and call m, the order of VY; clearly m, is finite since Y 
is compact. It is evident that the above definitions do not depend on the 
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choice of l.u.s. The regular points of Y form a C* manifold in the ordinary 
sense. From our definition in [2], it is clear that we may naturally identify 
the ring of germs of C” functions at z* on Y with the ring of germs of 
G-invariant C” functions on U at x. If VY is a complex analytic V-manifold, 
it follows from a known theorem on removable singularities that the ring 
of germs of holomorphic functions at z*, in addition to being naturally 
identified with the ring of germs of G-invariant holomorphic functions at z, 
also coincides with the ring of germs of continuous functions at z2* which 
are holomorphic at all the regular points of Y in a neighborhood of z. 

We now let UY be a compact, complex analytic V-manifold. By a 
known theorem [6], we will assume, without loss of generality, that for 
each l.u.s. {U, G,v} G acts as a finite linear group in the coordinates of U. 
By a divisor over Y we mean that, for each l.u.s. {U,G,v}, we are given a 
divisor Dy on U such that, if f belongs to the module Dy(gx) over the ring 
D2 of local holomorphic functions at gx€ U which are locally multiples of 
Dy, then fog belongs to Dy(x) for each r€ U, g€ G, and such that, if d 
is an injection of {U’, G’,v’} into {U,G,v} and if f belongs to Dy(A(y)) at 
A(y) €A(U’), then fod belongs to Dy: (y). We say that D is an absolute 
divisor (i.e., locally linearly equivalent to zero) on V if at each x€ Y there 
exists a l.u.s. {U,G,v}, c€ U, such that Dy is the divisor (fy) of a single 
meromorphic function fy in U which can be expressed as the quotient of 
two relatively prime G-invariant holomorphic functions. It is not neces- 
sarily true that a divisor D over Y is an absolute divisor, but if m, is the 
degree of Y, then m,D is absolute. To see this, we let r€ V, let {U, G,v} 
be a l.u.s., e€ U, such that Dy is the divisor (fy) of a quotient of two 
holomorphic functions, and let m= ord G; fr is not necessarily the quotient 
of two relatively prime, G-invariant, holomorphic functions, but, the product 
Pu of its tranlates under G clearly is, and (pyo/™) —m,Dy in view of 
the invariance of Dy under G. (In this connection see [20], exposé XX.) 

Let B be a V-bundle over UV (see [2]). We may assume without loss 
of generality that By is the product bundle for each l.u.s.{U,G,v}. Then 
if g€ G and (z,£) € By, hu(g) (z,£) = (972, nu (g) (z) -¢), while if is an 
injection of {U,G,v} into {U’,G’,v’}, and (A(z),f£) € By | A(U);, 
then A*(A(z),£) = (z,&(A(z))-£), where nv(g) and & are, respectively, 
mappings of U and A(U) into the group of the bundle; in particular, if B 
is a complex line bundle, ny(g) and é are non-zero holomorphic functions. 
It is clear, from the definition of V-bundle, that yy(g2) (g:7%2)nu(91) (2) 
and (2)&(A(2)) (A(z), where 
9,91 92 € Gandz€ U, while if )’ is an injection of {U’, G’, v’} into {U”, G”, v”}, 
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then (A(z) )é(A’A(z)) (A'A(z)). Conversely, if {yo(g)} and {&} 
are given subject to these conditions, it is clear that we obtain a V-bundle 
in a natural manner. We say that two V-bundles B, and B, having a given 
differentiable structure are equivalent if, for each l.u.s.{U,G,v}, there 
exists a map 6, of U into the group of the bundle such that 


(1) 6 belongs to the same class of differentiability as the bundles B, 
and Bp. 
(2) If g€G and z€U, then 


(2)00(2) = 60(9*2) 070 (9) (2) 
and 


(A(z) (A(z) ) = 80 (2) (A(z) ), 


where n'y, and 7’7(g), are corresponding functions for B, and B, 


respectively. 


Now suppose that B is a V-bundle, the group of which is some linear 
group. We say that B is an absolute V-bundle if, in addition to the require- 
ments stipulated in [2], the following condition is satisfied: If {U,G,v} is 
al.u.s. and g€ G,, then hy(g)b—b for each 6 in the fibre of By over z. 
We can give a useful characterization of absolute bundles (up to equiva- 
lence). Let B be an absolute V-bundle. Let {U,G,v} be a l.u.s. and define 
= (ord G)* Socanu(g)(z). Since B is an absolute V-bundle, ny(g) (z) 
is the identity if gz—z, and therefore if y€ U and G,—G, 6p defines a. 
mapping of a small neighborhood of y into the group of the bundle. By 
| choosing a sufficiently small 1. u.s. {U, G,v}, we may assume that 6y is defined 
in all of U. It is easily seen that, for g€ G, 60(g%z)nu(g) (2) =6n7(z). 
Therefore, if we define €*,(A(z)) (A(z) it is clear that 
&)(A(gz) ) =€*)\(A(z)). Hence the system of functions é*, and yy(g)*, 
defined by ny (g)* identity, define a V-bundle B* equivalent to B. Hence, 
up to equivalence, an absolute V-bundle B may be naturally regarded as a 
bundle over Y itself whose coordinate transformations are given by functions 
of a certain differentiability class on intersections of neighborhoods for B 
on Y. 

Let B be a complex line bundle over Y and let a be a C® metric for B. 
Then for each 1. u.s. ay is a C® positive, real-valued function, and it is clear 
(using m(i), section 2 of [2]) that the differential form ¢7 = ~d’d” log ay™* 
is G-invariant in U and that the collection of differential forms {fy} defines 
| aclosed differential form ¢ on Y. By Section 2, ¢@ defines a certain 2- 
| dimensional cohomology class on Y, which we call the characteristic class of 
B. It is not hard to see that. this cohomology class is independent of the 
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choice of metric. Moreover, ¢ is Hermitian, and if ¢ is positive definite, 
¢>0, ¢ provides a Kahler metric for VU; in this case ¢ is called a Hodge 
metric, and B is said to be positive (or ample), B > 0, if a metric a can be 
found such that ¢ is positive. Our principal result, stated more precisely 
in the very last section, is that, if there exists a positive complex line bundle 
over the compact, complex analytic V-manifold VU, then VU is an algebraic 
variety. 

Equivalence classes of complex line bundles over YU form an additive 
group in an evident manner (see [16]). 

If D is a divisor on Y, D naturally defines a complex line bundle {D} 
over Y. Namely, if {{U,G,v}} is a collection of l.u.s.’s such that {U} is 
a base of neighborhoods for VY, and if Dy is the divisor of the function 
fo in each U, we define ny(g)(z) = (z)/fo(z), g€G, and if 
is an injection, we define §(A(z)) =fu(z)/(fo oA) (2). It is 
clear that yy(g) and & are non-zero holomorphic functions and satisfy the 
necessary conditions for defining a bundle. In particular, if D is an absolute 
divisor, we may assume each fy is G-invariant so that each yo(g) =1 in U 
and therefore {D} is an absolute bundle. The characteristic class of {D} 
is also called the characteristic class of D. Another motivation for the given 
definition of an absolute divisor is that it may be viewed locally as a divisor 
over the ring of local holomorphic functions at a point on UY. Just as it 
was shown for any divisor D over UY that m,.D is an absolute divisor, where 
m, is the degree UY, so it can be shown for any complex line bundle B over 
VY that mB is absolute. In fact, if {U,G,v} is a lu.s. and y is the 
corresponding function defined for B, then ny(g) (2) is an m,-th root of unity 
whenever gz=z, g€ G, z€U. These facts correspond roughly to the fact 
that if K is an algebraic extension of the field k, then the norm of an ideal 
in K is an ideal in &. In fact, in many cases of interest the divisors over V 
appear as divisors invariant under the fundamental group of a kind of 
universal covering space of WV. 

Let f: z—f(z) be a complex analytic mapping, with non-vanishing 
Jacobian, from an open set @ in C” into C”, let the coordinates of f(z) be 
f(z), --,f"(z), and let the coordinates in @ be 21,- - -,2". Then we write 


J (f) (p) = [det pe 6. 


We define the canonical bundle K over Y to be the complex line bundle over 
VY for which the functions ny and & are defined as follows: 


nu(9) (2) =I (2) 
(A(z) ) =J(A*) (A(z)). 


and 
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Let y be a Hermitian metric for Y. Then for each l.u.s. {U,G,v}, y is a 
positive definite Hermitian matrix function (yyog’)* and direct calculation 
shows that the system of functions ay = (det(yvag’) )~? defines a metric a for 
the bundle K ; hence the collection of forms 


gu = = log (det ) 


defines a closed form ¢ in the characteristic class of K. The form F# of 
tyne (1,1), defined by —k=4#, we call the Ricci curvature of the metric y. 
For a given l.u.s. {U, G,v} 


Ry= = d'd” log (det (yuvap’) 
In the future we will have use for the tensor R* defined in U by 
R* Syo™ Bone’, 


where (yy™’) is the matrix inverse of (yzvag’)- 
Let X be a C* manifold and let C be a discontinuous group of C* 
homeomorphisms of X satisfying the following conditions: 


(1) If z,y¢X and y¢ Gz, there exist neighborhoods U of x and V 
of y such that GUM GV is empty. 


(2) X/G is compact. 


(3) If «¢€ X, the subgroup G, of G leaving z fixed is finite. 


(4) Each point 2€ X has a neighborhood U such that gU N U is empty 
if g ¢ Ga. 
Then is it clear that X/G is a V-manifold. If we replace C” by “complex 
analytic,” X/G is a complex analytic V-manifold. It is clear that we obtain 
a V-bundle B over X/G in a natural way if we let B* be a bundle over Y 
and prescribe an anti-isomorphism h of G into a group of bundle maps of B* 
onto itself such that if g€ G, ~€ X, then h(g) carries the fibre over z onto 
the fibre over g"‘z. The modifications of these statements for the C® and 
complex analytic cases are obvious, as is also the necessary and sufficient 
condition under which the bundle induced over X/G is absolute There is 
an obvious correspondence between the sections of B and the cross-sections 
of B* invariant under h(G@). An important special case is obtained by letting 
X be a bounded domain D in C” and G a properly discontinuous group of 


*Qur tensor notation is modified in this paper from that in [14] in that here we 
replace a8, 8, etc., as superscripts or subscripts by af’, fp’, etc. respectively. 


) 
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complex analytic automorphisms of D. We let B* be the product bundle 
DC and define h(g)(z,£) = (g%2,J(g*)(z)-¢). Then a metric for 
B* invariant under h(g) is given by &*, where & is the kernel function 
(see [3]), and since d’d” log & is the G-invariant (positive definite) Bergman 
metric, we see that the complex line bundle B over D /G induced by B* and 
h is positive. Hence it will be an immediate consequence of our main result 
that D/G is an algebraic variety. It is easily seen that B is simply the 
canonical bundle K for D/G. 


4, A sufficient condition for vanishing cohomology. Kodaira [14] has 
demonstrated by means of a method due to Bochner [5], a useful suflicient 
condition for the vanishing of certain cohomology groups of a compact 
Kihler variety with coefficients in the sheaf of germs of holomorphic p-forms 
with coefficients in a complex line bundle. We demonstrate here analogous 
results useful for our purposes. For the most part, we are able simply to 
copy down Kodaira’s formulas. 

Let UV be a complex analytic V-manifold of complex dimension n 
carrying the Kahler metric y (see [2]). Since for each l.u.s. {U, G,v}, 
y defines a G-invariant Kahler metric in U, it is easily seen that we may 
define covariant differentiation of alternating tensors on Y by means of the 
usual formulas. 

Let B be a complex line bundle over X and let a be a C® metric for B. 
If {U,G,v} is a l.u.s., we define 


Xap = log ay, in U, 


where and 0g = 0/028. Let Dy’ (where is 
defined by = 8;, yrv being the metric tensor and 8’, the Kronecker 
symbol) and let Ryug=>D> Rrag be the Ricci tensor. Define Rug = Rap. 
It is easily seen that 


Rap = log[det (yus") |, 


as in Section 3. In a given system of local coordinates, we denote covariant 
differentiation with respect to z* and 28 by Yq and Vg respectively. Then 
if @ is a C® form of type (r,s) on Y with coefficients in B, we define * 


‘For reasons of naturality we have always spoken of a metric for the bundle, 
whereas Kodaira (see [14]) speaks of a cross-section of a certain positive real line 
bundle. One is simply numerically the reciprocal of the other. 
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as in [14]. where dy represent @ in U and 


so that é defined in U by €p = Sévydz is a C® 1-form on Y. If, more- 
over, @ is harmonic (i.e., O¢—0), we have from [14] that in U 


= Dy 

where # is a non-negative quantity, and where X?,,—SyX) and 
Ro pq = Sy" Ro-,. If we denote by 1 the function on Y which is equal 
to 1 at each point, then *1—dV, the 2n-form on VY which represents the 


measure associated with y (see [2]). We now suppose Y is compact and 
obtain [2] 


Therefore o— | (A + #)#*1, or since #=0, f. A*1=0. We give a 
U U 


partial ordering to the Hermitian forms on U by writing X, > X, for the 
Hermitian forms X, and X, if X,—Xz, is positive definite at each point 
of Y. From an examination of A, we see that if the form (Xgg-) is suffi- 
ciently high in this partial ordering, then we must have ¢==0, for other- 


wise f. A«1 would be positive. In particular, if r—0, it is enough to have 
U 


X—R>0O. Hence, if there exists a metric a for B such that X—R>O, 
we have, by Theorem D-K, that 


(1) H*(Y,9°(B)) =0, s=1. 


Using the notation and results of Section 3 we may assert that (1) holds if 
B—K is a positive bundle. 

We observe that if Y carries a positive complex line bundle B, then UV 
is automatically Kahler. For if a is a metric for B such that the form y, 
defined by yy =id’d” logay™, is positive definite, then + exhibits a Kahler 
metric for VU. 

Let D be a bounded domain in C” and let G be a properly discontinuous 
group of complex analytic automorphisms of D such that D/G is compact. 
The canonical bundle for D/G@ is positive (see Section 3), and if & is an 
integer, the cross-sections of kK are just the automorphic forms of weight k, 
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while 2°(kK) is just the sheaf of germs of automorphic forms of weight k. 
If k=2, kK —K = (k—1)K > 0, and therefore 


H*(D/G,0°(kK)) =0, s=1. 


This result is well known for »—1 and has been proved by Kodaira for 
arbitrary n in case G acts without fixed points, but to the best of our 
knowledge has been only conjectured in the general case (see [20], exposé XX). 


5. The quadratic transform [15]. Let UV be an n-dimensional complex 
analytic V-manifold and let ~*€ VY. Let {U,G,v} be a l.u.s. such that 
ao* € U and such that v*(2,*) consists of a single point 2. We may assume 
that xz, is the origin of C” and that G acts as a finite linear group on 
C". We denote the complex coordinates in C” by 21,---,2% and let 
{(2,- +, 2") | +52") 0}. By making an appropriate 
choice of coordinates (we may subject z',- - -,z" to an arbitrary non-singular 


linear transformation if necessary) we may assume that U (f),<gq9U:) 


=—U-—nz,. This is equivalent to saying that the homogeneous polnomials 
Pi(z) =I] (gz)', t=1,---,n, 2€C* have only the trivial zero in 
common, where (gz)* is the i-th coordinate of gz. If z is any point of U, 
we let z,1,-°-°,2% denote the coordinates with center at 2x defined by 
Zn*(y) =z*(y) —z*(x), y€ U, and let G, be the subgroup of @ leaving 2 
fixed. It is clear that the polynomials P,*(z) (92)a!, +=1,° 
z€C”, where (gz).* is the i-th coordinate of gz in the coordinates {z,'}, 
have only the trivial zero in common. If U, is a sufficiently small neighbor- 
hood of x in U, such that G,U,—U, and gU,N U, is empty if g¢ G—G,, 
we may take {U,,G,,vz} as a l.u.s. for the neighborhood U,—=v(U-) of 
x* v(x), where v; is the restriction of v to Uz. Then the following con- 
struction, which we carry out for x* using the l.u.s. {U, G,v} holds equally 
well for z* using the l.u.s. {Uz, G2, vz}. 

Let S be the (n—1)-dimensional complex projective space with homo- 
geneous coordinates (¢1,- - -,#"). Consider the product manifold I =U x 8 
and let W be the non-singular subvariety (of complex dimension n) of Il 
determined by 


W = {(z,t) | =1,- - -,n}. 
The analytic map 7: WU of W onto U given by w(z,t) =z has the easily 


seen properties that it is a biregular mapping of W—-x"(z,) onto U—% 
and that 2*(2)) is a non-singular subvariety of W which is naturally bi- 
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regularly equivalent to 8. Therefore without material risk of confusion we 
denote m1(z)) by S. We also use S to denote the prime divisor on W 
determined by 8. 


We observe some elementary facts about W and the subvariety or divisor 
S of W. Let € W,t4+—0} and let W—1,. Then on 
W; we may choose 
(I) (i*/t*), (t**/t*), z*, (¢**7/t*), 
as local coordinates ; 
(II) zi = (ti/t*),7 in Wi, 
so that 


(IIT) dat dem = A A+ A in Wi 


Let w€ W and let S,, be the ideal in the ring of local holomorphic functions 
©, at w consisting of functions which are locally multiples of S, and for 
any function f holomorphic at w, let f,, denote the principal ideal (f) in Dw. 
At each point of Wi, Sy—=(2*)w. Obviously - -,z" are holomorphic 
functions on W. Let P be a homogeneous polynomial in z',: - -,2, of degree 
gq. In view of (II) we may write 


P = in Wi, 


where P* is a polynomial in the (t//t+)’s, 7%. From this it is easy to 
see that if P is a non-zero, homogeneous polynomial of degree q in z',- - -, 2", 
then at any point w€ S;, P is divisible by z+ to precisely the q-th power. 

We now show that the group G acting on U can be lifted in a unique 
way to a finite group of complex analytic transformations of W; i.e., to each 
g€G we may assign a unique transformation g’ of W such that mg’ = gz. 
It will follow trivially that g-—>g’ is an isomorphism of G onto a group G’ 
of complex analytic transformations of W. First of all, g€ G acts on the 
local coordinates of U as a linear transformation: 


(gz)* = > g*a2*. 


For (z,¢) € II we define g’(z,t) (gz, gt), where Then 
(z,t) € W if and only if g’(z,t) € W since 


(gt)4(gz)*— (gt)*(9z)i = — 


Thus g’ gives a biregular map of W onto itself which we also denote by 9’. 
It is obvious that (9,92)’—=g,.’g2’ and that the mapping gg’ is an iso- 
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morphism, and it is easily seen that the complex analytic transformation g 
of W satisfying rg’ = gz is unique. 

Tt is clear that W/Q@’ is a V-manifold. We let p be the canonical 
projection of W onto W/G@’ and define 6:(W—S)/@’—>U—2* by 
§6—=g°7r0°p. Then we denote by 2.,,+(V) the complex analytic V-manifold 
obtained from W/G’U by identifying we (W—8S)/@’ with 0(w). 
When there is no danger of confusion, we denote 2.,.(UV) by Ux. We let 
P denote the natural projection of Y,, onto Y (defined by P(S) —2,* and 
P(x) =z if re Y—z*). It is clear that if B is a V-bundle on WY, then 
B and ? together define a V-bundle ?*(B) = Bjz,; having the same fibre, 
group, and differentiable structure as B. We denote the canonical bundle 
on Yz, by Kz, and denote by S* the divisor on Y,, which is induced by the 
divisor S on W (this definition is legitimate since S is stable under G7’). 
It follows from (III) that 


(IV) Ke, = (n—1) {8*} + 


As remarked in Section 3, m,{S*} is an absolute bundle. It turns out 
that m{S*} is an absolute bundle, where m=ordG. We now construct 
coordinate transformations for m{S*}. Let t= 
Since the polynomials P;, 1 1,- - -m, have only the trivial zero in common, 
it follows that W,,: --,W» cover W. If a, are complex numbers, 
then at each w= (z,t)€ W such that A0 we have (> aj24) = Sy. 
We put ft(z,t) =ft(z) (gz), t=1,: - -,n. If w= (2, t) € WM, then 
(mS) «= fix. Moreover, each ft is G-invariant. The open sets = YU—% 
and U;=W/G’, 1=1,- - -,n, viewed as components of the identification 
space Y,,, cover Y,,. We define f?—1 on all of YU—z,. By our remarks 
in Section 3, the absolute bundle {mS*} may be viewed as the complex line 
bundle over Y,, defined by the system of coordinate neighborhoods {U;} and 
coordinate transformations (or transition functions) {fi}, where fj; is the 
non-zero holomorphic function in U;N U; defined by fi;—=f*/fi. 


If x is any point of U, we carry out the same construction for x using 
the l.u.s. {U2, Gz, vz} and denote the entities corresponding to Ui, W, Wi, 
G’, Wi, li, Ka m, 7, P, and S in the above construction 
by We, Wai, Ge’, Wei, Ka, K p23, Me, Pe, Ve, and Sz respec- 
tively. Let U* be a neighborhood of xz in U such that GU*—U*. Let 
M={(z,y)|(z,y) € U* X U,y€ Gz}. Then by a singular G-form of class 
C and type (p,q) on U with respect to U*, we mean a C* form y on 
U* such that for fixed U*, we defined on U—G,z by 
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=y(z,y) is a G-invariant, C* form of type (p,q). Using this notation 
we have the 


THEOREM OF ConTINUITY. There exists a neighborhood U* of 2, stable 
under G with compact closure in U, and a real, singular G-form y of class C* 
and of type (1,1) on U with respect to U* such that: 


(1) For each c€ U*, We induces in a natural manner a real C® form 
of type (1,1) on Pz*(v(U) —v(x)) which may be extended to a C® form 
on by defining =0 outside P-1(v(U) —v(2)) ; 


(2) we’ has a unique extension to a C° form yz’ on all of Vz, and 2’ 
belongs to the characteristic class of {—m,S,*}. 


Proof. We know that there exist positive real numbers M=1 and p= 1 
such that given any z,y€ U and any g€ G we have »|e—y| S| gr—gy| 
<M|«x—y|, where |ct—y| is the Euclidean distance between x and y in 
the given coordinates on U. 

Let « > 0 be such that U contains a closed Euclidean ball of radius 10e. 
Let p be a C® function on the non-negative real axis such that 


r? for r < 
p(r?) = 4a non-decreasing function in r for S Ven, 


a constant C for r > Ten. 


Let U* be a neighborhood of x, stable under G such that U* is contained 
in the Euclidean ball of radius eu/M about 2». 


Define A on U* XU by A(z,y) ,<ce(|t—gy|?). We note that 
we may write A(z,y) =IIx[I],<c¢, (|t—gxy|?)], where x runs over a 
system of representatives of the right cosets of G, in G. For fixed r€ U* we 
put Yo(y) =y¥(z,y) = log A(z,y), yeU—Gz2. It is evident that 
¥z(y) is a C® real form of type (1,1) in U — @z invariant under G, and that 
We(y) vanishes if |y—z|—|y|> 8e. This being the case, assertion (1) 
is obvious. 

Let x€ U* and let N be a neighborhood of x stable under G, such that 
gN ON is empty if g€¢ G—G, and such that N C U*. For any real number 
r>0, let B(z,r) denote the open Euclidean ball of radius r about gz. 
We choose neighborhoods N;, N2, N; of x stable under G, and positive 
numbers > 6, > 8, >0 such that clos(N;) C B(z, 8), clos(B(2,82)) C M2, 
 clos(N.) C B(z, 8), clos(B(z,8,)) C Ni, clos(N,) C 8), clos(B(z, 8)) C 
Let pz be a C” function on the non-negative real axis such that 
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r? for r< 
po(r?) = a non-decreasing function in r for 44, 


al 
a constant C, if r> 4. ts 
We define 
Bo(y) = ye N—z, 
te 
and define =,(y) =0 if ye U—WN. Let = in U — Gz, pl 
where x again runs over a system of right coset representatives of G, in G. 
Then th 
¥2(y) = ~d’d” log ye U—Ga, 
wl 
and (Y2— Wz) (y) = +d’d” log E.(y), where 
is a non-vanishing, @-invariant, C* function in U having the constant value val 
(C/C,)™ for |y—2| > where m=ordG. Therefore and induce 
forms on ?,-*(v(U) —v(zx)) which differ by a form X which can be extended ser 
to a C® exact form (i.e., X—d@) on all of V,. Hence it is sufficient to pos 
show that the form ¥,’ on (v(z) ), induced on (v(U) —v(z)) for 
by ¥, and defined to be 0 outside of P,*(v(U)), has an extension to a form 
on Y, belonging to the characteristic class of {— m,8,*}, for if the extension 
exists, it is obviously unique by continuity. | of 
We define T, on UV by T.(v(y)) =Tycgee(|e—gy |?) if ye U and pos 
T.(n) =C.” if »¢v(U). Then T, is clearly a well-defined function of - 
class C* on Y which is non-vanishing on W—v(x). Moreover, in N3;, | inj 
use 
It is obvious that *d’d” log(T,° Pz) on Pa*(U—v(z)), © denoting yp; 
the composition of functions. 2,(V) —WVz is supposed to have been con- On 
structed with the complex coordinates z,1,- - -,2:" in N3. Hence W, is the § 
non-singular subvariety of N; S defined by =0, 1,7 =1,-- +, 1; 
and S,—7,7(x) is the non-singular prime divisor on W, such that (Sz)« 
= (Sajz2/) for each w= (z,t) € Wz such that S\ajti 0. For brevity let and 
522") We also write (gz,)*(y) =22'(gy) for g€ Gz, so that 
(g22)* => since G, acts linearly in the coordinates {2,4}. We now 
construct a C® metric {a;} for the bundle {—m,S,*}, where a; will be a C* Ff = 
| Mor 


function in the i-th coordinate neighborhood Ux of {—m,S.*}. We define 
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i=1,:--,n, if w is the natural image in Us —=Wei/Ge’ of w= (20, t) EWais 
and define ao(y)*—T.(y) if »€ U.,—VU:z—Sz. Using the fact that 
=0 on Wz, +, we obtain easily that a,/a;=| fais |-? 
on 1,7 = Consequently, the form ¢ on WV, defined 
on Un by ¢= £d’d” loga;* is a C® real form of type (1,1) in the charac- 
teristic class of {—m,S,*}, and sincep=W,’ on U,—S;, our theorem is 
proved. 

We use the notations of the statement and proof of the continuity 
theorem in the following discussion. 
Define w to be the form on the (n—1)-dimensional projective space 9 
| which is given on the affine space #740 by 


w= log{1 + | |*). 


| o is well known to be positive definite. If O"—0 is the space of n complex 
variables minus the origin, w induces the form o’ = 4d’d” log(> |z* |?) on 
' (»—0 under the natural projection of C"—0 onto S, and o’ is positive 
| semi-definite. It follows from the construction of p and yo(y) that yo is a 
positive semi-definite form in the regions | y—2|< 5en/M, | y—a| > 9 
for each «€ U*. In the compact subspace 


{(x,y)| U*, 5enp/M S | | S 


| of U* XU, w2(y) depends continuously on x and y. Therefore, if a is a 
positive definite form in the region 5en/M S | y— = | S 9c, there exists a real 
} number & > 0 such that if r= R and x€ U*, then ra + yz is positive definite 
in this region. Consequently, if « is a positive definite C* form on Y, there 
exists an R>O such that ra+y,>0 in YU—v(zx), for r=R, where we 

use Yz to denote the form previously defined on U — Gz as well as the form 
| which the latter induces on Y—v(x) when we define ¥y,—O0O outside v(U). 
On Ws, we have 


2r 


| and the latter expression, which we denote by «;(t), is clearly positive definite 
|} on the subset S,i— {t | ¢€ 8, (gt)*340} of S. On the other hand, 
on N;. Hence +ra>0 on N; X Soi, and if we let be the 
inclusion map of W.; into Ns X Szi, we have P,* (ra) + ra) > 90 
Moreover, is an isomorphism of V-manifolds outside ), 
Sothat P,*ra + > 0 on and therefore P,*ra + We’ > 0 on all 
If F is a complex line bundle over Y and a a C® metric for F, then 
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1 (20) F — 


disposal. Then by (IV), 


mo (F* te; —k{m,S,*}) —moKe= [kmo + (n—1) po] (Fite; — 
+ [mo(n + —kmy — (n—1) po | — 


pos for x€ U is finite. Choose g(x.) such that 
[mo(n + — (n—1) F1— mK > 0 


(F* (23 —k{m,S,*}) —K,. Thus we obtain 


number of points Zo1,- - -,%” with neighborhoods U*(xo') (as above) such 
that Y is covered by the natural images of U*(xo‘), i=1,- - +, p, and for 
each i let an integer k;x=0 be given. Then there exists a positive complet 
line bundle F on Y such that 


ki{mS,*}) — K, > 0 


for U*(2,*), -,p. 


Let x*,y*€ UV, c*~y*. We construct 2,«(V), denote agail 
by y* and construct 2,+(22+(V)). We let S,* and S,* denote, respectively, 


uniformizing systems {U,,G,,v,} and {U2, Ge, v2} such that v,(2) =2* and 


under the map ?,, F and a induce, respectively, a complex line bundle F 
on Y, and a metric a’ for F’. It is trivial that d’d” log a’ = P,*d’d” loge F 
where ?,* is the mapping of differential forms dual to P,. Suppose now j; 
that there exists a positive complex line bundle F on Y. Then there exists F 
a metric a for F such that T= +d’d” loga™ is positive definite on 
There exists a positive integer such that > 0 in the region 
| S9e, for alla U*=U*(2o), sothat +42’ >0 
on U,. We observe that P,*(1(z.)T) +e is in the characteristic class of 


We now assume that Y is compact and let & be any integer >0. Let : 
F,=1(2,)F and put F* = (n+ q(z))F1, where q(x.) is an integer at ow 


where p,m,z—=m=ordG. pz, is a divisor of m, so the number of distinc & 


foralla€ U. Then —k{m,8,*}) —m Kz > 0, since — 
>0, and therefore (F*,2;3—k{m,S,*}) —K,>0 for all U*; for if 
a is a metric for —m Ke, is a metric fof 


Auxittary THEorEM I. Let UV be a compact, complex analytic V- = 
manifold. Assume there exists a positive line bundle on UY. Choose a finite 


the divisors on 2,+(2.+(V)) associated (as before) with the (n—1)-dimer F 
sional complex projective spaces by which x and y are replaced in local § 
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v,(y) =y*. These definitions are legitimated by the fact that if Y is a 
| V-manifold, and Y,, S,, and P, have their previous meanings, then ?, is an 
isomorphism of Y,—S,/G,’ onto Y—z*. We denote by Kz, the canonical 
| bundle on 2,+(2.+(V)). Then computations entirely similar to those above 


- yield (see Kodaira [15], p. 33, Lemma 2): 


j Auxitiary THeEoreM II. Let Y be a compact, complex analytic V- 
| manifold and assume there exists a positive complex line bundle F on W. 
| Then for all sufficiently high multiples mF and all «*,y*€ WV, such that 


A~y*, we have 


(mF (ey, — {mS — {m,S,*}) — Key > 0, 


where F t2y; ts the bundle induced on Qye(Qz*(V)) by F under the mapping 
| 2,P,, and m, and my have their usual meanings. 


6. Holomorphic cross-sections of a positive complex line bundle 
having prescribed properties. The results of this section are established 
| for absolute complex line bundles, the question of their validity for general 
complex line bundles having no immediate importance for our purposes. 
| Let Y be a compact V-manifold. We shall suppose that there exists a 
positive complex line bundle over Y, from which it follows immediately that 
there exists a positive absolute complex line bundle over Y. In what follows 
- we will always assume that a given absolute complex line bundle is defined 
by a system of neighborhoods {U;}, where {Uj, Gj, vi} is a l.u.s., and a system 

of holomorphic coordinate functions {fi}; then for each g€ G;, the map 
| ho,(g) of Ui; C onto itself is given by hy,(g) (z,¢) = (g-4z,c) (see [2]). 
| Thus a holomorphic cross-section of the complex line bundle is given by 

prescribing, for each 7, a Gj-invariant holomorphic function f; in U; such 
| that on U,U;, fi=fif; If we are given any finite number of absolute 
+ complex line bundles, we may assume they have a common system of such 
coordinate neighborhoods. 


Basic ExistENCE THEOREM. Using the above notation and the notation 
of Section 5, let ~€ U, and let k be a positive integer. Suppose that F is a 
positive complex line bundle on UV such that (F —k{m,S,}) —K,> 0. 
Let P(z,1,-- -,22") be a polynomial invariant under G, of total degree 
<km, in the coordinates {zq*} with center at x. Then there exists a holo- 
morphic cross-section f = {fi} of F such that P—f, has a zero of order = km, 
at x. 


Proof. First of all, it is easily seen that it suffices to prove our theorem 
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for a bundle complex analytically V-equivalent to F. 


denote all members of a family of complex analytically V-equivalent bundles & 
by the same letter. Let {V,’} be a common system of coordinate neigh- 
borhoods for the three absolute complex line bundles {m,Sz*}, Fro, and — 


Foy on Vz. Let US = Then S2/Ge’ C UY and it is 


clear that F,2; is a product bundle over U/. Hence a holomorphic section : 
o of F;2; over any open subset © of U/’ may be viewed as a single holomorphic fF 


function o; on G. 


If Q is any sheaf over UV or Vz, then in what follows we denote the 


stalk of Q over the point y* by Q,+. We have defined the two sheaves 
0°(F(2;) and 0°(F 2; —k{m,8,*}) which are the sheaves of germs of holo- 


morphic cross-sections of the two bundles. We now define an isomorphism — 


of 0°(F 2; — {m,S8,*}) onto This isomorphism arises by mullti- 
plication by a suitable cross-section of the bundle k{m,S,*}. Let y*€, 
and let ay+ € Let {U’, G’,v’} be a l.u.s. on Vz such 


that y*=v'(y). Then in a sufficiently small neighborhood V of y stable 


under G’;, such that gV N V is empty if g € G’—G’,, a representative of ay 
is a collection of holomorphic functions «%, a being defined in v’1*(V’,)NV 
and invariant under G’,, such that = (b,°v’)af in VN Nv (V2), 
where 0b,; is the non-vanishing holomorphic coordinate function for Fz) 
— {m,S,*} in V7. Let s* be the chosen invariant holomorphic fune- 
tion in V such that (s°), = (km,S8,*), at each w € v-1(V,’). Define = sa". 
Then since = (bey Ov’) Bf in Nv’ (V/)N V, represents 
a germ By+€ We define &: 2°(Fy2;— 22° dy 
J (a+) = B,+, as given above. It is clear that & is an isomorphism of the 
sheaf 0°(F(2;—k{m,8,*}) into the sheaf 0°(F;.,;). Thus we have the 
exact sequence of sheaves 


+ 0°(F [0°(F —k{m282*}) 0 


and from this we obtain the exact cohomology sequence 


* 


[2°(F — k{m,8,*})]) 


where T in each case stands for “(holomorphic) sections of.” However, by hy- 


In what follows, we 
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| pothesis, —k{m.S,*}) —Kz>0. Hence H*(Vs,2°(F to; —k{m,82*})) 
=(. Therefore j* is “onto.” 

We now examine the image of & in 0°(Fj2;). First of all, it is evident 
| that if B,»¢€ Im(&X),+, By» then each is divisible by s¢ at y and 
so belongs to the ideal (km,S,)y at y. On the other hand. suppose By» = {8°}, 
| where each f° is divisible by s¢ in some small neighborhood V of y stable 
under G’,; we define = in VfNv'1(V,’). It is clear that the system 
{a°} defines an € 2°(F ye and that Bye =A (a+). Hence 
—k{m,8,*})] is the subsheaf of consists of those germs 


| 8 such that a representative of 8 is divisible by s* at p(@), where p is the 


| projection of °(F;2)) onto Ve. 
We wish to study the module 


[2° (Fe; — 


| In the first place, in a coordinate neighborhood V,’ of the bundle {m,S,*}, 
| the holomorphic function s¢ is a unit at y*¢€ V,’ if y*¢ Po*(z*). Therefore 
[0° (Frey) [0° (Frey if y* ¢ Po (24). 

We return to our notation of Section 5, where {Uz, Gz, vz}, mz, Wa, ete. 
| were defined, and exhibit a natural decomposition of the local ring of holo- 
morphic functions on W, at each point of S,. Let 


(Ze, t)o = (0,- t,',° she”) E Se. 


| Let toi/to' Then and [ (#4/t+) —a,/], 741, may be taken as local 
| coordinates with center (22,¢)o. Let f be holomorphic on Wz at (2z,t)o. 
Then f is a power series in these coordinates: 


(where m,’ means ‘ 


;mj,jrilm, mi ILal (t/t*) —aiy|™ 
=A(f) + B(f). 


This decomposition is, of course, unique in the given local coordinates at 
(z:,t)9 (by the uniqueness of the power series expansion of an analytic 
function). Moreover, suppose NW is a small neighborhood of (z2,¢) 9 in which 
this series converges, N C Wai, and let -,0,#,4,- -, 
€NNAS,. Then the coefficient of (z,4)™ in the power series development of 
f at (z2,t), is a power series in the coordinates [ (ti/t+) — (t,4/t,*)], and so 
the decomposition of f into the sum of two analytic functions is the same 
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as that above, in a neighborhood of (z2,¢),; this expresses, so to speak, the 
fact that the decomposition is “analytically continuous” on Sz. (gt)*-0 
if (z2,t) € Wai for all g € Gz, and ((92)2*)w= (Sz)w at each WE Wai. It is 
thus easily seen that the decomposition is independent of the choice of ¢ such 
that (22,t)o€ Wai, and that the decomposition is invariant under G,’. It is 
evident that B(f)«, C (kmzSz)w, at Wo€ Sz, while A(f) C only 
if A(f) 0. As we have pointed out, Ft2;| Uy is complex analytically the 
product bundle, so that, if w.*¢ U/, we may regard 0°(F{2})w* as being 
the ring ©,,+ of local holomorphic functions at wo*, and if w»* is the 
natural image in Vz of wo€ We, Du,» is to be identified with the ring of 
local holomorphic functions at w, invariant under G’,,, the subgroup of G,’ 
leaving w, fixed. For any function f holomorphic in a neighborhood of y’*, 
denote by f,,+; the germ of holomorphic functions induced by f at y*. Then 
since the decomposition f—A(f) + B(f) is invariant under the elements 
of G’y,, the mapping f—A(f) induces a natural homomorphism A,,+ of 
2°(F onto a submodule of the complJ2x module of local holo- 
morphic functions at wo* for wo€ S,; and we then have the isomorphism 


defined by choosing a representative f of a coset « of 
[0° —k{mS2*}) Jue 


in and defining to be A(f) under the identifications 
agreed upon above. We define the sheaf @ on Vz to be the sheaf whose 
stalk over w*€ Pz1(x*) is Ayo», whose stalk over y* ¢ is 0, anda 
basis for whose topology is obtained by admitting the following sections: 


(1) If wo* € P,1(x*) and f is holomorphic in the neighborhood N ot 
*, we admit the section o defined by o(w*) =A(f) if w* € NN 
o(w*) =0 otherwise. 

(2) If y*€VU.,—P,7(z*) and WN is a neighborhood of y* such that 
Nn ?,-1(z*) is empty, the only possible section of @ over N is the zero 
section. 


If y*¢ P,-1(x*), we define A,» and by Ay» =0 and 
tye: [2° —k{m,8,*})]] > Thus we obtain the 
sheaf homomorphism A: defined by if 
while, since the decomposition f->A(f) + B(f) is “analyti- 
cally continuous” on S,, defined by 1(a%) =1t,+(a) if 


aE [2°(F —k{m2S82*}) 
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is a sheaf isomorphism, i: — k{m2S2*})] =A. There- 
fore we have an isomorphism, — }) 
=1(Q@). It is clear that ij —A. Thus we have the “onto” homomorphism, 
*j*: 

We now examine '(@). Let o€ F(Z). Then under our agreed upon 
: identifications, for each w€ Sz, o(w) is a germ in the local ring of holo- 
morphic functions at w invariant under G’,, (actually, if w',- - -,w* is the 
complete inverse image of w* in W,, o(w*) prescribes a local holomorphic 
| function ft at w* for each i such that if g¢G,’ and gw'—w/, then 
(f709) (wt) =f*twt)). It follows easily from the continuity of o that there 
I exists a neighborhood M of S, stable under G,’, and an analytic function f 
invariant under G,’ on M such that A(f) t+} =o(w*) if we S,. Since f is 
holomorphic in a neighborhood of S, in Wz, and since S, is a compact, com- 
| plex analytic submanifold of W., f is constant on S,. Therefore if we define 
| f*(w) =f (a. 1(u)) for Uz, we see by the theorem on remov- 
| able singularities that f* is analytic on 7,(M) and invariant under G,. We 
now examine the power series expansion of f* at z: 


| It follows from our construction of f and definition of A that A(f) =f at 
each point y€z,'(x). Therefore f* is a polynomial of degree < km, 
invariant under G,. On the other hand, if we are given an invariant poly- 
nomial f* at x of degree <kmz, it is evident that f* defines naturally a 
cross-section « of @ such that f* is the natural image of o under the pro- 
cess described above. Hence we have established a natural isomorphism 
\: T(@) =I1,(km,), where I,(km,) is the module of invariant polynomials 
at z of degree < 

Finally, we point out that there is a natural isomorphism of the holo- 
morphic sections of F' with those of Fiz}. It is obvious, of course, that we 
have an isomorphism « of [(F') into T(F,«2;). On the other hand, from the 
facts that F’2; is complex analytically the product bundle over U/ and that 
8, is compact it follows easily, again from the theorem on removable singu- 
larities, that is onto, Thus we have the homomorphism 
Mw*j*, of T(F) onto I,(km,), and the kernel of this homomorphism is pre- 
cisely those cross-sections which, when expressed as holomorphic functions 
on U;, have a power series expansion at « containing no terms of degree 
<km,;. Moveover, the image of any element of T'(F) is just the terms of 
degree < km, in this power series expansion. (Note that since G, is linear 


he 
0 
is 
ch 

is 

ily 

he 

ng 

he 

of 

| 
pk | 
| 

en 
ts | 
of 
o- 
| 

| 
| 
ns 
se 
a 
a 
ro 
nd 
| 

he 
if | 
i- 


424 W. L. BAILY. 


in z,',- - *,22", it preserves the degrees of the homogeneous terms.) Thus 


the existence theorem is proved. 


I. Let VU, c*Ay*. Let two integers h,k>0 be 
given. In the notation of the preceding section let F be a positwe bundle 
on such that —k{m,S,*} >0. Let {U2, Gz, ve} and 
{Uy, Gy, vy} be liu.s.’s such that vg(x) =2*, vy(y) =y*, and let {z,*} and 
{zy*} be coordinates in U, and Uy, with centers at x and y respectwely. Then 
there exists a cross-section of F which has power series expansions at x and y 
with the prescribed invariant terms of degrees <hm, and <kmy in {2,'} 


and {zy‘} respectively. 
Letting h =k —1 in Corollary I, we obtain 


II. If — {m,S8,*}) — Kay > 0, there exists 
a pair of cross-sections o, and oz of F, o, non-vanishing at x and y, such tha! 
=1 and o2(y)/oi(y) = 0. 


7. Imbedding theorems—The main result. Let UV be a compact, com- 
plex analytic V-manifold, and suppose there exist a positive complex line 
bundle over Y. The purpose of this section is to employ the global methods 
and results of the preceding section together with some local results of J. P. 
Serre and H. Cartan [8, 19, 20] in showing how Y may be naturally regarded 
as an algebraic variety. 

We state some well know definitions. Let o be an integral domain 
contained in the integral domain & and denote by o’ the integral closure of 
oink. If 00’, o is said to be integrally closed in #. Let V be a local 
analytic variety (or, more precisely, a germ of analytic varieties) at the 
origin of C”. Then a representative of V is defined as the set of common 
zeros of some finite number of holomorphic functions in a small neighborhood 
of the origin. Let %(V) be the ideal of V in the ring O™ of local holo- 
morphic functions at the origin. Suppose that V is irreducible, or, equiva- 
lently, that 3(V) is prime; V is said to be (analytically) normal if O™/3(V) 
is integrally closed in its quotient field. Let O™ be the ring of local holo- 
morphic functions at the origin of C™ and let f,,- - -, fm be elements of D” 
which vanish at the origin; then by the ring U(fi,- - -,fm) analytically gen- 
erated by f:,- - -,fm we mean the subring of DO consisting of those y € OD" 
such that y—¢(f1,- --,fm) in some neighborhood of the origin of C", 
where ¢€ O™ (naturally, ¢ is not necessarily unique). 

We now state, in special cases and without proof, two theorems of the 
1951-52 Cartan seminar [19] (these are Theorems 5 and 6 of exposé XIV). 
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We have somewhat specialized the statements of these theorems, as found in 
the seminar notes, to suit our own particular needs and have labeled them 


as Theorems A and B. 


THrorEM A. Using the above notation, let f1,---,fm be functions 
belonging to OD which vanish at the origin. Moreover, let f: N->C™ be 
the analytic mapping into C™ of a small neighborhood N of the origin in C 
defined by f(z) = (fi(2),- ->fm(z)). Then 

(1) The ideal % of those gE O™ for which gof vanishes in some 
neighborhood of the origin of C" is prime; and tf we denote the variety 
of B by V(B), then the germ determined by the point set f(N) at the 
origin 1s contained in V(§$). 

(2) If every is integral over U(f1,- -,fm), then (the germ 
of) f(N) = V(B). 

B. Let and suppose that these functions 
vanish at the origin. Let be the integral closure of fm) m O™. 
In order that YX’ —=O™, tt is necessary and sufficient that the origin be an 
isolated point of the set of common zeros of f1,- - -,fm- 


Before stating more local results of Cartan and Serre, we introduce 
additional notation. Let H be a finite subgroup of the general complex 


linear group on 7 variables. We may regard H as a group of automorphisms 
of O™., Let I be the subring of those elements of O™ which are invariant 
under H. Then we may summarize the local results which we need in the 
following two theorems [8, 20] which we state here without proof. 


TuHEoREM C. There exist a finite number of homogeneous polynomials 
°°, such that Qx) =I. 


For any f € O™ let w(f) be the degree of the monomials of lowest degree 
appearing in the power series expansion of f at the origin. 


THEOREM D. Let Q:,---,Qz be homogeneous polynomials belonging 
to I such that U(Qi,° =I. . Let d—=max,(degQ;). Let - -, fe 
be elements of I such that o(Q:—fi) > i=1,:--,k. Then fx) 


Of all systems Q,,- --,Q, as in Theorem D there is one for which 
d= max;(deg Q;) is least; we denote this least value of d by d(H). 

Let f:,---,fm be elements of J vanishing at the origin such that 
-,fm) =I. We adopt all the notations of Theorem A. Then it 
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follows from our previous considerations and from Theorem A that f(NV) is 
an analytic variety V at the origin of C”. Let 8 be the local ring O™/P 
of V. We will establish a natural isomorphism i: J=t. Let g€ J. Then 
*;fm), Where 6€ We let i(g) be the coset to which ¢ 
belongs in i is well-defined, for if $(f1,- - fm) (fis: fm); 
¢—¢’ vanishes on V, and therefore ¢—¢’€ . It is a trivial exercise io 
show that i is in fact a homomorphism with kernel zero and that i(J) =. 
Since J is clearly integrally closed in its quotient field, it follows that V is 
(analytically) normal at the origin (of C™). 

For any ¢€D, we let Pu(g) denote the polynomial of degree d(H) 
such that »o(gy—Pu(y))>d(H). Suppose that f1,- --,fm are elements of 
I vanishing at the origin such that Px(f.),---,Px(fm) span the complex 
module of polynomials of degree = d(H) belonging to J which vanish at the 
origin. Then clearly (Theorem D) %(f1,- - -,fm) JZ. Hence in the above 


notation we have 


Loca ImbpeppING THEOREM. Let H be a finite subgroup of the general 
complex linear group in n variables. Let O™ be the ring of holomorphic 
functions at the origin of C*, and let I be the maximal subring of O” 
elementwise invariant under H. If f1,- + +,fm are elements of I vanishing 
at the origin such that Pu(f:),---,;PxH(fm) and 1 span the complex module 


of polynomials in I of degree =d(H), then the mapping f defined bij 
f(z) = (f:(2),: fm(z)) maps a small neighborhood of the origin of 
onto an analytic variety V which is irreducible and (analytically) normal at 
the origin of C™, and, moreover, I=O™/P(V). 


Let Y be an n-dimensional V-manifold and let @ be a complex analytic 
mapping of Y into an m-dimensional complex analytic manifold M. Let 
z*eY, let {U,G,v} be a l.u.s. such that v(x7) =2* and such that the 
coordinates 21,- - -,z" on U have center at z, and let - be local 
coordinates with center at y=@(2z*) on M. Denote by &’ the map thus 
induced by ® of a small neighborhood N of x into a small neighborhood of 
the origin in C™: ®’(2) = @’(z1,- - -, 2") = - -,g™), where 
being invariant under G,. Then we say that 
is biregular at x* if f,,- - -,fm analytically generate the whole local ring / 
of holomorphic functions invariant under G,. It follows immediately from 
the local imbedding theorem that if ® is biregular at z* and if U is a small 
neighborhood of z*, then @(U) is normal at y, the local ring of 6(U) at y 
is naturally isomorphic to J, and if G, consists of the identity alone, then © 
is biregular at x in the usual sense (note that in this case a small neighborhood 
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of « is an ordinary complex analytic manifold). Since J is isomorphic to 
the ring of local holomorphic functions on U at x*, the latter is isomorphic 
to the local ring of @(U) at ®(2*). A sufficient condition for @ to be 
biregular at v* is that Pe,(f:),--°,Pe,(fm) and 1 span the complex 
module of polynomials invariant under G, of degrees Sd(Gz). 

We now state and prove the theorem which has been the main object 
of this paper. 


GLOBAL IMBepDING THEOREM. Let Y be a compact, n-dimensional, com- 
plex analytic V-manifold. Suppose there exists a positive complex line bundle 


over VU. Then V is an algebraic variety. More precisely, there exists a homeo- 
morphism © of Y into a complex projective space S™ such that ® is biregular 
at every point of UV and (VY) is an algebraic variety in G™. The mapping 
© is obtained in terms of a basis of holomorphic cross-sections of a sufficiently 
positive absolute complex line bundle in a manner to be described in the 
proof. 

Proof. Let 2,',- and t—1,---,p, be chosen as in 
Auxiliary Theorem I of Section 5 and choose positive integers ki, i1—=1,---, p, 
as follows. Let {U‘, Gi, v‘} be a l.u.s. such that U*(xo*) C let G4, = G4, 

-,G+,, be the subgroups of and let > max;(d(G+;)). Then by 
Auxiliary Theorems I and II of Section 5, there exists a positive, absolute, 
complex line bundle F on WY such that 


(1) —ki{m,8,*}) —Kz>0, 1=1,: -,p, and 


(II) {m,8,*} — {m,S8,*}) — >O for all y* € Y, 
y*, 


By Theorem F of [2], [(/) is finite dimensional. Let oo,- - -,om be a basis 
for T(F). Since (II) is satisfied, it follows from Corollary II of Section 6 
that for each x* € Y at least one o;(x*) ~0. 

Let x* belong to the coordinate neighborhhod V;, (on Y) of the (absolute ) 
bundle F and let oox,° * -,omx be the holomorphic functions which represent 
in Vy. The ratios (defined for all such that 
oj,(2*) AO) are evidently independent of the choice of coordinate neighbor- 
hood V;. Therefore, the mapping 6: Y—> GS" defined by &(2*) = (cox (z*), 

**,0mxn(z*)), if e* € V;,, is everywhere defined and continuous. By Corollary 
IT of Section 6, is one-to-one. Since Y is compact, & is a homeomorphism 
of Y onto 6(Y). 

Let x* be a point of UV and let {U, G,v} be a l.u.s. such that v(x) = 2*, 
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such that the coordinates z',- - -,2" in U have center at x, and such that 
v(U) is contained in a single coordinate neighborhood V;, for F. By an 
appropriate linear transformation on oo,° + ‘,om, we obtain a new basis 
oo,’ for such that P¢(oo’) =1 and =0 if +>1; then 
it is clear from (I) and the Basic Existence Theorem of Section 6 that 
* =I, and therefore is biregular at since the 
above linear transformation on go,- - -,om amounts simply to a non-singular 
transformation of coordinates at ®(z*). 

Our Local Imbedding Theorem shows that ®(Y) is a complex analytic 
subvariety of 6”, and, being compact, it is an algebraic variety by Chow’s 
Theorem [9, 12, 20]. q.e.d. 

It is easy to see that if ®, is another projective imbedding of Y con- 
structed as above, then the two projective models (UV) and ,(V) of V are 
biregularly equivalent. 

We list some applications of the theorem just proved. Let D, as in 
Section 3, be a bounded domain in C” and let G be a discontinuous group 
of complex analytic transformations of D such that D/G is compact (see 
[4, 22]). Then D/G is a compact, complex analytic V-manifold, and, as we 
see from Section 3, the Bergman metric affords a positive definite form in 
the characteristic class of the positive complex line bundle K whose holo- 
morphic cross-sections are to be naturally identified with the automorphic 
forms of weight 1. Then there is a multiple m.K of K such that for all 
sufficiently large positive integers NV, a basis of holomorphic cross-sections of 
Nm,K (i.e., automorphic forms of weight Nm,) affords an imbedding ® 
of D/G into a projective space S” such that © satisfies the conditions oi 
our main theorem. In other words, if 0,- - ,6m are a basis of the module 
of automorphic forms of weight Nm, the map #’: D—-©", defined by 
(x) = - -,Om(x)), is an imbedding of D into such that 
®’(D) is an algebraic variety, and such that ®’ may be factored by way 


of D/G: 


D ©(D/G)c Sm 


, 


where ® is a homeomorphism and 6’—®0@,. This result has already been 
obtained in the Cartan seminar of 1953-54 together with the additional 
information that, a priori, we only need require %,- - -,@m to be a basis for 
the Poincaré 6-series of weight Nm,. That proof is based on the kind of 
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local imbedding theorem given above and on the elementary properties of 
g-series. It is nearly obvious that if we let {P,} be the set of homogeneous 
polynomials in m-+1 variables such that in D, then 
@’(D) is the variety in defined by the equations P,(t°,- - -,¢") =0 in 
the homogeneous coordinates - -,é™. 

Another example is obtained by letting XY be a non-singular algebraic 
variety in the complex projective space ©* and letting G be a finite group 
of complex transformations of X.2 Then X/G is a compact, complex analytic 
V-manifold and a positive complex line bundle is constructed as follows: 

Let S be a general non-singular hyperplane section of XY. Then GS 
(the union of the translates of S under G) evidently gives rise to an 
absolute divisor S® on X/G, and the bundle {8%} is positive since {S} is a 
positive bundle on XY, the characteristic class of {S} being simply the class of 
the metric form w induced on X by the “standard” metric of 6%, and a 
form in the characteristic class of S° being induced by the sum of the 
translates of » under G. If ¥ —G*, the imbedding is given by a basis of 
invariant homogeneous polynomials of a sufficiently high degree. 

A third example of a V-manifold has been described by Satake, in a 
recent article [18], in compactifying the fundamental domain of the 2- 
dimensional modular group of Siegel which acts in the space of 2 X 2 com- 
plex symmetric matrices of positive definite imaginary part. The author of 
the present article has shown that there exists a positive definite bundle over 
this V-manifold, which is consequently an algebraic variety. 

There are, of course, compact, complex analytic V-manifolds which are 
not algebraic—an example of such is afforded by every compact, complex 
analytic manifold (in the usual sense) which is not algebraic. 
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ON ESTIMATING ELLIPTIC PARTIAL DIFFERENTIAL 
OPERATORS IN THE L. NORM.* 


By Martin SCHECHTER.’ 


1. Introduction. In recent years many authors have been treating 


problems in partial differential equations within the framework of Hilbert 


spaces involving Z, norms. As should be expected, it is necessary to estab- 


lish so called a priori estimates. In particular, if A is a linear m-th order 


partial differential operator with continuous coefficients and D” denotes the 


generic m-th order derivative, it is desired to know when one has 


(1) 


|| Dew |? SK (|| Aw |? + |?) 


m, 

for all functions uw in a given class U.2 (The functions wu as well as the 
nts coefficients of A are to be complex valued and defined in the closure of a 
of domain G. The norm is that of L.(@).) 
as If U is the set of infinitely differentiable functions with compact support 
3), in G, it is easily shown that ellipticity is a necessary and sufficient condition 


for (1) to hold.* On the other hand, if no boundary restrictions are placed 


on the u, the inequality is violated (cf. [1]). 
However, as suggested by the Dirichlet problem, one can consider inter- 


mediate classes of functions, namely functions having derivatives up to a 


certain order vanish on the boundary. In this connection, Guseva [7], 
Nirenberg [6], and Browder [2] proved that (1) holds for operators of even 


order with real parts elliptic and for functions w having zero Dirichlet data, 


m- i.e.. functions which vanish on the boundary together with all derivatives 


of order less than m/2. 


It is the purpose of this paper to study the intermediate cases more 
fully. Let be the dimension of G and let C"(G) be the set of functions 
infinitely differentiable in G having all derivatives of order less than r vanish 


* Received December 17, 1956. 

This work was completed while the author was an Institute of Mathematical 
Sciences Fellow at New York University. 

* The letter K will denote a constant independent of the functions u. It will denote 
a different constant in different expressions. 

*See Lemma 9 of Section 6, this paper. Note that our definition of ellipticity 
(Section 2) is weaker than that of some authors (cf. [4]). 
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on the boundary. (If r>0, it is understood that the functions themselves 


vanish on the boundary.) It is convenient to consider the case n=2 ff d 
separately. In all other cases we have the simple result: (1) holds for all d 
uéCr(G) if and only if A is elliptic and m=2r. (Precise regularity 
conditions assumed for the boundary of G are given in Section 6.) Moreover, |, 
if the coefficients of A are real, this result holds also for n= 2. tl 

In the general case of n 2 we must take into consideration the roots a 
of the characteristic polynomial P of A. Properly defined (see Section 2) 
there are, at the boundary, exactly m roots of P with imaginary parts 
perpendicular to the boundary. Let p, represent the number of those with W 
imaginary parts directed inward and ps. the number having imaginary parts 
directed outward. Setting g—max(p.,p2) we have for n=2: (1) holds 
for all we C™(G) if and only if A is elliptic and gr. (The reason for 
the simpler formulation for higher n is that in those cases ellipticity implies i 
that m is even and that gq—=m/2. See Section 2.) A 

In the next section we make the necessary definitions and state our r 
main results (Theorems 1 and 2). In proving them (Section 6) we employ § 1 
a method developed by Girding [4] and Aronszajn [1]. It consists of 
breaking G up into small subdomains and, after appropriate transformations, 
of approximating A by a homogeneous operator A’ with constant coefficients. (I 
This reduces the problem to a similar one for A’ in a special type of domain. 
The corresponding theorems for A’ are stated in Section 3 and proved in . 
Section 5 by means of Fourier transform methods introduced in Section 4. 

For the special case of the Laplacian operator, inequality (1) was first At 
proved by LadyZenskaya and Michelin for functions having zero Dirichlet im 
data on the boundary (cf. [7]). Ro 

Aronszajn, in an unpublished work, has treated inequalities of the form A. 
(1) in which || Aw ||? is replaced by a general bilinear form. He considered Tea 
functions with no boundary restrictions. Let 

S. Agmon, A. Douglis, and L. Nirenberg have proved inequality (1) Pe 
for functions satisfying very general mixed initial values and boundary ™ 
conditions. Their work is as yet unpublished. . 

The author would like to express his sincerest gratitude to Professor - 

4 Louis Nirenberg, who suggested the problem, for his invaluable assistance a 


and expert guidance. 


2. Statement of results. Let G@ be a bounded n dimensional domain 
with closure G and boundary B. We assume, for convenience, that B is 
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infinitely differentiable, although this is not necessary.* By C*(G@) we shall 
denote the class of all infinitely differentiable complex valued functions 
defined in G and having all derivatives of order less than r vanish on B. 

Let »= (11, 42," be a sequence of indices, each =O, and set 
If (&,&,- is an nm dimensional vector, we employ 
the notation --&#», Similarly, if i8 a 
coordinate system in G, set 


We shall use the following norms: 


Suppose that a, are complex valued functions continuous in G. We 
consider operators of the form A= where | and shall call 
A elliptic in G if its characteristic polynomial P(z,é) = Sa,é, where 
|»|—m, does not vanish for real vectors £40 at any point of G. We are 
now in a position to state our first result. 


THEOREM 1. If n> 2, a necessary and sufficient condition that 
(I) | lm? SK (| Aw |? + |u|?) for all we Cr(G) 
is that A ts elliptic and mS 2r. 


In proving Theorem 1 we take into account the following considerations. 
At each point of B we have exactly m complex vector roots of P having 
imaginary parts perpendicular to B. They are to be found as follows: 
Rotate the coordinate axes until x, is perpendicular to B at the given point. 
A and P are correspondingly changed. Now let &,é,-- ,&:-1 take on any 
teal values not all zero. Then there will be m complex roots of P for &. 
Let p, be the number of those roots having positive imaginary parts and let 
P2 be the number with negative imaginary parts. If A is elliptic, these 
quantities do not change as &,&,- - -,&:-1 are allowed to take on all real 
values not all zero. Moreover, continuity of the coefficients together with 
dlipticity will guarantee that p, and p. remain unchanged as one moves 
along B. Hence, for elliptic operators, the quantity g—max(p1,p2) is 

properly defined. Theorem 1 now follows from the more general 


THEOREM 2. (I) holds if and only if A is elliptic and qr. 


‘Weaker conditions on B which are sufficient for the validity of the theorems stated 
| here are discussed in Section 6. 
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Corotuary 1. (1) holds if mS2r and there ts a complex constant y 
such that ReyA 1s elliptic. 


The connection between the two theorems is seen in the 


Remark. If n> 2, the ellipticity of A implies that m is even and that 
g=m/2. 


Proof. If n> 2, one can continuously take the vector &,° +, 
through real values into the vector (—é.,—é&2,- - -;—é&n-1) without going 
through the origin. By our previous argument the quantities p, and p, 
remain unchanged. But the signs of the corresponding roots will be reversed. 
Hence p; = po. 

In the two dimensional case, g can have other values and Theorem 2? 
is needed. However, if the coefficients of A are real, p; =p. and Theorem 1 
holds also for n = 2. 

Theorems 1 and 2 will be proved in Section 6 by means of the special 


theorems of the next section. 


3. Operators with constant coefficients. We now consider theorems 
similar to those of Section 2 but applying to a special type of domain and 
to homogeneous operators with constant coefficients. 

Let G* be an n dimensional domain having part of its boundary on 
the hyperplane z, 0. Denote this part by B*, and the remainded by B*.. 
By C*r(G@*) we shall mean the class of functions wu satisfying 


1) w is infinitely differentiable in G*; 

2) wu vanishes near B*,; 

3) all derivatives of u of order <7 vanish on B*,. 

We consider an m-th order homogeneous operator with constant (com- 
plex) coefficients A= >a,D#, where |»|=m. If A is elliptic, its charac- 
teristic polynomial P(é) = > a,é", where | »| =m, does not vanish for any 


real vector 
Corresponding to Theorem 1, we have 


THEOREM 3. For n> 2, 
(II) || Au|| for all we C*r(G*) 


if and only if A ts elliptic and m = 2r. 


The quantities p,, po, q for A are introduced as follows: Let &,, 
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take on any set of real values not all zero. There will be m complex roots 
of P for &,. Let p, be the number of those with positive imaginary parts 
and p. the number with negative imaginary parts. Set g—max(pi, pe). 


THEorEM 4. (II) holds tf and only if A ts elliptic and qr. 


2. (II) holds 1f m= 2r and there is a complex constant y 
such that Re yA ts elliptic. 


The proofs of these results will be given in Section 5. 
4, Preliminaries. In this and the following section, we shall alter our 
notation slightly in order to facilitate the proofs. Set 
We make use of the Fourier transform 
u* exp —1(Ex + ny) y) 


applied to functions u€ C*"(G*). (Whenever limits are omitted, integration 
is to be taken over all space. We assume u=0 outside G*.) 


By partial integration we have 
(Deu)* = * = qu* + wv, 


where wu’ = —1(2r)-"? exp(—ér)u(2,0)dr. Hence, by induction, 


(3) + (Dytu)’ 


Lemma 1. Jf we C**(G*), then f u*dy=0. 
Proof. For v(y) continuous, piecewise smooth, and in L,(—, «), 
v(z) = + f f exp(— my) v(y) dydn. 
Set z= 0 and v(y) = f exp(— u(z, y) da. 
LeMMA 2. If we C*r(G*), then f for OSs <r. 


Proof. Since (D,%u) € C**(G*), we have by Lemma 1, f (Dn*w)*dy =0. 
But (Dntu)* = y*u*. 


Lemma 3. If is homogeneous of degree t tn (é,7), then 
F(t) = f H(é,»)dn (provided it exists) is homogeneous of degree t+ 1 in é. 
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Proof. If X>0, set Then 
F (AE) = f 9) dy = H (dE, dx’) dar! f dy’ = AF 


Consider a homogeneous m-th order operator with constant coefficients 
A => a,D#D,* and its characteristic polynomial P(é,y) = where 
|p| +k—m. If we C*r(G*), we have, by (2) and (3), (Au)* = Pu* + 8, 


where and, if |é | |? and 0, 
t=1 j=l 


=t+r 


= 
k 
w,(&) =| if EA0, we(E) = 0 if E—0 

LemMA 4. If 0, then g:(&) =0 for and 
only if for rSs<m. 

Proof. Start with 

Lemma 5 (Aronszajn). Let A be an elliptic operator and assume that 
for £40 and we C*r(G*), 

f |(Au)* dy = ff | Pu*¥ + M dy + 
where 

a) M=> Vw, and each V, ts homogeneous of degree m in (€,) ; 

b) Each Hg is homogeneous in é of degree 2m+1; 

c) For each real £0, the matrix (Hg) is positive definite. 

Conclusion. (11) holds. 

Proof. Let D”u be any m-th order derivative of u. Then by (2) and 
(3), (D™u)*=Qu*+T, where Q is an m-th power of (&) and T is 
analogous to S. Setting J =| P|?—.«|Q|?, we have 

(|(Au)* |? —e|(D™u)* |?) dy 

+ f (J | u* |? + 2Reu*(PM —eQT) + | M |?—e|T |?) dy 
=D + § dy 
+ |?—e| T |?) —| PM—eQT |?) dy. 
Since A is elliptic, we can take « so small that J2=0. Moreover, T' has the 
same homogeneity properties as J. Hence 


f(| (Aw) * |? —e|(D™w)* dy = 
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where the L,:, by Lemma 3, are homogeneous in é of degree 2m-+1. Now 


consider 


$(E,w) = 


where W== (Wy, *>Wm1)- Since o(drAé, w) — (€,Aw) for 
all A > 0, we may consider ¢ defined only on the compact set | é| =| w|—1. 
Since, by hypothesis, the denominator does not vanish on this set and all 
functions are continuous, there is a constant K such that ¢(é,w) <K for 
all é,w. Taking « < K- we have 

f (|(Au)* |? | |?) dq = 0 for all £40. 
Hence, by the Parseval identity, 

f (| Au |?—e| |?) dady = f (|(Au)* |? —e | (D™w)* |?) d&dn = 0. 

Q.e. d. 


Lemma 6. Let P(z) be a polynomial of degree =2q having exactly q 
roots in the half plane Imz>0 and no real roots. If 


Cot = f xstt/P (x) dx 0Ss,t<4q, 


then the gq X q matria (Cs) is non-singular. 


Proof.’ Set P=P,P., where P,; contains only the qg roots with positive 
imaginary parts. Suppose that 
q-1 
(4) = 0 


t=0 


and not all the complex numbers A; vanish. We can extend the integrals 
to be complex line integrals along a path EF enclosing the q roots. Hence 


by (4), 
(5) 28Q(z) /P(z)dz =0 
E 


=! 
where Q(z) am Syst. We may assume P, and Q relatively prime. Otherwise, 
t=0 


the common factor can be cancelled in (5) and the resulting polynomials 
used. Thus there are polynomials F,,H, such that F,Q+H,P,—1, and 
hence there are polynomials F, H such that FQ+ HP, —2zt'P,. By dividing 


*This proof was suggested by Shmuel Agmon. It replaces the cumbersome one 
originally intended by the author. 
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F by P, and taking the remainder if necessary, we can demand that the 
degree of F be less than g. Now 


f F(2)Q(2)/P(2)dz = f (FQ + HP,)/P dz = f 2-1/P, dz £0. 
E E E 


But this contradicts (5). Hence all the A; vanish. Q.e.d. 


Lemmas 1-6 are used in the next section to prove Theorem 4. 


5. Proof of Theorem 4. Let G be any domain, and denote by U(G) 
the class of infinitely differentiable functions with compact support in G. 
If A is any m-th order operator with constant coefficients, we have 


LemMA 7 (Garding). The inequality 
(IIT) || K (|| Aw ||? + for all we U(G) 
holds if and only tf A 1s elliptic. 


Sufficiency may be proved by applying Fourier transfroms and _ the 
Parseval identity (cf. [4]). Necessity may be obtained either by a counter 
example [1] or a device due to Hérmander [5]. 


Proof of Theorem 4. Sufficiency. Suppose that wé€ C*"(G*) and let 
w be defined as in Section 4. Set 


m-q 
ht (é) — V R= 
t=1 


where each V,; is homogeneous in é of degree 2m—t-+1. Since m—q 
Sqr, we have, by Lemma 2, f u*Rdy—0. Using the notation of Section 
4, we have 
f |(Au)* |? dyn = f (| Pu* |? + 2Reu* (PS—cR) + | 8 |?)dy 
= Pu* + P*(PS—ck) |? dy+ f| P|-?(| PS |?>—| PS—cR |*) dy 


The second integral, which equals 


Rec f|P 


-2(2PRS —c| R dn, 


* can be made positive definite in the w, (by choosing R properly) if the same 
is true of 
W = Ref SR/P dy. 


To see this one employs the same reasoning as that used at the end of the 


{ 
‘ 
i 
0 
| 


— 


ot 
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proof of Lemma 5. The quantity c must be taken real and sufficiently small. 
Thus, by Lemmas 3 and 5, we are through if we can pick R in such a way 
that W is positive definite in the w, for each 40. Now the coefficient of 
gste in W is 

Cot = f dn, 


and by Lemma 6 the (m—q)xX(m—q) matrix (cs) is non-singular. If 
we set we can solve the system 


m-q 


Cathe = | 


for the hy. Since the g, are linear in the #,, so are the h;, and by uniqueness 
it is easily checked that h; is homogeneous in é of degree 2m —t-+ 1. More- 


over, for this choice of R, 


w=> | é ners | Is |? 


and hence cannot vanish unless all the g, do. But by the ellipticity of A, 
this cannot happen without all the w, vanishing (Lemma 4). Hence W is 
a positive definite quadratic form in the w,. This completes the proof. 


Necessity. That A must be elliptic follows from Lemma 7. We now 
prove that 
(IV) | |m?S K(|| Au |? + wll?) for all we C*"(G*) 


cannot hold if g>r. (This is slightly stronger than the statement in the 
theorem and will be used in the next section.) We employ an extension of 
an example due to Aronszajn [1]. Assume for definiteness that ¢=p,; > r. 
This means that, for any 540, there are complex numbers 2;,22,° ° -,2Z¢ 
such that Imz, > 0 and P (6, =0forlSsq. We may assume that 
is so situated that B*, contains the origin (see Section 3). Let ¢ be a 
function in C*°(G*) which is identically 1 near the origin and such’ that 
dp/dy—=0 on y=0. We first assume that all the z, are different. Then 
we can find a set of g numbers },, not all zero, such that 


q 
= 0 for OSt<q—l. 
g=1 


Set v(z,y) = > b,(éx + 2,y + and Then C*"(G*), since 


x (Ex + zey + et) 


i 

m-r 
| 
| 
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which vanish on y=0O for OSt<q—1. The quantities ||w|| and || Au| 


remain bounded as e— 0, the latter since 
Av « (é, 2s) + zy + =0. 


At least one of the numbers 0,, say 0,, does not vanish. Let Q(é,) be a 
homogeneous polynomial having all the (&,z,) but (&,z,) as roots and let 
N be its corresponding operator. Then 


Nv « b,Q(é, 21) + + 0. 


Hence || Nu || 0 as e—0 and (IV) cannot hold. 

If not all the roots z, are different, we set v= > Y,(ér + 2,y 4+ 
where Y, is a polynomial in y of degree one less than the multiplicity of z,. 
One then has enough arbitrary constants to insure that w€ C*"(G*). The 
reader is spared the details. 


Proof of Corollary 2. Following the proof of Theorem 4, we take 
R=y8S. Then W= {| P|?|S|?ReyPdy, and hence W>0 unless S=0. 
This can happen only if each g,—=0 which in turn implies that each w,=( 
(Lemma 4). The result again follows from Lemma 5. 

It now remain only to prove Theorem 2 from Theorem 4. This will be 


done in the next section. 


6. Proof of Theorem 2. We shall show that Theorems 1 and 2 hold 
for domains G of class C”. The proof is essentially contained in Lemma: 
8-12 which follow. In them we employ inequality (6) due to Khrling [3| 
and Nirenberg [6], to which the reader is referred for proof. 


Definition. A domain G is said to be in class C* if every boundary 
point z of G has a neighborhood @ such that the closure of @M G can be 
mapped in a one-to-one way onto the closure of a domain G* of Section 3 
with @MB (the boundary of G) mapped into z,—0 and such that the map 
and its inverse are s times continuously differentiable. 


Lemma. If GéC? and s<t, then for every «>0 sufficiently small 
there exists a constant K such that 


(6) | Sel ulle+K | wl? for all we 


Let x be a point in n-space, and assume that A is a linear m-th order 
partial differential operator with coefficients continuous at xz. Denote its 
characteristic polynomial by P, and let A’ be the homogeneous m-th ordet 


| 
| 


Au | 


be a 
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be 
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operator with constant coefficients which equals the principal part of A at z. 
We now have 


Lemma 8. There is a neighborhood C of x such that 
(IIT) | K (|| Aw |?+ |u|?) for all we 
if and only if there is a neighborhood B of x such that 
(111’) || SK (|| A’w |? + || |?) for all we U(B). 


Proof. Suppose (III) holds. Since du—A’u-+ (A—A’)u, we have 
| Au ||? S 2 || A’w +2 || (A—A’)u||*. In a small enough neighborhood 
of a, ||\(A—A’)ul|? ulm? +K || and hence, by (6), for any 
> 0, there is a K such that 


| Au S2 | Aw + K | 


in a sufficiently small neighborhood of zx. Combining this with (III) shows 
that we can find a neighborhood @ so small that 


|| SK (|| |]? + wll?) +3 
for all we U(®B). Thus (III’) holds. The converse is proved in the same 


way. 


In light of Lemma 7 we have 


Lemma 9. There exists a neighborhood C of x in which (III) holds 
tf and only if A 1s elliptic at z. 


We now suppose that x is on the “ flat part ” of a domain G* of Section 3 
(i.e. on B*,). 


LemMA 10. There is a neighborhood C of x such that 
(V) SK (|| Aw ||? + w||?) for all we C* (AN G*) 
tf and only if there is a neighborhood ® of x such that 
| SK (| + |] wl?) for all we O*F 


Proof. Same as that for Lemma 8. 


* See the beginning of Section 5 for the definition of U(@). 
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If q is defined for A’ as in Section 3, we see from Theorem 4 and its 


necessity proof that 


LemMA 11. There exists a neighborhood @ of x in which (V) holds 
if and only tf A ts elliptic at x and qSr. 


We now return to a general domain GEC” and to an m-th order 
operator A with coefficients continuous in G. 


Lemma 12 (Aronszajn). A necessary and sufficient condition that (1) 
hold is that each point x of G has a neighborhood C such that 


(7) || = K (|| Aw |]? + || ||?) for all we [C*(G)N U(G)]. 


Proof. The necessity is obvious. To show sufficiency, suppose that the 
condition is satisfied. Thus for each point z of G, there is a neighborhood 
@ in which (7) holds. These neighborhoods cover G, and, by the Heine- 
Borel theorem, there is a finite subset ((;,) which does likewise. Let 1=> 
be a partition of unity subordinate to this covering. We may assume that 
the are infinitely differentiable. Thus wf, € [C™(G)N U(@;x)], and hence, 
by (7), || SK (|| Agu |]? + || uw?) for all C7(G). Summing over 
k, we obtain 


(8) Dll Sx SK (> |] + || |]?). 
Now 


and since Aé,u—¢,Au-+ terms of derivatives of wu of order <_m, we have, 
by (6), 
(10) | Agu |? + K | S2 Awl? +e ulin? + K | 


Inequalities (8), (9) and (10) imply (I). Q.ed. 
We are now ready for the 


Proof of Theorem 2. From Lemma 9, we see that ellipticity is essential 
in the interior of G. Now let z be a point of B, the boundary of G. By 
hypothesis, there is a neighborhood @ of x such that the closure of @ @ 
can be mapped in a certain way onto the closure of a domain G* of Section 3. 
We can make this mapping in two steps. First rotate the coordinate axes 
until z, is perpendicular to B at x, and then make the required transforma- 
tion by changing only z, but not the other z,;. (This can always be done). 


[7 
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What happens to A? It is transformed into a similar operator A, and the 
quantity q defined for A in Section 2 equals the quantity q for A, in Lemma 
11. This in turn is the same for the operator A,—J%A,, where J is the 
Jacobian of the transformation. (These facts follow from the ellipticity of 
A.) We now merely note that (7) holds in @ if and only if 


|| SK (|| ||?+ for all we C*r(G*). 
The result now follows from Lemmas 11 and 12. 


Corollary 1 follows from Corollary 2 in the same way. 
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A NOTE ON CONSERVATIVE TRANSFORMATIONS AND 
THE RECURRENCE THEOREM.*?* 


By Louis SuCHESTON. 


Let X be a space and @ a o-field of “measurable” subsets of X, that 
is a class of sets closed under countable set-operations, with X€ B. Let d 
be a class of sets of @; we may call elements of 3 “sets of measure 0.” 
Assume that a multi-valued transformation T is defined on X, i.e., a function 
which lets correspond to each point x€ X a non-empty set Tx CX. The 
empty set is denoted @. TA is the set of points x such that TrN ASO, 
The transformation 7 will be always assumed measurable, that is such that 
T“B C B. We shall say that T is conservative if A € 3 whenever a set A€ B 
is disjoint with all sets T-'A, i—1,2,- - -.’ It has been proved by Halmos 
({1], pp. 736-738, see also [2], p. 13), that any power 7” of a conservative 
transformation J is again conservative. Halmos assumes that 7’ is single- 
valued, so that Tz is a single point for each 2, that T is one-to-one and that 
T~ is measurable. The proof, based on an argument of E. Hopf ([3], p. 391). 
is rather difficult. We propose here a simple proof of this result, which does 
not make use of the above assumptions. A version of the recurrence theorem 
extended in the same sense is then derived (compare [1], p. 747), with a 
corollary about a subsequence of the sequence 7-"A. 


THeorEeM A. If 3 is closed under finite set-unions and if a trans- 
formation T is conservative, then T" for n=1,2,- + + is conservative. 


Proof. Let A€ B and 
(1) AN T-"A =® i—=1,2,--- 


We have to show that A€ 3d. We arrange all sets T*A, k =0,1,- - - in the 
following scheme: 


* Received October 26, 1956. 

1This work was ip part supported by the National Science Foundation Grant 
NSF-G1975. The author gratefully acknowledges his indebtedness to Professor 
G. Lorentz for his encouragement. 


444 


he 


sor 


CONSERVATIVE TRANSFORMATIONS. 


T-1A,---, T-(n-1) 4 
T-"A, i (n+1) 4, T-(2n-1) 4 
T-"A, T-(4n+1) 4 | T-(intn-1) 4 


x 


Let Dj, 7=1,2,---,n, be the set of points x€ A which belong to 
exactly j columns of the scheme (2). We shall prove that 


(3) 


n 
and hence A=() D;€ 3d. If (8) is not true for some v=1, there exists a 


point T-°D;. There is a point y such that y€ y€ D; and this 
last relation implies that 


(4) yeT-™A, ye ye 


where n;,° - °,”; is some set of non-negative integers, different modulo n. 
Since T-*y, we have 


where n,-+ v,- - -,nj;-+v are positive integers, different modulo n. However, 
we know that x€ D; CA=T°A and by (1) that c¢ T-"*A, 1—1,2,-- -. 
Therefore none of the numbers n,-+v, s—1,2,---,7 is congruent to 
0 modulo n. It follows that x belongs to the sets T°A, T-™A,- - -, T-uA 
which are in j-+-1 different columns. This contradicts ~€ D; and proves 
the theorem. 

We deduce now the recurrence theorem. A point x€ A is called recur- 
rent under 7’ (with respect to A) if there exists an infinite set of positive 
integers n; such that A~®@ for t—1,2,:--. 


THEOREM B. (Recurrence Theorem). Assume that 3 is closed under 
countable set-unions, let A be a set of B and E the set of points of A not 
recurrent under a conservative transformation T. Then FE 3d. 


Proof. Put a (A—T-™AA). Then for any v2n>0, 
j=0 
E, C A—T~*A and C T-*A, 


hence T-i*H, for t—1,2,- - and by Theorem A, 3. There- 


n=1 
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It follows also that “almost all” points of A are recurrent under each 
positive power 7” of T. It should be noted that there is a simple proof of 
the recurrence theorem (but not of the last remark), which does not depend 
on Theorem A (in [5], where some of Oxtoby’s assumptions are not necessary). 

We derive still a corollary under the assumption that dis an a-ideal in 
®B, i.e., 3 is closed under finite set-unions and #MA€ 3 whenever HE 3 
and A€ B. Let A€ B, it follows from the proof of Theorem B that the 
set = A— (AN T-iA) belongs to 3d. Hence, if A€ B—d, there is 


é=1 
an integer r>0O such that ANT"A€CB—S. Put B=ANTTA and 
consider B and J** instead of A and T. There is an integer s > r such that 
B—B, hence B— B, for T*BC TA. 
Consider now C and T**1, ete. The argument can be carried on indefinitely. 


k 
If A,,---,A4,€ and the collection of sets A,,:- -,A, 


4=1 
will be called compatible. (The word has its intuitive sense if a probability 
measure is defined on @ vanishing on 3. See then [4] and [6] for addi- 
tional information.) We have proved the following: 


CoroLuary. Assume that 3 is an a-ideal in B, let A be a set, T « 
conservative transformation and A,=T-"A for n=1,2,- +--+. Then for any 
set A, € B—S of the sequence {A,}, there exists an infinite subsequence 
{A,,} beginning with A; and such that any finite collection of sets An, 1s 


compatible. 


We add the following remarks: Our definition of a conservative trans- 
formation T is different from Halmos’ definition ([2], p. 12) which requires 
that A€ 3d whenever A€ @ and the sets T-‘A, i~0,1,--- are pairwise 
disjoint. Halmos considers also incompressible transformations: 7’ is incom- 
pressible if 7-4 —A€ 3 whenever A€ B and A CTA ([2], p. 13). We 
assume (to simplify) that 3 is an a-ideal in @. The relation between the 
different considered notions is the following: If a transformation is incom- 
pressible, it is conservative in our sense; if.a transformation is conservative 
in our sense, it is conservative in the sense of Halmos. It can be shown by 
simple examples (and such that a probability measure can be defined on 8. 
vanishing on 3), that the inverse implications do not hold, and also that 
with Halmos’ definition the recurrence theorem does not hold for multi- 
valued transformations. This is of course the reason for which this definition 
has been here modified. For single-valued transformations (only this case 
is considered by Halmos and Oxtoby) all three notions coincide. 
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M. Kuranishi, “On E. Cartan’s prolongation theorem of exterior differ- 
ential systems,” this JOURNAL, vol. 79 (1957), pp. 1-47. 


P. 20, lines 12 and 23: Instead of “Since d(d(f°p:.')) =0, 
(22) Dy° Dy, = Dy Dy, --,p).”, 
read “Since d(d(f°pi:')) =0, for any h,k=—1,- - -,p, 
(22) Dif Dif =0 (mod OG -,p)”; 
this should be inserted in the next line of the formula (25). 

P. 20, line 6 from the bottom: The formula (26) should be replaced by 


where the summation is with respect to all (h,,- - -,211) which is a permu- 
tation of (k,, - 


P. 21, line 3: Instead of “Bo.i;:y,, are defined inductively by the 
formula:”, read “By (22), it follows that” 


P. 21, line 4: Instead of “ Bg -”, Tead 
P. 21, line 6: Insert 
at the beginning of the line. 
P. 21, line 13: Instead of “(mod)”, read “(mod(II;), 
P. 21, line 14: Insert “(mod (II;), R13)”. 
P. 22, lines 15 and 17: Twice instead of 
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